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An algorithm is said to be:

» globally convergent if for any initial point x,, it
generates a sequence of points that converges to a
point x* in the solution set;

» locally convergent if there exists a p > 0 such that for
any initial point x, that ||x* — x,|| < p, it generates a
seguence os points that converges to x* in the solution
set.
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» 9, is the angle between p;, and the steepest descent
direction —Vf, defined by

—kaTPk
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» {x|f(x) = c} is the level set of f for value ¢, and {x|f(x) < ¢}
is its corresponding sublevel set.

Cos 6, =

» Let f: D - R™where D c R™ The function f is Lipschitz
continuous on some set N c D if there isa constant L > 0
(L is called the Lipschitz constant) such that

If (x1) = f(xo)ll < Lllxy = Xol|, for all xo, x; € N.
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Theorem (Zoutendijk’s Result)

Consider any line search iteration where py, is a descent
direction and a;, satisfies the Wolfe conditions. Suppose that
f is bounded below in R™ and that f is continuously
differentiable in an open set N containing the level set

L ={x|f(x) < f(x0)}, where x, is the starting point of the
iteration. Assume also that the gradient Vf is Lipschitz
continuous on N. Then

> cos? B,lIVfill? < e

k=0



Theorem (Zoutendijk’s Result)

Proof. The gradiente Vf is Lipschitz continuous in N, then
there exists a constant L > 0 such that

IVF() = VF@I < Lllx — &ll, Vx,% €N.
From Cauchy-Schwartz inequality,

|(Vfier1 = V) Pkl < IVfiewr = Vil 1Pkl < Lagllpell®
< L|[xg41 — xkll = Lllagpll

(Vier1 = V)0 = VAL —Viipk = (2 =D Vfilpe >0

e

> ¢, VI, Wolfe (I1) <0 <0



By combining these two relations,
(c2 = DV pre < (Vi1 = Vi) Dr < Lallprll®

¢, = 1V oy
(047 = 2
L lpll
From Wolfe condition (l),

fier < itV ok

fo—cy (e = 1) (Vi pe)?
L llpecll®
fic — ¢ cos? B ||V fipI?
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where ¢ = ¢; (CZL ).




By summing this expression over all indices less than or
equal to k, we obtain

k

fiss < fo— ¢ ) cos” G,lIVf I
=0
k

Z cos? ;|| Vfj||* <

j=0

fo = fus1
Cc

Since f is bounded below, we have fy — fi+1 < b, Vk, for some
positive constant b. Hence, by taking limits, we obtain

o)

> cos? BV < co.

k=0



Zoutendijk condition implies that cos? 6, ||Vfi||? — 0.

If p, is chosen such that 6, < /2, then there is a positive
constant § such that cos 6, = & > 0,Vk. Thus,

lim I/l = 0.

It means that if the search direction are never too close
to orthogonality with the gradient and the step lengths
satisfy Wolfe conditions, then the gradient norms ||Vfi||
converge to zero.

X, converges to a stationary point of f, but there is no
guarantee that the stationary point is a minimizer.

In the steepest descent method, p, = —Vf;, x;, converges
to a stationary point if the step lengths satisfy Wolfe
conditions.



Consider a Newton-like method:

Xp+1 = Xk + P, Pk = =B 'V

Assume that B, > 0 with a uniformly bounded condition
number. It means that IM such that

IBilllIBZ Ml < M, Vk.
It can be shown that cos 8, = 1/M.

By combining this bound with the Zoutendijk condition
implication, we find limy_ [|[Vfi|| = 0.

Newton and Quasi-Newton methods are globally
convergent if the matrices B, have a bounded condition
number and are positive definite, and if the step lengths
satisfy the Wolfe conditions.
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Suppose that the objective function is quadratic,
1
fx) = ExTQx —bTx +¢,

where Q is symmmetric and positive definite, b € R" and c € R.
The gradient is given by Vf(x) = Qx — b.

