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Line Search Algorithms: Core Idea

» Choose a descent direction p, at iteration k.

» Update the iterate via

Xk+1 = X + Qg D
where a; > 0 is the step length.

» (Inexactly) minimise the univariate function
¢(a) = f(xx + apy) to obtain a,. Common techniques:

» Backtracking line search (Armijo test)

» Two-phase line search with zooM (Wolfe / strong Wolfe
tests)



Line Search Methods: Search Directions

X1 = X + Py
Steepest descent (gradient) method

Pk = —Vfk

Descent direction

Any p; such that
PiVfi <0,

e.g., where the angle 6 between p, and —Vf; is less than %

Newton’s direction

Pk = —(V*fi) " Vfi



Alternative Choices for Search Directions

Diagonally scaled steepest descent
Pk = —DiVfi, Dy = (V%fi)~! diagonal
Modified Newton’s (constant Hessian)
P = —(V*fo) 'Vf
Finite-difference Newton’s

pr = —Hi'Vfy, Hy = V2f; via finite differences



Descent Property of a Direction 8

From Taylor's theorem with remainder, there exists some
t € (0, @) such that:

f G+ ap) = f(xx) + ap"Vf (x; + tp).
Suppose that the direction p satisfies:
p"Vf () <O.

Then, by continuity of Vf, for sufficiently small a« > 0, we also

have:
pTVf (x, + tp) < 0.

Therefore,
e +ap) < f(x),

which means that p is a descent direction at x;.



Steepest Descent Direction: Maximum Rate of De & ase

The steepest descent direction minimizes the directional
derivative:

minp’Vf, st pll=1
p
Since:
P Vfi = lIplllIVfill cos 6 = ||Vfi |l cos &
The solution is:

Vfi
IVfell

cosf=-1, p=-—



Steepest descent direction




Newton’s Direction

Applying second-order Taylor approximation to f(x; + p)

yields:

1 def
flxe+p) = fi +"Vfi + EPTVkaP = my(p)

To minimize my(p), assuming V2f, > 0, set the gradient to
zero:

pr = —(V*fi) 'Vfy



Newton'’s direction

Applying Taylor second-order series approximation to
f(xx + ),

1 def
fOxx+p) = fi +0"Vfi + EPTVkaP = my(p)-

Assuming that V2, is positive definite, we obtain p that
minimizes m;(p) by setting its derivative to zero,

pr = —(V*fi) ' Vfi



Steepest Descent vs. Newton’s Method

Steepest descent:
>

» Requires only first order information of f




Steepest Descent vs. Newton’s Method

Newton’s method:
P Fast convergence

>

f(x) = ¢4
N

Quadratic Approximation of f at x0

Quadratic Af;proximation of f at x1




Quasi-Newton Search Directions

We replace the true Hessian V2f, with a symmetric
approximation B, and define the model:

mi(p) = fu +p"Vfi + %PTBKP-
The search direction is:
Pk = —Bi 'V
To update By, we use the secant equation:
Bri1Sk = Yoo Sk = Xk+1 — Xk Y = Vir1 — Vi

Most Quasi-Newton directions uses the updates of B, that
satisfy the secant condition and preserve symmetry.



Quasi-Newton search directions 8

SR1 - Symmetric-rank-one formula

Vk — Bsi) Wk — Biesi)”
(Vk — Brsi) sk

Byx+1 = By +

BFGS - Broyden, Fletcher, Goldfarb, and Shanno formula

i mr
BisiSk B YV
T T

SkBrSk Vi Sk

Byi1 = By —

BFGS guarantees positive definiteness if B, > 0 and sfy, > 0.



Inverse Updates in Quasi-Newton Methods

It is often more efficient to update the inverse
approximation Hy = B, ! directly.

SRI1 inverse update

(S — Hiyi) (S — Hivi)™
(sk — Hxkyi) Ty

Hyy1 = Hy +

BFGS inverse update

Hi+1 = (I = peseyi ) Hie (I = peYiesi) + PeSkSk» Px = —F

The search direction is computed as:

Pk = —Hi Vi



Step Length: General idea 8

» Given a descent direction p, we search for a new iterate
Xx+1 With lower objective value:

Xk+1 = X + QP
where a; > 0 is the step length.

