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Introduction

Overview

Longest common subsequence under string concatenation

les("RUMPLESTILTSKIN", “STEAK") =3
les("RUMPLESTILTSKIN", “STILTON") =6

~ les("RUMPLESTILTSKIN", "STEAK"+“STILTON") =7
Standard approach: dynamic programming

Divide-and-conquer as an alternative?
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Introduction

Overview

tropical) multiplication

Unit-Monge matrices under distance (a.k.a.
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Permutation matrices under sticky multiplication
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Overview

Sticky braids (a.k.a. Hecke words)

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison 5



Introduction

Overview

Sticky braids (a.k.a. Hecke words)

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Introduction

Overview

Sticky braids (a.k.a. Hecke words)

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Introduction

Overview

Striking connection between these seemingly unrelated structures:

@ behaviour of LCS length under string concatenation

@ distance multiplication of unit-Monge matrices = sticky multiplication of
permutation matrices

@ multiplication of sticky braids
These structures:

@ are isomorphic monoids with a deep algebraic meaning
@ admit a fast multiplication algorithm
@ have far-reaching algorithmic applications

@ connected to computational geometry, combinatorics, statistical
mechanics. . .

@ have applications in software, data storage, bioinformatics. . .
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Unit-Monge matrices and sticky braids

Monge matrices

Dominance-sum matrix (a.k.a. distribution matrix) of matrix D:
Dz[la./] = Zi>i,j<j D<,Z\7j>
Cross-difference matrix (a.k.a. density matrix) of matrix E:

ED<ivj> = E[i_a H_] - E[i_u?_] - E[:ﬁ_a A+] + E[i+7j_]
O
01 0 P 01 2 3 01 2 3 01 0
01 1 2 01 1 2
1 0 0 = =11 0 O
0 0 1 0 0 0 1 0 0 01 00 1
0 0 0O 0 0 0O

(D*)® = D for all D

Matrix E is simple, if (E9)*> = E: only zeros in left column and bottom row

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison 8



Unit-Monge matrices and sticky braids

Monge matrices

Matrix E is Monge, if EH is nonnegative

Intuition: boundary-to-boundary distances in a (weighted) planar graph

1 11
J

J
E[i/7j/] + E[i”,j”] S E[,‘/’j/l] _|_ E[””,j’]

G ‘\SP;\RP NQNCE
G. Monge (1746-1818)
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Unit-Monge matrices and sticky braids

Unit-Monge matrices

Matrix E is unit-Monge, if EH is a permutation matrix

Intuition: boundary-to-boundary distances in a grid-like graph (in particular, the
LCS/alignment grid for a pair of strings)
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Unit-Monge matrices and sticky braids

Unit-Monge matrices

Matrix E is unit-Monge, if EH is a permutation matrix

Intuition: boundary-to-boundary distances in a grid-like graph (in particular, the
LCS/alignment grid for a pair of strings)

Simple unit-Monge matrix (a.k.a. “rank function”): P*, where P is a
permutation matrix

P used as implicit representation of P*

0 1 01F 01 2 3
011 2

1 0 0f =

00 1 0 0 01
0 00O
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Unit-Monge matrices and sticky braids

Sticky multiplication

Tropical semiring (a.k.a. (min, +)-semiring, distance semiring)

@ addition @ given by min

@ multiplication ® given by +

Matrix tropical multiplication
AcB=C Cli, k] = EBJ.(A[i,j] ® BJj, k]) = minj(A[i,j] + BJj, k])

Intuition: shortest path distances in weighted graphs
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Unit-Monge matrices and sticky braids

Sticky multiplication

Matrix classes closed under ®-multiplication (for given n):

@ general (integer, real) matrices ~ general weighted graphs
@ Monge matrices ~ planar weighted graphs

@ simple unit-Monge matrices ~ grid-like graphs

Intuition: gluing distances in a composition of graphs
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Unit-Monge matrices and sticky braids

Sticky multiplication

Recall: permutation matrices = implicit simple unit-Monge matrices
Matrix sticky multiplication (implicit tropical multiplication)
PEQ=Riff P* o Q¥ = R*

Unit-Monge monoid H,

@ permutation matrices under [

@ simple unit-Monge matrices under ®

Isomorphic to the Hecke monoid
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Unit-Monge matrices and sticky braids

Sticky multiplication

Multiplication in H,

Given permutation matrices P, Q, obtain PEL1 Q = R
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Unit-Monge matrices and sticky braids

Sticky multiplication

Multiplication in H,

Given permutation matrices P, Q, obtain PEL1 Q = R

Tropical multiplication and multiplication in H,: running time

type time
general ® 0o(n%) standard
3 3
o(leepen) ) [Chan: 2007]
Monge © 0O(n?) via [Aggarwal+: 1987
permutation 1 O(n'?®) [T: 2006
O(nlogn) [T: 2010]
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Unit-Monge matrices and sticky braids

Sticky multiplication
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Unit-Monge matrices and sticky braids

Sticky multiplication

Qlo, Qi

Pio, Phi
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Unit-Monge matrices and sticky braids

Sticky multiplication

Qlo, Qi
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Unit-Monge matrices and sticky braids

Sticky multiplication

Qlo, Qi
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Unit-Monge matrices and sticky braids

Sticky multiplication

Qlo, Qi
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Unit-Monge matrices and sticky braids

Sticky multiplication

Qlo, Qi

Pio, Phi Rio + Rhi
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Unit-Monge matrices and sticky braids

Sticky multiplication
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Unit-Monge matrices and sticky braids

Sticky multiplication

Multiplication in H,: Steady Ant algorithm

PHOQR=R R=(i, k) = min;(P*(i,j) + Q*(j, k))

Divide: split range of j ~~ two recursive subproblems on n/2-matrices
Pio 1 Q1o = Rio Phi I Qni = Rhi

Each subproblem determines good nonzeros, remaining in main problem’s solution

Conquer: trace border path through range of i, k (bottom-left to top-right of R),
separating good nonzeros of one subproblem from the other

Border path invariant: balance condition on bad nonzeros
[{nonzeros of Ry; above-left}| = |[{nonzeros of R, below-right}|

Step through border path: can maintain invariant in time O(1) per step
Keep all good nonzeros; replace bad nonzeros by fresh nonzeros on border path

Conquer time O(n) Overall time O(nlog n)
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Unit-Monge matrices and sticky braids

Sticky braids

P Q = R: permutation matrices; sticky braids

o @l e — °
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Unit-Monge matrices and sticky braids

Sticky braids

P Q = R: permutation matrices; sticky braids

° ° °
° ° °
o | ° — °
° ° °
° ° °
° ° °
P Q R
-o—9o—9o 9o 9o o
P
oo o o o o
Q
-o—0—0 90— o
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Unit-Monge matrices and sticky braids

Sticky braids

P Q = R: permutation matrices; sticky braids

([ ] |Z| ([ ] [
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Unit-Monge matrices and sticky braids

Sticky braids

P Q = R: permutation matrices; sticky braids

([ ] |:| ([ ]

L ]
®

——0— 90— 00— 0000 0 0

P \
(

0—/ \—0

——0—0—0 00— ——0—0—0—0 0 &
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Unit-Monge matrices and sticky braids

Sticky braids

Symmetric group S, in Coxeter presentation

n — 1 generators g1, &, - ., gn—1 (elementary transpositions)

Involution:
g2=1 foralli

Far commutativity: ><
gigi=gg& Jj—i>1

a

Braid relations:

gigigi=ggg Jj—i=1 XLf

[Sh| = n!