The minimizer x* is the unique solution of the linear system
Qx = b.

The step length is given by a;, = arg min{f(x; — aVf),a > 0}.

1
f (e — aVfy) E(xk — aVfi)"Q(xx — aVfy) — b (x — aVfi) + ¢

1
= fi+ EaZkaTQka —a(Qx — b)"Vfy

1
= fit+ EaZkaTQka —aVfilVfy
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Then by differentiating the function with respect to a, we
have

d T T
Ef(xk —aVfy) = aVfy QVfi — Vi V.

By setting this expression to zero, we obtain the exact step
length

o~ i

|l ———
Vi QVfi

The steepest descent iterations become

T
Vi Vi >ka_ 1)

Vfi QVfi

Xk+1 =xk_<

Since Vf, = Qx;, — b, the iterations are closed-form expression
for xi41 in terms of x;.
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Let ||lx||§ = x"Qx. By using the relation Qx* = b, we have

1 *112 *
Sl =xl1g = f(2) = ).

This norm measures the difference between the current
objective value and the optimal value. By using equation
(2?), we can obtain

~ (VA5
(kaTQka) (kaTQ—1ka)

llotke1 — 711G = {1

[l = x*115
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Theorem

When the steepest descent method with exact line searches

is applied to the strongly convex quadratic function, the
error norm satisfies

* An _Al *
s = x°I13 < < e L

where 0 < 4; < 1, < -+ < 1, are the eigenvalues of Q.

» Asthe condition k(Q) = 1,,/4, increases the convergence
depreciates.

» The rate-of-convergence behavior of the steepest
descent method is essentially the same on general
nonlinear objective functions.
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Theorem

Suppose that f : R™ - R is twice continuously differentiable,
and that the iterates generated by the steepest descent
method with exact line searches converge to a point x* at
which the Hessian matrix V2f(x*) is positive definite. Let r be

any scalar satisfying
An _Al
S 1
’ </1n+/11' )

where 1; < -+ < 1,, are the eigenvalues of V2f(x*). Then for all
k sufficiently large, we have

f ) = f(7) < T2[f () = fF (2]




Convergence Rate of Steepest Descent

» In general, as the condition number k(Q) = 1,,/1,
increases, the contours of the quadratic become more
elongated, the zigzagging of the steepest descent
method becomes more pronounced.

» In special, if all the eigenvalues are equal, the
convergence is achieved in one iteration.
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» Consider the direction of Newton's method iteration

Py = V2fi VS

» Since the Hessian is not always positive definite, p, may
not always be a descent direction.

» The following theorem is about local
rate-of-convergence properties of Newton's method.
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Theorem (Local Convergence of Newton’s Method)

Suppose that f is twice differentiable and the Hessian V2f(x)
is Lipschitz continuous in a neighborhood of a solution x* at
which the second order sufficient conditions are satisfied.
Consider the iteration x4, = x + px, Where pl = V2£-1Vf,.
Then

(i) if the initial point x, is sufficiently close to x*, the
sequence of iterates converges to x*;

(ii) the rate of convergence of {x,} is quadratic;

(iii) the sequence of gradient norms {||Vfi||} converges
quadratically to zero.
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Proof.

Xk +pR —x* (szk_lvsz) xx — V2fir Vi — (szk_lvsz) x*
V2 VP fieCoe — x7) = Vi

V2 V2 fie e — x™) — (Vi — V]

From Taylor's theorem,

1
Vfi - Vf. = fo V2f (o + 00" — 1)) (g — x°)dt

and also using Lipschitz condition (L is the Lipschitz
constant for V2f(x) near x*)

IV2f (i) = V2f (e + G —20)Il < Ll — [x + t (" = xi)] |l
= Lt||x* — x|, t € (0,1)



Convergence Rate of Newton’s Method

IV2 fie Ceie = x™) = (Vi = VIl =

1

= fo [V2fute — ) = V2F o + €0 = 10) G — x°)] die|
1

o fo [V2fi — V2 (e + £(x" — 20))] Goe — 2]l

1
< j IV2f, — V2 (e + £ — m) Ik — x° [t
0

IA

1
e — °] f Lellx* — xyllde
0

* 112 ! 1 *12
=l = x7|1°L | - tdt = S Ll — x™(|%,

0

where L is the Lipschitz constant for V2f(x) for x near x*.



