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Mathematical Background

▶ Vectors and matrices in ℝ𝑛

▶ Transpose, inner product, norm

▶ Eigenvalues of symmetric matrices

▶ Positive definite and semidefinite matrices

▶ Convergent sequences and subsequences

▶ Big-O and Little-o Notation

▶ Open, closed, and compact sets

▶ Continuity of functions

▶ 1st and 2nd order differentiability of functions

▶ Taylor series expansions

▶ Mean value theorem



Norm

A norm ‖ ⋅ ‖ on ℝ𝑛 is a mapping that assigns a scalar ‖𝑥‖ to

every 𝑥 ∈ ℝ𝑛 such that for all 𝑥, 𝑦 ∈ ℝ𝑛 and 𝑐 ∈ ℝ:

(a) ‖𝑥‖ ≥ 0 (non-negativity).

(b) ‖𝑐 𝑥‖ = |𝑐| ‖𝑥‖ (homogeneity).

(c) ‖𝑥‖ = 0 if and only if 𝑥 = 0 (definiteness).

(d) ‖𝑥 + 𝑦‖ ≤ ‖𝑥‖ + ‖𝑦‖ (triangle inequality).



For vector 𝑥 ∈ ℝ𝑛, some common norms are:

Euclidean norm
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Maximum norm (sup-norm or 𝑙∞-norm)
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Cauchy-Schwarz Inequality

For any two vectors 𝑥, 𝑦 ∈ ℝ𝑛,

|𝑥𝑇𝑦| ≤ ‖𝑥‖ ‖𝑦‖ ,

with equality if and only if 𝑥 = 𝛼𝑦 for some scalar 𝛼.



Matrix norms

Let 𝐴 ∈ ℝ𝑚×𝑛 and 𝑥 ∈ ℝ𝑛.

‖𝐴‖𝑝 = sup
𝑥≠0

‖𝐴𝑥‖𝑝

‖𝑥‖𝑝



Commonmatrix norms:

1-norm

‖𝐴‖1 = max
𝑗=1,…,𝑛
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2-norm

‖𝐴‖2 = largest eigenvalue of (𝐴𝑇𝐴)1/2



∞-norm
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Frobenius norm
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ConditionNumber

If 𝐴 is a nonsingular matrix, the condition number of 𝐴 (with

respect to a given norm) is defined as

𝜅(𝐴) = ‖𝐴‖2‖𝐴
−1‖2 =

𝜎max

𝜎min

,

where 𝜎max and 𝜎min denote the largest and smallest

singular values of 𝐴, respectively.



PositiveDefiniteMatrices

Let 𝐴 be a symmetric 𝑛 × 𝑛matrix.

Positive definite matrix

𝐴 is called positive definite if

𝑥𝑇𝐴𝑥 > 0, for all𝑥 ∈ ℝ𝑛.

Positive semidefinite or nonnegative definite matrix

𝐴 is called positive semidefinite or nonnegative definite if

𝑥𝑇𝐴𝑥 ≥ 0, for all𝑥 ∈ ℝ𝑛.



Convergent Sequences

A sequence {𝑥𝑘} converge to some point 𝑥 if for any 𝜖 > 0

there exists some 𝐾 such that ‖𝑥𝑘 − 𝑥‖ ≤ 𝜖 for every 𝑘 ≥ 𝐾.

Symbolically, 𝑥𝑘 → 𝑥 or lim𝑘→∞ 𝑥𝑘 = 𝑥.

Accumulation point or limit point

We say that that 𝑥̄ ∈ ℝ𝑛 is an accumulation point or limit

point for {𝑥𝑘} if there is an infinite set of indices 𝑘1, 𝑘2, … such

that the subsequence {𝑥𝑘𝑖} converges to 𝑥̄, i.e.

lim
𝑖→∞

𝑥𝑘𝑖 = 𝑥̄.