X
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Unit-Monge matrices and sticky braids

Sticky braids

Classical braid group B,

n — 1 generators g1, &, - ., gn—1 (elementary transpositions)

Inversion:
g,-g,-_1 =1 foralli

Far commutativity: %

~—

Xf

Braid relations:
gigigi=ggg Jj—i=1

I\X
o

[B,| = oo canonical projection B, — S,
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Unit-Monge matrices and sticky braids

Sticky braids

Sticky braid (Hecke) monoid H, in Coxeter presentation

n — 1 generators g1, &, - ., gn—1 (elementary transpositions)

Idempotence: _R’
g2=g foralli ] : =

Far commutativity: ><
gigi=g& Jj—i>1

Braid relations:
gigigi — gigig Jj—i=1

g X
)CXX

| X

XX

|H,| = n! canonical bijection H, <+ S,
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Unit-Monge matrices and sticky braids

Sticky braids

Special elements in H,

(Denote PR = counterclockwise rotation of P)

Identity /: I x =x °

Zero IR: IREOx =R )

Zero divisors: e.g. PRE P = P PRRR — IR for all P
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Fundamentals of string comparison

LCS problem

a, b: strings of length m, n

Longest common subsequence (LCS) score:

length of longest string that is a subsequence of both a and b

@ in computational biology, unweighted alignment

in ergodic theory, used to define the Feldman—Katok metric

in software engineering, the diff tool

les("BAABCBCA”, "CABCABA") = length(“ABCBA") =5
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Fundamentals of string comparison
LCS problem

LCS problem

LCS score for a vs b
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Fundamentals of string comparison
LCS problem

LCS problem

LCS score for a vs b

LCS: running time

O(mn) [Wagner, Fischer: 1974]
O (o) [Masek, Paterson: 1980] [Crochemore+: 2003]
[Paterson, Dan&ik: 1994] [Bille, Farach-Colton: 2008]

No O((mn)=¢) € > 0; assuming SETH [Abboud+: 2015]
[Backurs, Indyk: 2015]

Polylog’s exponent ¢ depends on alphabet size and computation model
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Fundamentals of string comparison
LCS problem

LCS computation by classical dynamic programming (DP)

BAABCABT CABAT CA a="BAABCBCA"
B\ \ \ \ b= "BAABCABCABACA

A \\ \ \ \ \ blue = 0 (skip)
A \\ \ \ \ \ red =1 (match)
B \ \ \ \ les(a, b) =8

C NN N

BN NN TN

c NN N

ALNN TN TN NN

0 ) max(les(aa, b), Ics(a, bB)) if a # B
les(0,b) =0 fes(aa, b) = {/cs(a, b)+1 ifa=p
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Fundamentals of string comparison

LCS problem

LCS computation by classical dynamic programming (DP)
B AABCABC CABACA a="BAABCBCA"

BO\O 0 0\0 0 0\0 0 0\0 0-0-0 p_ “BAARCARBCABACA”
A \\ \ \ \ \ blue = 0 (skip)

A \\ \ \ \ \ red = 1 (match)

BO\ \ \ \ les(a, b) =8

<l AN

“oN NEENEEN

A

0 ) max(les(aa, b), Ics(a, bB)) if a # B
(0,b) =0 fes(aa, b) = {/cs(a, b) +1 ifo =8
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Fundamentals of string comparison

LCS problem

LCS computation by classical dynamic programming (DP)

B AR LB R 0B 0 0 B o o ohy &= "BAABCBCA"
b = “BAABCABCABACA”
N \ N\ \

\\ \ \ \ \ blue = 0 (skip)
\\ \ \ \ \ red = 1 (match)
NN

les(a, b) =8

0 ) max(les(aa, b), Ics(a, bB)) if a # B
les(0,b) =0 fes(aa, b) = {/cs(a, b)+1 ifa=p
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Fundamentals of string comparison

LCS problem

LCS computation by classical dynamic programming (DP)
B AABCABC CABACA a="BAABCBCA"

BIRYTO7OR0 0700070079790 b = “BAABCABCABACA”

Ag 1\1\1 1 1\1 1 1\1 l\l l\l blue = 0 (skip)

A \\ \ \ \ \ red =1 (match)

BO\ \ \ \ les(a, b) =8

cg N

SNEENEENEEN

cy AN

Ao NN T NC NN

les(a,0) =0 max(lcs(aa, b), Ics(a, bp)) if a # B
Ies(0, b) = 0 les(ac, bB) = {/cs(a, b) + 1 ifo—p
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Fundamentals of string comparison

LCS problem

LCS computation by classical dynamic programming (DP)
B AABCABC CABACA a="BAABCBCA"

BIRYTO7OR0 0700070079790 b = “BAABCABCABACA”

Ag 1\;\1 1 1\1 1 1\1 l\l l\l blue = 0 (skip)

A NN\ \ \ \ \ red =1 (match)

Bg\ \ \ \ les(a, b) =8
CITENTNLES

S NEENEENEEN

cy AN

A NN DN ENC NN

les(a,0) =0 max(lcs(aa, b), Ics(a, bp)) if a # B
Ies(0, b) = 0 les(ac, bB) = {/cs(a, b) + 1 ifo—p
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Fundamentals of string comparison

LCS problem

LCS computation by classical dynamic programming (DP)
B AABCABC CABACA a="BAABCBCA"

BIRYTO7OR0 0700070079790 b = “BAABCABCABACA”
011111011101~ 101-1-1 .

ATTININ \ \. I\, N\ blue =0 (skip)

A0 2722727222222 red = 1 (match)

0

BO\ \ \ \ les(a, b) =8

S N NN

0 TN NC N

cy AN

Ao NN NN NN

les(a,0) =0 max(lcs(aa, b), Ics(a, bp)) if a # B
Ies(0, b) = 0 les(ac, bB) = {/cs(a, b) + 1 ifo—p
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Fundamentals of string comparison

LCS problem

LCS computation by classical dynamic programming (DP)

BAABCABT CABACA a="BAABCBCA"
\ b= "BAABCABCABACA"

0-0-0-0

1\1 1\1 blue = 0 (skip)
2\2 2\2 red =1 (match)
3333

2
\3 N\ N\ les(a, b) =8

OO OO

o
/r—l [

) max(les(aa, b), Ics(a, bB)) if a # B
)= les(a, b) + 1 if o =p3
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Fundamentals of string comparison

LCS problem

LCS computation by classical dynamic programming (DP)

BAABCABT CABACA a="BAABCBCA"
b= "BAABCABCABACA"

0-0

1\1 blue = 0 (skip)

2\2 red =1 (match)

3-3
4

les(a, b) =8

) max(les(aa, b), Ics(a, bB)) if a # B
)= les(a, b) + 1 if o =p3
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Fundamentals of string comparison

LCS problem

LCS computation by classical dynamic programming (DP)
B AABCABC CABACA a="BAABCBCA"

B0\0 0-030-0-030-0 0\0 0-0-0 {_ “BAABCABCABACA”
A0 TUE T I T I I I e g (skip)
A0TIQAR T 2 A2 2722722282 red = 1 (match)
0-1-2-3-3-3-3-3-3-3-3-3-3-3

BN \ \ les(a, b) =8
(07152374447 44704 4 a
0-1-2-3-4-5-5-5-5-5 5555

BN N\ \ N\

C

0

Ao NN TN TN ND N

) max(les(aa, b), Ics(a, bB)) if a # B
)= les(a, b) + 1 if o =p3
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Fundamentals of string comparison

LCS problem

LCS computation by classical dynamic programming (DP)
B AABCABC CABACA a="BAABCBCA"