» The goal is to reduce f(x) as much as possible along the
direction py.



Search Direction Structure

Typically, the search direction p, has the form:

Pk = =B 'Vfs,

where B, is a symmetric and nonsingular matrix.
» Steepest descent method: B, =1

» Newton's method: B, = V2f (x)

» Quasi-Newton method: B, =~ V2f(x)



ideal Step Length 8

Let

d(a) = f(xp + apg),
which is a univariate function of the step length a. The ideal
step length is the global minimizer of ¢ (a):

aj = argmin ¢(a).

However, exact line search is often computationally
expensive.

In practice: Use inexact line search with sufficient decrease
and curvature conditions.



Step Length

first local
minim

first
stationar
point

global minimizer




Motivation for Inexcct Line Search

» Computing the exact minimizer of ¢(a) is often
impractical.

» Instead, we accept «q if it leads to:
» Sufficient decrease in f

» Adequate curvature change

These conditions form the basis of inexact line search
methods.



Basic Requirement for Step Length 8

The step length a; should satisfy at least:

f (e + agpr) < f(xk)-

However, such a condition alone may accept steps that are
too small or unproductive.

min

Tp41 = T + QP

Ty = _1 Pr = (_1);‘-

r} 1 . -
ap — TSy |fk‘




Armijo Condition (Sufficient Decrecase)

Armijo condition

f Qe+ apy) < f(x) + craVf pr,
for some ¢; € (0,1).

» Ensures a sufficient decrease relative to the linear
approximation.

» V£I'p, < 0 ensures descent.

» Typical value: ¢; = 107



Geometric Interpretation of Armijo Condition

p Gl =f[xk+upk )

___lw

acceptable

> Let £(a) = f(xk) + c1aVfil P
» Accept aif ¢p(a) < £(a).



Curvature Condition 8

Curvature condition
Vf (xx + axpi) i = VS o
for some ¢, € (¢, 1).
» Ensures that the slope is not too steep at the new point.
» Equivalent to: ¢'(ay) = c,¢'(0)

» Often paired with the Armijo condition.



Curvature Condition - lllustration

o) =f(xk+apkj

desired
lope

tangent P s

acceptable




Wolfe and Strong Wolfe Conditions

Wolfe conditions

f x4+ ap) < f(xx) + c1aV g
Vf(xx + apr) i = Vil pre

Strong Wolfe conditions

f x4 ap) < f(xi) + c1aVf] py
|Vf G + api)"pre| < 2 [V i -

with0<c¢; <c, <1.



Wolfe Conditions - lllustration

) ti)r_(z):ﬁ’xkﬂxpk)

desired
slope

acceptable




Existence of Acceptable Step Length 8

Lemma

Let f : R™ -» R be continuously differentiable, and p; be a
descent direction at x;. If f is bounded below along the ray
{xr + apy : a > 0}, then for any 0 < ¢; < ¢, < 1, there exists an
interval of step lengths satisfying:

» Wolfe conditions

» Strong Wolfe conditions



Goldstein Conditions

Goldstein conditions

fie + (1= )aVfilpr < fxx + ap) < fi + caVfil py
for ¢ € (0,0.5).
» Ensures both lower and upper bounds on decrease.
» May exclude the minimizer of ¢(a).

» Often used in Newton-type methods.



Summary of Step Length Conditions

» Armijo (sufficient decrease):
f Qo+ apy) < f () + craVf o
» Curvature condition:
Vf (xx + ap)"pe = Vi pi
» Strong Wolfe:
|V Cere + api)"pie| < 2 | VA i

» Goldstein:

(1 = )aVfIpk < f(xx + apy) — fi < caVfilpy



Backtracking Line Search

ALGORITHM 1: Backtracking Line Search

Choose @ > 0,p € (0,1),c € (0,1);

Set a « a;

repeat until f(x; + apy) < f(xx) + caVfil py
a < pa;

end (repeat)

Terminate with a;, = a.