Alternatively, we say that for any 𝜖 > 0 and all positive

integers 𝐾, we have

‖𝑥𝑘 − 𝑥‖ ≤ 𝜖, for some 𝑘 ≥ 𝐾.



CauchySequences

Definition

A sequence {𝑥𝑘} is called a Cauchy sequence if for every

𝜖 > 0, there exists an integer 𝐾 such that

‖𝑥𝑘 − 𝑥𝑙‖ < 𝜖 for all 𝑘, 𝑙 ≥ 𝐾.

In a completemetric space (e.g., ℝ𝑛), a sequence converges

if and only if it is a Cauchy sequence.



ConvergenceRates (I)

Let {𝑥𝑘} be a sequence that converges to 𝑥∗.

The convergence is linear if there exists a constant 0 < 𝑟 < 1

and an index 𝑁 such that

‖𝑥𝑘+1 − 𝑥∗‖

‖𝑥𝑘 − 𝑥∗‖
≤ 𝑟 for all 𝑘 ≥ 𝑁 .

It is superlinear if

lim
𝑘→∞

‖𝑥𝑘+1 − 𝑥∗‖

‖𝑥𝑘 − 𝑥∗‖
= 0 .



ConvergenceRates (II)

The convergence is quadratic if there exists a constant𝑀 > 0

and an index 𝑁 such that

‖𝑥𝑘+1 − 𝑥∗‖

‖𝑥𝑘 − 𝑥∗‖2
≤ 𝑀 for all 𝑘 ≥ 𝑁 .

In general, the order of convergence is 𝑝 > 1 if there exists a

constant 𝑀 > 0 and an index 𝑁 such that

‖𝑥𝑘+1 − 𝑥∗‖

‖𝑥𝑘 − 𝑥∗‖𝑝
≤ 𝑀 for all 𝑘 ≥ 𝑁 .



Big-O and Little-oNotation

In the context of convergence analysis, we often use Big-O

and little-o notation to describe how fast certain quantities

go to zero (or grow) as 𝑘 → ∞.



Big-ONotation

Big-O

Wewrite 𝑔(𝑘) = 𝑂(ℎ(𝑘)) as 𝑘 → ∞ if there exist constants 𝐶 > 0

and 𝑘0 such that

|𝑔(𝑘)| ≤ 𝐶 |ℎ(𝑘)| for all 𝑘 ≥ 𝑘0.

Intuitively, 𝑔(𝑘) grows at most as fast as ℎ(𝑘) up to a

constant factor.

Example: If 𝑥𝑘+1 − 𝑥∗ = 𝑂(‖𝑥𝑘 − 𝑥∗‖2), it means the error

shrinks at least on the order of the square of the previous

error.



Little-oNotation

Little-o

We write 𝑔(𝑘) = 𝑜(ℎ(𝑘)) as 𝑘 → ∞ if for every constant 𝜖 > 0,

there exists 𝑘1 such that

|𝑔(𝑘)| ≤ 𝜖 |ℎ(𝑘)| for all 𝑘 ≥ 𝑘1.

Equivalently,

lim
𝑘→∞

𝑔(𝑘)

ℎ(𝑘)
= 0.

In other words, 𝑔(𝑘) grows strictly slower than ℎ(𝑘) as 𝑘 → ∞.



Big-O and Little-o in ConvergenceRates

▶ Convergence rates are often expressed using Big-O

notation:

‖𝑥𝑘+1 − 𝑥∗‖ = 𝑂�‖𝑥𝑘 − 𝑥∗‖𝑝�.

▶ When analyzing asymptotic behavior, we use little-o

notation to mean a faster decrease. For instance:

‖𝑥𝑘+1 − 𝑥∗‖ = 𝑜�‖𝑥𝑘 − 𝑥∗‖�

implies that the sequence converges superlinearly.

▶ In many proofs, you will see limits such as

lim
𝑘→∞

‖𝑥𝑘+1 − 𝑥∗‖

‖𝑥𝑘 − 𝑥∗‖𝑝
= constant < ∞,

which is closely related to the 𝑂(⋅) concept.