Convergence Rate of Newton’s Method

Since V2f(x*) is nonsingular, 3r > 0 such that
IV A < 2|V f (x*) 72| for all x;, with [|x — x| < 7.
Then

IV2fi* [V fie (e — x*) — (Vi = VA I

IV HNIVE fie Ge — x7) = (Vi — VI
1

20V £ () Ml Ll — 112

Ll = %7112,

N
Xk + i — 7]

IA

IA

where [ = L||V?f (x*) 1.

Choosing x, such that ||x, — x*|| < min(r, 1/(2L)), we obtain
that the sequence converges to x*, and the rate of
convergence is quadratic.
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By using Taylor's theorem, xj,1 — x; = px and Vf, + V2 fypr = 0,
we have

1
IVf Ceres D) I [ka + L V2 (xp + tpk)pkdt] — (Vi + V2 fipi)l

1
= fo [V2f (e + tpi) + V2£i] pde]

1

< Il | 1927 Go+ ep) + P felde
0
1 1

< ol f LGtk + tpi0) — xillde = Lipil f ltpelde
0 0

L L L
< Slpell = 51 = V2AVAIR < SIVE RPNV

< 2LV THIPIVAN? = LIVAIZ,

where L = 2L||V?f(x*)||2. Then the gradient norms converge
to zero quadratically.
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Theorem

Suppose that f is twice continuously differentiable. Consider
the iteration xx,q = xx + axpr, Where p, is a descent direction
and «ay, satisfies the Wolfe conditions with ¢; < 1/2. If the
sequence {x;} converges to a point x* such that Vf(x*) = 0
and V2f(x*) is positive definite, and if the search direction
satisfies

I IVfi + V2 fipill

im =

0
k=00 1Pl

then

(i) the step length a;, = 1 is admissible for all k greater than
a certain index ky;

(i) if ap =1 forall k > kg, {x} converges to x* superlinearly.



Convergence Rate of Quasi-Newton Methods

If py Is @ quasi-Newton search direction of the form

Pk = =B 'Vfi,
then ,
- Ve + Vofpell
lim =0
Je—eo llpell
is equivalent to
B, — V?f(x*
lim Il (Bx £x) el 0.

koo llpxl
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Theorem (Convergence of Quasi-Newton Methods)

Suppose that f : R™ - R is twice continuously differentiable.
Consider the iteration x;, = x + px and that p, = By 'Vf;,
where By is symetric positive definite and updated at every
iteration. Let us assume also that {x;} converges to a point x*
such that Vf(x*) = 0 and V2f(x*) > 0. Then {x;} converges
superlinearly if and only if

tirm | (B = V2F () pill _
oo llpxl

0. 2)
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Proof. First, show that condition (2) is equivalent to

i — Pk = o(llpklD.

Let pY = —V2f,-1Vf;, be the Newton step.
Since py = —B; 'Vf;, then we can write Vfi, = —Bypy. Assume
that (??) holds.

(V*fi "V fiopk + VA fi VS
V2 fie '(V* fi — Bi)pk
O(I(V*fie = Bkl
o(llpkll)

where ||V2f,71|| is assumed to be bounded above for x;
sufficiently close to x*, since V2f(x*) is positive definite.

pk_pllcv
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e + e =27l < Nl + 08 — %7 I +lIpe — PR
< Ll —x"|I?
O(llx — x*1I1?) + o(llpll)

Manipulating this inequality, we have that
lpicll = Ol — x7[D-

Xk + e — X7 < o(llx — x7ID)

Then the convergence is superlinear.
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