Backtracking Line Search: Parameters choices &

Typical Initial Step Size a:

» Newton / Quasi-Newton methods: @ = 1 (often leads to
fast convergence near the solution)

P> Steepest descent: smaller values (e.g., @ = 0.1) help
avoid overshooting when far from the minimum

Common Parameter Choices:
» p €[0.1,0.8]: step size reduction factor

» c € {107% 1072}: Armijo parameter (as suggested by
Nocedal and Wright)



Introduction to Hessian Modificcation 8

» Away from the solution, the Hessian V2f(x;) may not be
positive definite. Consequently, the Newton direction p¥
defined by

V2f (a)pk = —Vf ()
may not be a descent direction.

» To address this issue, we modify the Hessian by solving:

(VAf (xi) + Exdpr = —Vf (xp),

where Ej is a positive diagonal matrix or a full matrix
chosen to ensure the modified Hessian is positive
definite.



Algorithm: Modified Newton’s Method 8

ALGORITHM 2: Line Search Newton with Modification

Initialize x,;
fork=0,1,2,..

Factorize B, = V2f(xi) + Ex, where E, = 0 if V2f(xy) is
sufficiently positive definite; otherwise, choose Ej, to ensure
By, is sufficiently positive definite;

Solve Bypy = —Vf (xx);

Set xp 41 < X, + axpr, Where a satisfies the Wolfe,
Goldstein, or Armijo backtracking conditions;
end for



Convergence Theorem for Modified Newton’s Met & i

Bounded Modified Factorization Property

The sequence of matrices {B,} has a bounded condition
number whenever the sequence of Hessians {V2f (x;)} is
bounded:

K(Bi) = IIBllIBg 'l <C, €>0, Vk=0

Theorem

Let f be twice continuously differentiable on an open set D,
and assume the starting point x, of Algorithm 2 is such that
the level set L = {x € D : f(x) < f(x)} is compact. If the
bounded modified factorization property holds, then:

lim Vf () = 0



Techniques for Hessian Modification

Hessian modification techniques:
» Eigenvalue modification

» Adding a multiple of the identity
» Modified Cholesky factorization

» Modified symmetric indefinite factorization



Overview of Step-Length Selection Algorithms 8

P Step-length selection is crucial for line search methods.
» Analytical solution exists for convex quadratics:

_ kaTPk
PrQpi’

ap =

while general nonlinear functions require iterative
methods.

» Incorporating derivative information enhances
efficiency and aids in satisfying Wolfe or Goldstein
conditions.

» Near the solution, initial @ often satisfies these
conditions.



Step-Length Selection Algorithms 8

» Line search procedures start with an initial estimate «a,
and generate a sequence {q;} that either terminates
with a; satisfying the conditions (e.g., Wolfe conditions)
or determines no such step length exists.

» Typical procedures consist of two phases:
1. A bracketing phase that finds an interval [a, b] containing

acceptable step lengths.
2. A selection phase that zooms in to locate the final step

length.



Interpolation for Step-Length Selection 8

Our goal is to find a minimum of the one-dimensional
function:

¢(a) = f(xx + apy)
The sufficient decrease condition is:

P () < ¢(0) + cradp’(0)

This condition ensures a decrease in f proportional to a; and
¢'(0). Typically, ¢; issmall (e.g., 107%).



Interpolation for Step-Length Selection 8

Given an initial ay:
» If p(ap) < p(0) + cia¢’(0), then aq is acceptable, and the
search terminates.

» Otherwise, acceptable step lengths lie in [0, a].