UnconstrainedOptimization

Nonlinear Programming Problem

min
𝑥∈𝑋

𝑓(𝑥)

where 𝑓 ∶ ℝ𝑛 → ℝ is a continuous function of 𝑛 variables.

▶ If 𝑋 = ℝ𝑛, the problem is called unconstrained.

▶ If 𝑓 is linear and 𝑋 is polyhedral, the problem is a linear

programming problem.



UnconstrainedOptimization

Unconstrained Nonlinear Optimization Problem

min
𝑥

𝑓(𝑥),

where 𝑥 ∈ ℝ𝑛 and 𝑓 ∶ ℝ𝑛 → ℝ.



Global and local optima



Global and local optima

Global

▶ 𝑥∗ is a global minimizer if 𝑓(𝑥∗) ≤ 𝑓(𝑥) for all 𝑥.

▶ 𝑥∗ is a strict global minimizer if 𝑓(𝑥∗) < 𝑓(𝑥) for all 𝑥.

Local

▶ 𝑥∗ is a local minimizer if there is a neighborhood 𝑁 of 𝑥∗

such that 𝑓(𝑥∗) ≤ 𝑓(𝑥) for all 𝑥 ∈ 𝑁.

▶ 𝑥∗ is a strict local minimizer if there is a neighborhood

𝑁 of 𝑥∗ such that 𝑓(𝑥∗) < 𝑓(𝑥) for all 𝑥 ∈ 𝑁.



Taylor’sTheorem

Taylor’s Theorem: Suppose 𝑓 ∶ ℝ𝑛 → ℝ is continuously

differentiable in a neighborhood of 𝑥, and let 𝑝 ∈ ℝ𝑛. Then

there exists some 𝑡 ∈ (0, 1) such that

𝑓(𝑥 + 𝑝) = 𝑓(𝑥) + ∇𝑓(𝑥 + 𝑡 𝑝)𝑇𝑝 .

Moreover, if 𝑓 is twice continuously differentiable, then there

exists some 𝑡 ∈ (0, 1) such that

𝑓(𝑥 + 𝑝) = 𝑓(𝑥) + ∇𝑓(𝑥)𝑇𝑝 +
1

2
𝑝𝑇�∇2𝑓(𝑥 + 𝑡 𝑝)� 𝑝 .



First-OrderNecessaryConditions

Theorem: If 𝑥∗ is a local minimizer of a continuously

differentiable function 𝑓, then ∇𝑓(𝑥∗) = 0.

Proof (by contradiction): Assume ∇𝑓(𝑥∗) ≠ 0. Let 𝑝 = −∇𝑓(𝑥∗).

Then

𝑝𝑇∇𝑓(𝑥∗) = −‖∇𝑓(𝑥∗)‖2 < 0 .

By continuity of ∇𝑓, there exists 𝑇 > 0 such that

𝑝𝑇∇𝑓(𝑥∗ + 𝑡𝑝) < 0 for all 𝑡 ∈ [0, 𝑇]. For any 0 < 𝑡̄ ≤ 𝑇, Taylor’s

theorem (on [0, 𝑡̄]) yields some 𝜉 ∈ (0, 𝑡̄) for which

𝑓(𝑥∗ + 𝑡̄𝑝) = 𝑓(𝑥∗) + 𝑡̄ 𝑝𝑇∇𝑓(𝑥∗ + 𝜉𝑝) < 𝑓(𝑥∗) .

This contradicts the local minimality of 𝑥∗.



Second-OrderNecessaryConditions

Theorem: If 𝑥∗ is a local minimizer of 𝑓 and ∇2𝑓 exists and is

continuous in a neighborhood of 𝑥∗, then ∇𝑓(𝑥∗) = 0 and

∇2𝑓(𝑥∗) is positive semidefinite.