0-0-0-0-0-0-00-0-00-0-0-0 f _ « "
N 1 AN AN 1 AN ] o ABCABCABACA
ATCININ \ N. IN\L I\l blue=0 (skip)
0-10202220272-2022022002 g — 1 (match)
ATCININ \ N2 INDOIN -
01-2-3-3-3-3-3-3-3-3-3-3-3
BIN N\ \ N\ les(a, b) = 8
CO 1-2-3 4\4 4 4\4 44 4\4 4
BO\l 2 3\4 5 5\5 5 5\5 5-5-5
C0 1-2-3-45-5-66-6-6-6-6-6
0
ACNNC DN TN NN
les(a, ) =0 les(a0r, b) — max(/cs(aa, b), lcs(a, b3)) if a# B
les(0,b) =0 les(a, b) + 1 if a=p
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Fundamentals of string comparison

LCS problem

LCS computation by classical dynamic programming (DP)
B AABCABC CABACA a="BAABCBCA"

0-0-0-0-0-0-00-0-00-0-0-0 f _ « "

N 1 AN AN 1 AN ] o ABCABCABACA

AT ININ \ N. INL I\ blue =0 (skip)
0-10202220272-2022022002 g — 1 (match)

AT ININ \ NLOINDOIN -
01-2-3-3-3-3-3-3-3-3-3-3-3

BIN N\ \ N\ les(a, b) = 8

CO 1-2-3 4\4 4 4\4 44 4\4 4

BO\l 2 3\4 5 5\5 5 5\5 5-5-5

CO 1-2-3 4\5 5 6\6 66 6\6 6
012034556777 7—7-7

AN AN NN

les(a, ) =0 les(a0r, b) — max(/cs(aa, b), lcs(a, b3)) if a# B

les(0,b) =0 les(a, b) + 1 if a=p
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Fundamentals of string comparison

LCS problem

LCS computation by classical dynamic programming (DP)

BAABCABT CABACA a="BAABCBCA"

00-0-00-0-0,0-0-00-0-0-0 4 _ « "
N 1 AN AN 1 AN ] o ABCABCABACA
ATCININ \ N. IN\L I\l blue=0 (skip)
0-10202220272-2022022002 g — 1 (match)
AT ININ \ NLOINDOIN -
01-2-3-3-3-3-3-3-3-3-3-3-3
BIN N\ \ N\ les(a, b) = 8
CO 1-2-3 4\4 4 4\4 44 4\4 4
B0\1 2 3\4 5 5\5 5 5\5 5-5-5
CO 1-2-3 4\5 5 6\6 66 6\6 6
012345567777 77
A
0 1\2\3 4 5\5 6 7\8 8\8 8\8
les(a, ) =0 les(a0r, b) — max(/cs(aa, b), lcs(a, b3)) if a# B
les(0,b) =0 les(a, b) + 1 if a=p

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison

28



Fundamentals of string comparison
LCS problem

LCS as a maximum path in the LCS grid
B AABCABT CABAT CA a="BAABCBCA"

B \ \ \ b= "BAABCABCABACA"
A \\ \ \ \ \ blue = 0 (skip)
\ \ \ red =1 (match)
B \ \ \ \ les(a, b) =8
NOIONLEN
B \ NCENCEN,
NN N
ALNNC DN NCNCN

LCS = highest-score path top-left ~» bottom-right
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Fundamentals of string comparison
LCS problem

LCS: classical dynamic programming (DP)

Iterate over cells in any <-compatible order
Active cell update: time O(1)
Overall time O(mn)
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Fundamentals of string comparison

LCS problem

‘Begin at the beginning,’ the King said gravely, ‘and go
on till you come to the end: then stop.’

L. Carroll, Alice in Wonderland

,1' Wl :g’f
fli o i
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Fundamentals of string comparison

LCS problem

‘Begin at the beginning,’ the King said gravely, ‘and go
on till you come to the end: then stop.’

L. Carroll, Alice in Wonderland

Dynamic programming: begins at empty strings,
proceeds by appending characters, then stops

What about strings that are

@ dynamic (prepending/deleting characters)

1_ ikl 1:} @ compressed (concatenation, taking substrings)
il e il

@ required to be aligned locally/in parallel

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison 31



Fundamentals of string comparison

LCS problem

Running DP from both ends: x2 parallelism, but
still not good enough

Is dynamic programming strictly necessary to
solve sequence alignment problems?

Eppstein+, Efficient algorithms for sequence
analysis, 1991

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Fundamentals of string comparison
Semi-local LCS (SLCS) problem

Semi-local LCS (SLCS) problem

LCS scores for a vs b:

string-substring (whole a vs every substring of b)

prefix-suffix (every prefix of a vs every suffix of b)

suffix-prefix (every suffix of a vs every prefix of b)

substring-string (every substring of a vs whole b)

Output scores can be represented implicitly

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison 33
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Semi-local LCS (SLCS) problem

LCS scores for a vs b:
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Fundamentals of string comparison

Semi-local LCS (SLCS) problem

SLCS as maximum paths in the LCS grid

BAABGCABGCABATCA a="BAABCBCA"
BN\ N b= “BAABCABCABACA

A \\ \ \ \ \ blue = 0 (skip)
A \\ \- \ \ \ red = 1 (match)

B \ \ \ les(a, b(4:11)) =5
N N
B\ N \\'\
NN N
AONNCONCONCNCN

String-substring LCS: all highest-score top-to-bottom paths
SLCS: all highest-score boundary-to-boundary paths
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Fundamentals of string comparison
Semi-local LCS (SLCS) problem

SLCS: output representation and running time

size query time

0O(n?) 0o(1) string-substring trivial
O(m*/2n)  O(log n) string-substring [Alves+: 2003]
O(n) O(n) string-substring [Alves+: 2005]
O(nlogn) O(log?n) [T: 2006]

...or any 2D orthogonal range counting data structure

running time

O(mn?*) = O(n- mn) string-substring repeated DP
O(mn) string-substring [Schmidt: 1998; Alves+: 2005]
O(mn) [T: 2006]
O Gog o) [T: 2006-07]
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Fundamentals of string comparison

Semi-local LCS (SLCS) problem

SLCS matrix H and SLCS kernel P
H[i,j]: max number of matched characters for a vs substring b{i : j)
J—i— HI[i,j]: min number of unmatched characters
Properties of matrix j — i — HJ[i, j]:
@ simple unit-Monge

@ therefore, = P*, where P = —HUY is a permutation matrix

P is the SLCS kernel, giving an implicit representation of H
Range tree for P: memory O(nlog n), query time O(Iog2 n)
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Fundamentals of string comparison

Semi-local LCS (SLCS) problem

SLCS matrix H and SLCS kernel P (only string-substring component shown)

0123456678888 8 a = "BAABCECA" )

10123456856 77777 b= "BAABCABCABACA

2-1012 3 445666 6 7 H[i,j]:{lcs(a’b<i:j>) i<j

32101233 465%566 7 j—i i>j

PSR- (SO RN CORS.
H[4,11] = lcs(a, b(4: 11)) =5

6-5-4-32-1012 334465

7654321012233 4

8765432101233 4

9876543210123 4

109 876543210123

11-10-9 8 7 6 5 4 3 210 1 2

12-11-109 8 7 6 5 4 3 2 1 0 1

13-12-11-10 9 8 7 6 5 4 -3 2 -1 0
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Fundamentals of string comparison

Semi-local LCS (SLCS) problem

SLCS matrix H and SLCS kernel P (only string-substring component shown)

0123 45 6|67 8|ls|s]s]s a = "BAABCECA" )
10123 45ls56 71717 7IL b= "BAABCABCABACA
2-101 2 3 4|4 5 6|6]6]6 7 H[i,j]:{lcs(a’b<i:j>) i<j
321012 3|3 4 5|5 6[6 7 j—i i>j
_4_3_2_1012.2344@)56 blue | red: diffin H= 0] 1
54321012 3 4|4 5[5 6