£ O =j'(xk+upk)

- I(a)

acceptable




Interpolation Techniques for Step-Length Selectic &

We construct a quadratic approximation ¢, (a) using ¢(0),

¢'(0), and ¢(a):
P (ap) — ¢(0) — app’(0)

ag

¢q(a) =< )052 +¢'(0a + ¢(0)

The minimizer a; of ¢, is:

o ¢’ (0)ad
LT 2[¢(ap) — $(0) — ¢ (0)a]




Interpolation Techniques for Step-Length Selectic &

If a; does not satisfy the condition, use cubic interpolation

with ¢(0), ¢'(0), ¢(ao), and ¢(a,):

¢c(a) = aa® + ba? + ¢'(0)a + ¢(0)

where:
af _ 1 —0!1H (a1) — ¢(0) — ¢'(0)axy
bl ~ a2a?(a; —ay) |- $(ag) — #(0) — ¢'(0)ao



Interpolation Techniques for Step-Length Selectic &

The minimizer a, € [0, a4] of ¢, is:

%2 = 3a

If a, satisfies the condition, terminate. Otherwise, repeat
with ¢(0), ¢'(0), ¢(a1), and ¢(az).

Safeguard: If a; is too close to or much smaller than «a;_4, set
a; = a;—1/2.



Strategies for Initicl Step Length

» For Newton and quasi-Newton methods, set a, = 1.

P For steepest descent, one strategy assumes similar
first-order change:

_ Vfi-1Pk-1
0= S Vfi Di

» Another strategy uses quadratic interpolation with
f(xe-1), f(xi), and VA pr_:

o 20~ fen)
°T ¢'(0)



Line Search Algorithm for Wolfe Conditions

» The Wolfe (or strong Wolfe) conditions are widely used
for termination.

» The algorithm has two stages:
1. Start with a trial a4, increasing it until finding an
acceptable step or bracketing interval.
2. If bracketing, use the zoom function to decrease the
interval until an acceptable step is found.



Line Search Algorithm for Wolfe Conditions

Strong Wolfe Conditions

#(0) + c;ap’(0)
2|9’ (0)]

¢(a)
|¢" (2]

with0<¢; <c, <1.

IA A



Line Search Algorithm for Wolfe Conditions

ALGORITHM 3: Line Search Algorithm

Set @y < 0, choose amayx > 0 and a; € (0, Amay);
Seti« 1,
repeat
Evaluate ¢(«));
if p(a;) > ¢(0) + cya;9'(0) or [Pp(a;) = (a;—1) and i > 1]
Set a, « zoom(a;_4,a;) and stop;
Evaluate ¢'(a;);
if |6’ (@)] < —c,¢'(0)
Set a, < a; and stop;
if (,b’(ai) =0
Set a, « zoom(a;, @;_;) and stop;
Choose ;41 € (@, @may);
Seti<i+1;
end repeat



Zoom Procedure for Line Search

» The sequence {a;} is monotonically increasing.

» The zoom procedure is invoked when:
(i) a; violates the sufficient decrease condition;
(i) p(ar) = Pp(ai-1);
(i) ¢'(a;) = 0.
» Extrapolation (e.g., interpolation or a;,; = Ma; with
M > 1) finds the next trial a;,;.



Zoom Procedure for Line Search 8

The zoom function (a;,, ap;) satisfies:

(@) The interval [a;,, @i] contains step lengths satisfying the
strong Wolfe conditions.

(b) a;, has the smallest function value among those
satisfying the sufficient decrease condition.

(c) ay; is chosen such that ¢'(a;,)(an; — a10) < 0.

Each iteration generates a; € (a;, ap;), Updating endpoints
to maintain these properties.



Zoom Procedure for Line Search &

Algorithm 4: Zoom

repeat
Interpolate (quadratic, cubic, or bisection) to find a trial
step length a; between a;, and ay;;
Evaluate ¢(a));
if p(a;) > $(0) + c1a;¢'(0) or ¢(a;) = ¢(ajo)
Set ay; « aj;
else
Evaluate ¢'(a));
if [¢'(a))| < —c29'(0)
Set a, « a;j and stop;
if o' (a;)(ap — ;) 2 0
Set ay; < ayo;
Set QAo < aj,
end repeat



Zoom Procedure for Line Search 8

> If a; satisfies the strong Wolfe conditions, set a, = a; and
terminate.

» Otherwise, if a; satisfies the sufficient decrease
condition and ¢(a;) < ¢(a;), set a;, « a;. If this violates
condition (c), set ay; < a;,.
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