Proof (by contradiction): From the previous result,

∇𝑓(𝑥∗) = 0. Now assume ∇2𝑓(𝑥∗) is not positive semidefinite.

Then there exists a vector 𝑝 such that 𝑝𝑇∇2𝑓(𝑥∗) 𝑝 < 0. By

continuity of ∇2𝑓, there is a 𝛿 > 0 such that

𝑝𝑇∇2𝑓(𝑥∗ + 𝑡𝑝) 𝑝 < 0 for all 0 < 𝑡 ≤ 𝛿. For sufficiently small

𝑡̄ ∈ (0, 𝛿], using the second-order Taylor expansion around 𝑥∗

(with some 𝜉 ∈ (0, 𝑡̄)) gives

𝑓(𝑥∗ + 𝑡̄𝑝) = 𝑓(𝑥∗) +
1

2
𝑡̄2 𝑝𝑇�∇2𝑓(𝑥∗ + 𝜉𝑝)� 𝑝 < 𝑓(𝑥∗) ,

contradicting the local minimality of 𝑥∗.



StationaryPoints

Note: There may exist points (stationary points) that satisfy

the first- and second-order necessary conditions but are not

local minimizers. (Thus, these conditions are not sufficient

for optimality.)



Second-OrderSufficientConditions

Theorem: Suppose ∇2𝑓 is continuous in a neighborhood of

𝑥∗. If ∇𝑓(𝑥∗) = 0 and ∇2𝑓(𝑥∗) is positive definite, then 𝑥∗ is a

strict local minimizer of 𝑓.

Proof (sketch): Since ∇2𝑓(𝑥∗) is positive definite, there exists

𝜆 > 0 such that 𝑝𝑇∇2𝑓(𝑥∗) 𝑝 ≥ 𝜆‖𝑝‖2 for all 𝑝. By continuity, we

can find a neighborhood 𝐷 = {𝑧 ∣ ‖𝑧 − 𝑥∗‖ < 𝑟}where ∇2𝑓(𝑥)

remains positive definite for all 𝑥 ∈ 𝐷. For any 𝑥∗ + 𝑝 in this

neighborhood, using Taylor’s theorem (with ∇𝑓(𝑥∗) = 0) we

get

𝑓(𝑥∗ + 𝑝) = 𝑓(𝑥∗) +
1

2
𝑝𝑇�∇2𝑓(𝑥∗ + 𝜉𝑝)� 𝑝 ,

for some 𝜉 ∈ (0, 1). Because ∇2𝑓(𝑥∗ + 𝜉𝑝) is positive definite,

the quadratic term above is > 0 for all 𝑝 ≠ 0. Hence,

𝑓(𝑥∗ + 𝑝) > 𝑓(𝑥∗) for all small 𝑝 ≠ 0, which shows that 𝑥∗ is a

local minimizer.



Theorem

I. If 𝑓 is convex, then any local minimizer 𝑥∗ is a global

minimizer of 𝑓.

II. Moreover, if 𝑓 is differentiable and convex, then any

stationary point 𝑥∗ is a global minimizer of 𝑓.



Proof (I)

Suppose 𝑓 is convex and 𝑥∗ is a local minimizer but not

global. Let 𝑧 be such that 𝑓(𝑧) < 𝑓(𝑥∗). By convexity of 𝑓, for

all 𝜆 ∈ (0, 1)

𝑓(𝜆𝑧 + (1 − 𝜆)𝑥∗) ≤ 𝜆𝑓(𝑧) + (1 − 𝜆)𝑓(𝑥∗)

= 𝜆 [𝑓(𝑧) − 𝑓(𝑥∗)]���������+𝑓(𝑥∗)

< 0

< 𝑓(𝑥∗)

Thus, 𝑓 takes values strictly lower than 𝑓(𝑥∗) on the line

segment connecting 𝑧with 𝑥∗. Hence, 𝑥∗ is not a local

minimizer.