654321012 3|3 4|a s green: P(i,j) =1
7-65-4-3-2-10 1 2|2 3|3 4 Hli,jl =j—i— P¥i,j]
87654321012 3[3 4

087 6-5-4-32-1012 3 4

109 87654321012 3

11-10-9 8 7 6 5 -4 3 2-10 1 2

12-11-10 9 8 -7 6 -5 -4 3 2 -1 0 1

13-12-11-10 -9 -8 -7 -6 -5 -4 3 -2 -1 0
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Fundamentals of string comparison

Semi-local LCS (SLCS) problem

SLCS matrix H and SLCS kernel P (only string-substring component shown)
a = "BAABCBCA”
L b= "BAABCABCABACA"
.. les(a, b(i : j i<j
EnfP AR

— >y

H[4,11] =11 — 4 — P¥[i,j] =
11-4-2=5
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Fundamentals of string comparison

Semi-local LCS (SLCS) problem

SLCS kernel as (reduced) embedded sticky braid in LCS grid
B AABCABC CABATC CA a="BAABCBCA"

& \ l l \. \ [ [ \ b= "BAABCABCABACA"
A \\\\\\ N l \\\ \_ N Hl4,11] =114 - P¥[i,j] =
AN NN N mem2=s

N NHRHN
NN NS T NSASAN
String-substring LCS: P(i,j) = 1 iff strand i (top) ~~ j (bottom)
Each strand is a unit obstruction to LCS, if crossed left-to-right
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Fundamentals of string comparison

Semi-local LCS (SLCS) problem

SLCS kernel as (reduced) embedded sticky braid in LCS grid
B AABCABC CABATC CA a="BAABCBCA"

i O I b= “BAABCABCABACA”
\ \\ \h\t_:-_\\t H[4,11] = 11 — 4 — PE[i,j] =
3 \ \\ \\\_3\[ 11-4-2=5
- S
N \\N\\N‘%

NN
SUNGNEEN
SLCS: P(i,j) = 1 iff strand i (top/left) ~> j (bottom/right)
SLCS kernel: sticky braid with no particular embedding
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Fundamentals of string comparison
Semi-local LCS (SLCS) problem

Sticky braid: a highly symmetric object (Hecke word)
Can be built by assembling subbraids: divide-and-conquer

Flexible approach to local alignment, compressed approximate matching, parallel
computation. ..
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by recursive combing
B AABCABT CABAZC
1 1

NG
» NN AN

%
- >

)

TN

: \UALRSRE
5 NN AN

: NN
SR NEENEEN
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Fundamentals of string comparison

Algorithms for SLCS

SLCS by recursive combing
B AABCABT CABATCA

:\le_lw_lu ]

X

>0 WO W > > W

8
N i
-f\ | IR | IR R-\&
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by recursive combing
B AABCABT CABATCA

NS

N \\‘\\\.\

7/

>0 WO W > > W

7
7
N
e
02
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by recursive combing
B AABCABT CABATCA

R
RN

7
7
77

>0 WO W > > W
Za

%
.
)/r_
7
A
2
7
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Fundamentals of string comparison

Algorithms for SLCS

SLCS by recursive combing
B AABCABT CABATCA

NV
N R NN
SRR
NSRS
SN

x\\\R\\\'\\N SRR

>0 WO W>>W
)
%




Fundamentals of string comparison

Algorithms for SLCS

SLCS by recursive combing
B AABCABT CABATCA

NI
A
NN

\\\@\
) ¥L\\%

A\
xx\\k\\\ﬁ\&\i\

B3

7

A
A
TEER
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Fundamentals of string comparison

Algorithms for SLCS

SLCS by recursive combing
B AAB CAIBTZC

5 NS IIA I
A—\\\L_\L,\%_\L
NSRRI
A% .8 N\

2 AN

EANRENNAE

»)

RGO




Fundamentals of string comparison

Algorithms for SLCS

SLCS: recursive combing

Initialise as saturated braid: mismatch cell = crossing

Recursion on LCS grid

@ divide: partition either a or b
@ obtain subproblem SLCS kernels recursively

@ conquer: SLCS kernel composition by sticky multiplication

Recursion base: m=n=1

Overall time O(mn)

Correctness: by sticky braid relations
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABAZC
1 1

NG
» NN AN

%
- >

)

TN

: \UALRSRE
5 NN AN

: NN
SR NEENEEN
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA

s NN TN N
N NN
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA

s NN N N
NS N NN
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA

B'\\\ N\ N\ N\
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA

5N \\—--l-\\-l--l-\\-l--l--H

A NN

ACNNL TN \ \ \

B\ NN N
NN

B\ NN N
NN N\

ACNNC DN NCNC N
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA

- RV EEEES

A \kk\

ACNNC TN NN N
5NN NN

C NN N\
s\ NN N
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA

- NV EEYEES

A \kk\

ERNTN NNN
5NN NN

C NN N\
s\ NN N
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA

i‘\\ N -&2\" >
ANENEN

N
A\\ NCOENCNCN
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA

OO

A\kk\_k\
AENEN

B\ BNERNERN

N
A\\ NCOENCNCN
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA

B'\\\ AN X ¥

A \kk\_k\_

N
A\\ NCOENCNCN
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABU CABATC CA
s NN N
A\ \g SANA AN O\ _x.\
NN

A\\ NCOENCNCN
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing

B AABCABU CABATC CA
s NN NN
Ni \g SANA AN O\ *2\\{

A\\ NCOENCNCN
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABU CABATC CA

s NN

Ni \g SANA AN O\ _\.\\ S

N
A\\ NCOENCNCN
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA
NEYERES
A AN Y
NCENCND N
NN N
NN
NCOUNCENC N
NN N\
NN NS ENCNEN

| IR

>0 WO W > > W
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA
'\\\ \ k% k\\t k\\t \ .
N A A N N

N NCENCINCIN
NN

>0 WO W > > W

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA
NEYERES
NN Y
SN NTNNRN
AN
NN N\

>0 WO W > > W
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA
NS
N NN
\\ NN N
AN
\ N\
NCOUNCENC N
NN N\
NN NS ENCNEN

"I

>0 WO W > > W
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing

B AABCABT CABATCA
NS
\ \ \ L] | k.\\__.\k.\\¥__\k‘
NN NN

>0 WO W > > W

N
NNCENCENCNCN
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA
NS
§\“ S s m v
KON
\ N\ N\
NCOUNCENC N

NEENEEEN
NNCENCENCNCN

>0 WO W > > W
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing

B AABCABT CABATCA

NS

\k\_xm\\_k\k_%
NN N

N\

N\

N\

1

NN
NEEN
NTN TN
NN
\\\\\\

>0 WO W > > W
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA
NS
\ \ \ _xc\\__ R \UH E\Y
NN %

/
/|

/|
/|
/|
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA

'\\\ k\E k\\t k\\t \ .
N A AN

NASHENEEN: N

/
/|

/|
/|
/|
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing

B AABCABT CABATCA
NS
\ \ \ _¥.\\ \~ \§k__§k

\\\\\—

\\\
\\\\

N
NN\ \ \\\

>0 WO W > > W
/
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA
DR AN
NN 3%
NN TN
NN
N\ \ \\ N\
NN\ \ N \ N

N

>0 WO W > > W
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA
NS
R ENGERNRER
NN
NN TN
NN N\
NCOUNCENC N

NEENEEEN
NNCENCENCNCN

>0 WO W > > W
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA
NSRS
N N N Y
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABU CABATC CA
NEYERES
N N N Y
A EEREENCEEAY
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA

N
N N N
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>0 WO W> > W
%
Jf
|
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA

R
NEENNEEEEN R ENRENEEN
BENNTEENE N TN\

: AR
NTNOTNOEN
CCENTNTCS
SRNCONCONNEN
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing

B AABCABU CABATC CA
s YRS
A NN TN N NN
TN NN
: N
C

\k\\—_\\—
NN
BN TN NCTIN
C NN N

ACNNC NN NE N
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing

B AABCABU CABATC CA
NS
A NN TN N NN
AN \—-\\ N
: N
C
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA
NS
N A N
N\ E2 R L\ R\ ENY
—\\\\QI AN

N

>0 WO W> > W
j/r
4
|
D
f
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA

N
N N N

A
NN
C
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA
'\\\ \ k% k\\t k\\t \ .
N A N

A
NN AN
C
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA
'\\\ \ k% k\\t k\\t \ .
N A N

NN NN

>0 WO W> > W
j/r
4
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D
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/
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing

B AABCABU CABATC CA

NN N

A2 AVANE AN N AN

NAEEEENEEEEN \\+\\Fi§
'\ '\ A

B

A

A

B AN NN

c AN
B

C

A

NN
NTNTNTN
NN N
NNCENCTNCNCN
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABU CABATC CA
\ \ \ \
N\ m A\ A\ i mA\Y

<
N N N
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Fundamentals of string comparison

Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA

NI
NN RS
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing
B AABCABT CABATCA

NS EE E\V8 28 NN
NRRN ¥
N
RN
§\\ \\ _\L_\L:

Positively reduced braid: SLCS kernel for every prefix of a vs every prefix of b

%‘

77

>0 WO W > > W

o

Implicit prefix-substring and substring-prefix LCS
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Fundamentals of string comparison
Algorithms for SLCS

SLCS by iterative combing (reversed)
BAABCABCABACA

Negatively reduced braid: SLCS kernel for every suffix of a vs every suffix of b
Implicit suffix-substring and substring-suffix LCS (dodrans-local LCS)
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Fundamentals of string comparison

Algorithms for SLCS

SLCS: iterative combing

Initialise as saturated braid: mismatch cell = crossing

Iterate over cells in any <-compatible order

@ match cell: skip, keep strands untangled

@ mismatch cell: untangle strands if crossed before

Active cell update: time O(1)
Overall time O(mn)

Correctness: by sticky braid relations
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@ Rational-weighted string comparison

A. Tiskin and B. Zolotov (St Petersburg)

The surprising algebra of string comparison

53



Rational-weighted string comparison

Alignment and edit distance

The LCS problem is a special case of the alignment problem

Scoring scheme: (match w., mismatch wp, gap w_)

wy >0 2w < wp < wy w_ <0

align(a, b) = wy. - #matches + wy - #mismatches + w_ - #gaps

LCS score: (1,0,0) lcs(a, b) = #matches

Levenshtein score: (1, 3,0) lev(a, b) = #tmatches + 1 - #mismatches

Scoring scheme is

@ rational: wy, wp, w_ are rational numbers

o regular: (1,wp,0),ie. wy =1, w_ =0
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Rational-weighted string comparison

Alignment and edit distance

Alignment problem

Alignment score for a vs b
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Rational-weighted string comparison

Alignment and edit distance

Alignment problem

Alignment score for a vs b

Alignment: running time

O(mn) [Wagner, Fischer: 1974]
O (o) [Crochemore+: 2003]

Semi-local alignment (SA) problem

Analogous to SLCS problem, but replacing LCS scores with alignment scores
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Rational-weighted string comparison

Alignment and edit distance

Edit distance: minimum cost to transform a into b by character edits

Substitution (sub) cost ¢ > 0
Insertion/deletion (indel) cost c_ >0

Corresponds to scoring scheme (0, —cp, —c_)

LCS (indel) distance: c_ =1, ¢g =2 d_lcs(a, b) = #indels
scoring scheme (0, —2,—1) ~~ regular (1,0,0)

Levenshtein (indelsub) distance: c_ = ¢y =1 d_lev(a, b) = #indels + #subs
scoring scheme (0, —1,—1) ~» regular (1, %, 0)
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Rational-weighted string comparison

Alignment and edit distance

SA as maximum paths in the alignment grid

BAABCABG CABAC CA a="BAABCBCA"
. T "
BN\ NN N b = “BAABCABCABACA

A \\ \ \ \ \ blue =0 (gap)
AT NN\ N\ N NN\ red (dotted) =

B \ \ \ \ red =1 (match)E
\ \ align(a, b(4 : 11)) =
B \ N[N ‘.\
NN N\
A RNEENEENENEN

(mismatch)
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Rational-weighted string comparison

Alignment and edit distance

Equivalent to semi-local LCS for blown-up strings

$B $A $A $BSCSASBSCSASBISASC SA a= "BAABCBCA"

$B\ \\ N \\ N N NN b= “BAABCABCABACA"

SANNNN N \\ NN NN N\ blue =0 (gap)

SANNNN N .\\\\ NN\ red = 1 (match)
BN NN NN N N align(a, b(a 0 11)) =
$C\\\\\\\ NNNRNRN ?Ics(é,b<2-4:2-11>):
$B \\\\\\\\\\\ 511=55
sCNNN NN NN NN

NN
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Rational-weighted string comparison

Alignment and edit distance

Rational-weighted SA via semi-local LCS
$B $A SA SBSCSASBSCSASBSA SC A

$B |\\\ |.\\\ |\\\ |\\\ .\
R N RCRON RO

SN AR

$A \\“\\\ BN {\% NN

$B-—~h‘{-\~\ ) : ] m\ :\\ ‘t

SCY™ \\: I

7

B \ \ Q\\L % N

SCNY: D) A SRR E R NG
R RRCR

SA \\hvmh\ MNTTNSN

a, b, scheme (1,%,0) ~ &, b, scheme (v, 11,0)

Slowdown X 12, can be reduced to X v
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© Cyclic and periodic string comparison

A. Tiskin and B. Zolotov (St Petersburg)

The surprising algebra of string comparison
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Cyclic and periodic string comparison

Affine sticky braids

Affine permutation of order n

@ bijection (—o0 : +00) <> (—00 : +00)

@ invariant under shift by n
Affine permutation matrix of order n

@ zero-one matrix over (—oo : +00)?
@ exactly one nonzero per row/column

@ invariant under shift by (n, n)
Affine symmetric group S,

@ multiplication: functional composition; matrix multiplication

@ symmetries of a tesselation of R"~1 by simplices
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Cyclic and periodic string comparison

Affine sticky braids

Affine symmetric group S, in Coxeter presentation

n generators T, T1, T2, - .., To—1 (€lementary transpositions)

Involution: ><
T,-2:1 for all i X =
Far commutativity: >< | | |

T =77 1<j—i<n-1 | | X = H

Braid relations:
it = 1Ty j— i€ {l,n—1}

X

=
8

|§n| =00
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Cyclic and periodic string comparison

Affine sticky braids

Affine braid group B, in Coxeter presentation

n generators T, T1, T2, - .., To—1 (€lementary transpositions)

Inversion:
T,-T,-_l =1 foralli

Far commutativity: J
P

=TT 1<j—-i<n-1

~—

Braid relations:
Tt = 7Tty j—i€{l,n—1}

|]]§%,,| =00 canonical projection B, — S,

A. Tiskin and B. Zolotov (St Petersburg)
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Cyclic and periodic string comparison

Affine sticky braids

Affine sticky braid (Hecke) monoid H, in Coxeter presentation

n generators T, T1, T2, - .., To—1 (€lementary transpositions)

Idempotence: _R’
2 =1 foralli ] : =

Far commutativity: ><
=TT 1<j—i<n-1

Braid relations:
it =TT j—i€{l,n—1}

g X
)CXX

| X

XX

|H,,| =00 canonical bijection H, < S,
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Cyclic and periodic string comparison

Affine sticky braids

P Q = R: affine sticky braids

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison ()



Cyclic and periodic string comparison
Affine sticky braids

Multiplication in H,

Given affine permutation matrices P, Q, obtain PE1 Q@ = R
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Cyclic and periodic string comparison
Affine sticky braids

Multiplication in H,

Given affine permutation matrices P, Q, obtain PE1 Q@ = R

Multiplication in L, running time

O(nlogn) [Gaevoy, Zolotov, T: NEW]

Multiplication in H,: 3-period algorithm

Extract three (!) consecutive j-periods from P, @
Perform multiplication in Hs,

Replicate middle j-period of the result to obtain R
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Cyclic and periodic string comparison

Affine LCS

a, b: strings of length m, i b=5b=...bbb... oo-repeat

Affine SLCS problem

Given a, b, obtain LCS scores for a vs every substring of b = b>®

Output scores can be represented implicitly

May assume that every character of a occurs in b (otherwise delete it)

Only need substrings in b of length < m# (otherwise LCS score = m)

Affine SLCS: running time

O(mnn) naive

O(mn) [T: 2009]
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing

B AABCAB CABATCA
NSRS
A-:\\\\ N \L;\L;\
s NN
- N RO RO
NN T
NS RN ENEEN
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

A \Esaa\azas\assz\aszaas
AN NN
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

" uE\W S
A\\%\\\
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

B AN\ N\ __.\\__ N\

A \

ACNN % AN
ENC N NN

C AEAN

BN DN NN

C NN N\
ACNNC N DNENCN
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA
| I |

A N\

ACNN AN
ENC N NN

C AEAN N\
BN DN NN
C NN N\
ACNNC N DNENCN
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA
| I |

A QN

A NN N
BN N T NCTN

C NEEN N
BN TN NCTIN
c NN N
ACNNC NN NE N
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA
1

A N AN

A NN\ AN
5N NN TN

C NN AN
5N NN TN
C NN AN
ALNNC N NN N
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

s NN
A WQUEEN\RV
\E\E @Wﬁ

B\ NEENEEN
NN

B\ NEENEEN
NCONCEEN

AN TN TN NN
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

 EENERVRY
k.\\_ _¥~.\\¥~_
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

BT RN
SN
NN N

BN N T NCTN
NEEN N
BN TN NCTIN

>

>

@)
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

\Un N \UH BH EQ\W \W
iw}\——&l\%——§

A NCENCIN
BN N T NCTN

C NEEN
5\ NCENCEN
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

: NEESEIYS

N NN
A N NN N
BN NN N
C NN\
?\ NN N
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

NNV
ANYN NN
A NN NN
5N NN TN
C NN
?\ NN TN
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

: TSRV

A \\\“\“:QF:I\\“\\“\‘\\\‘“¥
A NN\ N NN N
BN NN N

C NN\ N
BN NN N

C NN N
ACNNC TN NN N
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing

B AABCABU CABATC CA
s YRS
A NN NN NSNS

A NCENCINCIN
N\

N
ACNNC NN NE N

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing

B AABCABT CABATCA
AN AR RN
TN NN N
N AN
c NOONON
NCTNCNCN
c NCONCON
SNNCONCONCNEN
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing

B AABCABU CABATC CA
s N N R A
A NN TN SN

NN
AN

A NEENC T NN

B\ N TN TN
NEEN

B\ NCENCEN
NN N

AN TN TN NN

__Ilf
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABU CABATC CA
\ \ \
BNOTONTN
A

N
VAV £V VE S\ VARV AT
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABU CABATC CA
\ \ \
BNOTONTN
A

N\
. “\t\\“\‘ NTENNNYTN

A N NCNCN
B\ \\\I_\d \\
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

s YRS
- sk\t\\__i\\ EQURN \_%

N N\
N
N N

1

NN
NEEN

NN
NN

\\\\\\

]>OUU(\UU)>)>
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

NS

NS RN RN EASRNSE B\
A NN TN “%E %—-%
\ \\
T\ 1\

/|
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

NS

NS RN RN EASRNSE B\

A NNV 1

NEEEENS @%
T\ T\

/|
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

R TR G
“%\\\ NN
AN \\ N\ N\
NN TN
NN
NN
NPNTNREN

]>OUU(\UU)>)>
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

s NN
- sk\t\\_ —i\\ §~ \\k—ﬁ
A) HA)

N
N
N

NCDNC TN
NEEN
NCENCEN
NN
\\\\\\

]>OUU(\UU)>)>
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABU CABATC CA
B\t \ k% k\\t k\\t \ \
N EENE NI F
NSHENENEIN

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

NS

A AN THN MRS
e SRR ENE R ENE RS
B NCENCTIN

c NN

s NN NCEN

: NEENEEEN

NNCENCENCNCN
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing

B AABCABU CABATC CA
B\\t \ k% k\\t k\\t \ \
AR “\\O “\\\\ \\\“\\\
A N

ACNNC NN NE N
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing

B AABCABU CABATC CA
s YRS
N A\ E RN A AN BN

» NN

5NN IN

C NEEN

BN TN NCTIN

c NN N

ACNNC NN NE N
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

N
A \\¥\“\\—-¥C\\—-¥\\¥—-¥
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

N
AN TN

n ENNEECEEN RGN

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing

B AABCABT CABATCA
B NN
A\\kk\_xm\\ &\k_&
A ENNHEN \\+\\ N

A\\ NCOENCNCN
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing

B AABCABT CABATCA
B NN
A\\kk\_xm\\ &\k_&
Al \\ NE \\+\\ N

ACNNC NN NE N

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing

B AABCABU CABATC CA
s YN RS
A \\\\k\\b\"%\\— NN
A INNEEN \\+\\ N

5 NN

C NEEN

BN TN NCTIN

c NN N

ACNNC NN NE N

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABU CABATC CA

B NN
A RN NSRS
A +\§§ N\ \\+\\ AN
NEES
NN N

B\ \ NN

N
A\\ \ \\\
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing

B AABCABU CABATC CA
s YN RS
A \\\\k\\b\"%\\ NN
A NN \\+\\ N
B AN U \
c N
sNCTNCENCEN

NN N
ACNNC NN NE N
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing

B AABCABU CABATC CA
s YN RS
N A\ E RN A AN BN

A NN VAN
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

N
AN TN

s NN

B AN N N~

C NN\ N
BN NN N

C NN N
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

s NSRS
A N A AN N
RENEHEN \\+\\ N

B\\\\\-\
\
B\ \ ANEEN
NN AN

A\\ NCOENCNCN
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABU CABATC CA
B NN

A N R R

; +\\\+—-\\\+——>\+\\\—-§

B\\ SN\ -\\\\E NN

N
B\\\\
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Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABATCA

NSNS
A N A AN N

\ HE\UEEEEN\Y \_\
SJ\E\\\J\E -:\\i-ﬁri{\ B}
N\

B\ \ \ N
NN N
A\\ NCOENCONCN
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Cyclic and periodic string comparison

Affine LCS

Affine SLCS by wraparound combing

BAABCABU CABATCA
s NN

N\
A RN N RO
\\HANRNR

| 3
2 AR ORNRON

SN
?\ *\ \\_\L_\L:
A A




Cyclic and periodic string comparison
Affine LCS

Affine SLCS by wraparound combing
B AABCABT CABAZC
B AN\LLLI \ ANL LAN\LI

AR N NN

B\ A\

C

fitcuatunarast

Positively reduced affine braid: SLCS kernel for every prefix of a vs oo-repeat b