Proof (II)

Suppose 𝑓 is convex and differentiable, and let 𝑥∗ be a

stationary point of 𝑓 (so ∇𝑓(𝑥∗) = 0). Assume for contradiction

that 𝑥∗ is not a global minimizer. Then there exists some 𝑧

such that 𝑓(𝑧) < 𝑓(𝑥∗). By convexity,

𝑓(𝜆𝑧 + (1 − 𝜆)𝑥∗) ≤ 𝜆𝑓(𝑧) + (1 − 𝜆)𝑓(𝑥∗) ,

for all 𝜆 ∈ [0, 1]. Taking 𝜆 → 0+, we get

∇𝑓(𝑥∗)𝑇(𝑧 − 𝑥∗) ≤ 𝑓(𝑧) − 𝑓(𝑥∗) < 0 ,

which contradicts ∇𝑓(𝑥∗) = 0. Therefore, 𝑥∗ must be a global

minimizer of 𝑓.



Algorithm

We can summarize the main steps of an optimization

algorithm as follows:

▶ Choose an initial point 𝑥0.

▶ Generate a sequence of iterates {𝑥𝑘}
∞
𝑘=0.

▶ At each iteration 𝑘, compute a new iterate 𝑥𝑘+1 such that

𝑓(𝑥𝑘+1) < 𝑓(𝑥𝑘)

i.e., the objective value decreases.

▶ Two primary strategies to choose 𝑥𝑘+1 are:
▶ Line search methods

▶ Trust region methods



Line SearchAlgorithms

▶ Choose a descent direction 𝑝𝑘 at each iteration 𝑘.

▶ Obtain the next iterate by moving from the current

point 𝑥𝑘 in the direction 𝑝𝑘:

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑝𝑘,

where 𝛼 > 0 is the step length.

▶ Approximate the optimal step length by solving

(inexactly, in practice):

min
𝛼>0

𝑓(𝑥𝑘 + 𝛼𝑝𝑘).

▶ Common techniques for determining 𝛼 include:
▶ Backtracking line search

▶ Zoom (More–Thuente) line search



Trust RegionAlgorithms

▶ Construct a local model: Build a model function 𝑚𝑘

that approximates 𝑓 near the current iterate 𝑥𝑘.

▶ Trust region subproblem: Find a step 𝑝 that

(approximately) solves

min
𝑝

𝑚𝑘(𝑥𝑘 + 𝑝) subject to ‖𝑝‖2 ≤ Δ,

where Δ > 0 is the trust-region radius.

▶ Accept or reject the step:
▶ Compute the ratio of the actual decrease in 𝑓 to the

predicted decrease by 𝑚𝑘.

▶ If the ratio is sufficiently high (indicating the model is

accurate), accept the step: 𝑥𝑘+1 = 𝑥𝑘 + 𝑝.

▶ Otherwise, reduce Δ (shrink the trust region) and re-solve

the subproblem.

▶ Iterate this process until a convergence criterion is met.



Typical Trust RegionModel

A common choice for 𝑚𝑘 is a quadratic approximation

around 𝑥𝑘:

𝑚𝑘(𝑥𝑘 + 𝑝) = 𝑓𝑘 + 𝑝𝑇 ∇𝑓𝑘 +
1

2
𝑝𝑇 𝐵𝑘 𝑝,

where

▶ 𝑓𝑘 = 𝑓(𝑥𝑘),

▶ ∇𝑓𝑘 = ∇𝑓(𝑥𝑘),

▶ 𝐵𝑘 ≈ ∇2𝑓(𝑥𝑘) (the Hessian or an approximation).

The trust region constraint ‖𝑝‖2 ≤ Δ ensures 𝑝 stays in the

region where 𝑚𝑘 is a good local approximation of 𝑓.



Trust RegionAlgorithms

Three possible trust regions (circles) and their

corresponding steps 𝑝𝑘.
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