Implicit prefix-substring LCS




Cyclic and periodic string comparison

Affine LCS

Affine SLCS: Wraparound combing

Initialise uncombed sticky braid: mismatch cell = crossing

Iterate over cells in rows: row begins at match, wraps around at boundary

@ match cell: skip (keep uncrossed)

@ mismatch cell: comb (uncross if strands crossed before, possibly in a
different period)

Active cell update: time O(1)

String-substring LCS score: count strands (with multiplicities, whenever substring
covers multiple periods)

Overall time O(m)
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Cyclic and periodic string comparison

Periodic LCS

b= b¥ = bb...b: periodic string, a (weak) form of compression

Periodic LCS problem

Given a, b, k, obtain LCS score for a vs b = b¥

We have n = ki; may assume k < m

Periodic LCS: running time

O(mkn) naive
O(m(k + a)) [Landau, Ziv-Ukelson: 2001]
O(mn) [T: 2009]

Run affine SLCS; query the score

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Cyclic and periodic string comparison

Periodic LCS

Periodic approximate matching problem

Maximum alignment score for a vs a substring of b = b™

@ global: only substrings b¥ of length ki across all k

@ cyclic: all substrings of length ki across all k

@ local: all substrings of any length

Periodic approximate matching: running time

O(m?n) all naive
O(mn) global, local [Myers, Miller: 1989]
O(milogn) cyclic [Benson: 2005]
O(mn) all [T: 2009]
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Cyclic and periodic string comparison

Periodic LCS

3 b strings of length m, i

Doubly-periodic LCS problem

Given 3, k, b, I, obtain LCS scores for a = 3% vs b = b’

Output scores can be represented implicitly

We have m=km, n=1In, k<n, I <m

Doubly-periodic string-substring LCS: running time

O(mn) naive
O(mn) as single-periodic
O((m + log k log 1) - ) [Zolotov, Gaevoy, T: 2025]
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Cyclic and periodic string comparison
Doubly-periodic LCS

Doubly-periodic LCS

Affine SLCS for 3 vs b>: wraparound combing

Kernel P; 5

Affine SLCS for 3, 2, ..., 3 = a vs b: repeated squaring of P j in I, by
3-period algorithm; log k iterations

Kernel P, 5

Query Ics(a, b') = Ics(a, b) by dominance counting, respecting strand multiplicities

Overall time O(m) + log k - O(ilog ) = O((m + log k log /1) - /1)
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Cyclic and periodic string comparison

Doubly-periodic LCS

Doubly-periodic LCS: set as Problem L in Petrozavodsk Programming Camp 2023

ICPC (International Collegiate Programming Contest): top annual event for
competitive programming

Petrozavodsk Programming Camp: long-standing conference/experimental
ground for ICPC problem setters

@ high geographical coverage
@ stands out by problems’ complexity and originality

@ used to propose/test new ideas and approaches
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Cyclic and periodic string comparison

Doubly-periodic LCS

Initial model solution: standard DP with optimisations

O(max(rm, 1)? log(mk + @l)); solving up to M < 50 (time limit 20 s)
Refined in succesive versions using sticky braids

Version with cubic [J-mult via generic ®-mult

O(mn + A®log k); solving m < 50 within 1 s; m = 500 out of time
Version with quadratic [3-mult via Monge ®-multiplication (Knuth)
O(mn + A? log k); solving m < 500 within 10 s; m = 1000 out of time

Set as challenge benchmark for contestants

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison 7



Cyclic and periodic string comparison

Doubly-periodic LCS

Version with quasilinear [I-mult (Steady Ant): O(m# + filog filog k)

Version with recursion-free Steady Ant: another speedup by approx x2

I I I I I I I I I
4 - | —e— Recursive version

—m— |terative version

|
01 02 03 04 05 06 07 08 09 1
max(p, q) ‘10°
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@ Sparse string comparison

A. Tiskin and B. Zolotov (St Petersburg)
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Sparse string comparison
SLCS on permutation strings

LCS problem on permutation strings (LCSP)

LCS score for a vs b; in each of a, b all characters distinct

les("CFAEDHGB", “DEHCBAFG") = 3
The LCSP problem is equivalent to

@ longest increasing subsequence (LIS) in a (permutation) string
@ maximum clique in a permutation graph

@ maximum crossing-free matching in an embedded bipartite graph

lis(“47621385") = les(“47621385", “12345678" ) = 3
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Sparse string comparison
SLCS on permutation strings

LCSP: running time

O(nlog n) implicit in [Erdds, Szekeres:
[Robinson:

[Knuth: 1970; Dijkstra:

O(nloglogn) unit-RAM [Chang, Wang:

[Bespamyatnikh, Segal:

1935]
1938]
1980]
1992]
2000]

LCSP generalisations

@ canonical (anti)chain partition for a planar point set

@ Robinson—Schensted—Knuth correspondence for Young tableaux

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison
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Sparse string comparison
SLCS on permutation strings

Semi-local LCSP (SLCSP) problem

SLCS scores for a vs b; in each of a, b all characters distinct

Equivalent/similar to

@ local longest increasing subsequence (LIS): LIS in every substring of a string

@ maximum clique in a circle graph

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Sparse string comparison
SLCS on permutation strings

SLCSP: running time

O(n? log n) naive
O(n?) restricted [Albert+: 2003; Chen+: 2005]
O(n*®logn) randomised, restricted [Albert+: 2007]
O(n*?®) [T: 2006]
O(nlog? n) [T: 2010]
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Sparse string comparison

SLCS on permutation strings

SLCSP by sparse recursive combing
DEHCBATFG

C N L

> M

(D)
u _//
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Sparse string comparison

SLCS on permutation strings

SLCSP by sparse recursive combing
DEHCBATFG

\\

WO I OoOm>XX>T0n
7
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Sparse string comparison

SLCS on permutation strings

SLCSP by sparse recursive combing
DEHCBATFG

NE=t

%7

WO ITToTMmMm>TO0
L/,
Z

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison 86



Sparse string comparison

SLCS on permutation strings

SLCSP by sparse recursive combing
DEHCBATFG

N

\k.\\_
\U
N

N

WO ITToTMmMm>TO0
L/,
Z

==\
N
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Sparse string comparison
SLCS on permutation strings

SLCSP by sparse recursive combing
DEHCBATFG

\

\.

X
A

J/rrl)>‘nﬁ
0
2,

X
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Sparse string comparison
SLCS on permutation strings

SLCSP by sparse recursive combing
DEHCBATFG

SHE
SEats \\L_
PR

WO IOoOMmMm>>TON
»)

A
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Sparse string comparison
SLCS on permutation strings

SLCSP: sparse recursive combing

Divide-and-conquer on the LCS grid
Divide grid (say) horizontally; two subproblems of effective size n/2
Conquer: matrix sticky multiplication, time O(nlog n)

Overall time O(nlog? n)
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@ Compressed string comparison

A. Tiskin and B. Zolotov (St Petersburg)
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Compressed string comparison

Grammar compression

SLP-string (also grammar-compressed string): a straight-line program
(context-free grammar) generating t = t; by 7 assignments of the form
@ t, = «, where « is an alphabet character

@ tx = uv, where each of u, v is an alphabet character, or t; for i < k

In general, n = O(2")
Captures various compression types, e.g. LZ78, LZW, Re-Pair
Related to many other compression types, e.g. LZ77, RL-BWT

Simplifying assumption: arithmetic up to n runs in O(1); can be removed by
careful index remapping

. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Compressed string comparison

Grammar compression

Example: Fibonacci string “ABAABABAABAAB"
t1=A tHb=tB t3=tt; ty=1t:tr t5g=1i4t3
t = tsts = ((((AB)A)AB)(AB)A)(((AB)A)AB)
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Compressed string comparison

Grammar compression

Example: LZ78 compression (Lempel-Ziv 1978)

Parsing string into sequence of phrases

Phrase: character or previous phrase 4+ character

H=A Hb=B H=tHA th=bHA t5=tA t;=tB
t = tixtstatste = “(A)(B)((A)A)((B)A)((BA)A)((BAA)B)"
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Compressed string comparison

Grammar compression

Example: BISECTION compression
Recursive splitting and matching
ti =AB t;=AA t}=BA
t2=1tlt t=1tit}

t=1tt3 t5=1tB

t =] = ((AB)(AA))((BA)(BA)))(((AB)(AA))B)
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Compressed string comparison

LCS on SLP-strings

Semi-SLP-compressed LCS: running time

o

o(m3a+...) CFG language [Myers: 1995]
O(m'®n) partial SLCS [T: 2008]
O(m'-2a4) R weights [Hermelin+: 2009]
O(mlog m - i) partial SLCS [T: 2010]
O(mlog(m/#) - ) [Hermelin+: 2010]
O(m log!/?(m/7) - ) [Gawrychowski: 2012]
SLP-compressed LCS: NP-hard [Lifshits: 2005]
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Compressed string comparison

LCS on SLP-strings

Partial SLCS problem

LCS scores for a vs b:

o .

@ prefix-suffix (every prefix of a vs every suffix of b)

o suffix-prefix (every suffix of a vs every prefix of b)

@ substring-string (every substring of a vs whole b)

Output scores represented implicitly in space poly(m, i) when b an SLP-string

v
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Compressed string comparison

LCS on SLP-strings

0 n
C
F—
N — ]
\
— ]
— ]

Implicit partial SLSC scores: cross-SLCS kernels P‘a{,fo), P‘_{b(")
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Compressed string comparison

LCS on SLP-strings

0 n’ n
[ l i .
\ \ ~
B \ ™~
\ S—
A

Divide-and-conquer
Kernels Pgé,o), Pa/’b(”'), p< (n") p<(n)

a,b” 1 a’b//

P mpl) = pai)

Obtain P %, p<{"
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Compressed string comparison

LCS on SLP-strings

0 n
. Kﬂ C

< \
B - ~

A !

Divide-and-conquer

Kernels Pié,o), Pa/,lfnl), Pa/,b(gl): be(ﬁ)

P Pl =P, obtain PL, PLL
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Compressed string comparison

LCS on SLP-strings

Semi-SLP-compressed partial SLCS: the algorithm

Iteration over SLP-string b

For every nonterminal string by = uv, length n, partial SLCS kernels Pa‘/éko),

P’:lfk”k): multiplication in H,,,, time O(m log m)

i1 iterations, overall time O(mlog m - f)

Indices grow exponentially: index remapping at every iteration
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© Local string comparison
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Local string comparison

Window-substring LCS

w-window: any substring of fixed length w

Window-substring LCS problem

LCS score for every w-window of a vs every substring of b
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Local string comparison

Window-substring LCS

w-window: any substring of fixed length w

Window-substring LCS problem

LCS score for every w-window of a vs every substring of b

Window-substring LCS: running time

O(mn?w) = mn runs - O(nw) repeated DP
O(mnw) = m runs - O(nw) repeated iterative combing
O(mn) [Krusche, T: 2010]
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Local string comparison

Window-substring LCS

Frrrrrrrrrr1r1r1ro1ro1r1l
T
T
T
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Local string comparison
Window-substring LCS

Window-substring LCS: the algorithm

Obtain SLCS kernels for canonical horizontal strips of a vs b

Obtain SLCS kernels for every w-window of a vs b: [l-product of canonical kernels
Overall time O(mn)
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Local string comparison
Window-substring LCS

Window-window LCS problem

LCS score for every w-window of a vs every w-window of b

Provides an LCS-scored alignment plot (by analogy with Hamming-scored dot
plot), a useful tool for studying evolutionary genome conservation

Running time dominated by window-substring LCS
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Local string comparison
Window-substring LCS

Fixed total length LCS problem

LCS score for every substring a’ of a vs every substring b’ of b, |a| + |b| = w.

Running time: O(mn), same as window-substring LCS
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Local string comparison

Window-substring LCS

Frrrrrrrrrr1r1r1ro1ro1r1l
T
T
T

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison 108



Local string comparison
Window-substring LCS

Fixed total length LCS: the algorithm

Obtain SLCS kernels for canonical antidiagonal strips

Obtain SLCS kernels for antidiagonal strips of width w: [l-product of canonical
kernels

Provides LCS for every pairs of substrings in a vs b of total length w

Overall time O(mn)
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Local string comparison
Window-substring LCS

Window-window LCS problem

LCS score for every w-window of a vs every w-window of b

Provides an LCS-scored alignment plot (by analogy with Hamming-scored dot
plot), a useful tool for studying evolutionary genome conservation

Running time dominated by window-substring LCS

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison 110



Local string comparison
Fragment-substring LCS

Fragment-substring LCS problem

Given a set of m (possibly overlapping) fragment substrings in a, LCS score for
every fragment of a vs every substring of b
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Local string comparison
Fragment-substring LCS

Fragment-substring LCS problem

Given a set of m (possibly overlapping) fragment substrings in a, LCS score for
every fragment of a vs every substring of b

Fragment-substring LCS: running time

O(m?n) = m runs - O(mn) repeated iterative combing
O(mn) [T: 2008]
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Local string comparison

Fragment-substring LCS

Frrrrrrrrr1rrr1ro1rr1rl
T
T
T
T
T
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Local string comparison
Fragment-substring LCS

Fragment-substring LCS: the algorithm

Obtain SLCS kernels for canonical horizontal strips of a vs b

Obtain SLCS kernels for every fragment of a vs b: [J-product of canonical
kernels, semigroup range product problem

Overall time O(mn)
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Local string comparison
Spliced alignment

Spliced alignment problem

Chain of non-overlapping fragments in a, closest to b by alignment score

Describes gene assembly from candidate exons, given a reference gene

Assume m = n; let s = total length of fragments

Spliced alignment: running time

O(ns) = O(n%) [Gelfand+: 1996]
O(n??) [Kent-+: 2006]
O(n?log? n) [T: unpublished]
O(n?log n) [Sakai: 2009]
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Local string comparison

Local approximate matching

Fix scoring scheme: match wy > 0, mismatch wp, gap w_ <0

Local approximate matching (LAM) problem

For every prefix a’ of a and every prefix b’ of b, maximum alignment score
between a suffix of a’ and a suffix of b’

In particular, provides maximum alignment score between a substring of a and a
substring of b
Degenerates for w_ = 0 (in particular, for LCS score)
h[l, j] = maxy ; score(alk : Iy, b(i : j))

max j h[l, j]

LAM: running time

O(mn) [Smith, Waterman: 1981]

- = — >yt
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Local string comparison

Local approximate matching

LAM: the algorithm

h[l —1,j — 1] + score([I — 1,j — 1] — [/, J])

h[l,j] < max il . L+ w-
Al — 1]+ w_
0

Cell update: time O(1) Overall time O(mn)
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Local string comparison

Local approximate matching

LAM maximises alignment score across all substring lengths

May not always be the most relevant/robust alignment:

@ too short to be significant, prefer lower-scoring but longer alignment

@ too long (“shadow” and “mosaic” effects), prefer lower-scoring but shorter
alignment
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Local string comparison

Local approximate matching

Bounded one-sided LAM (BO-LAM)

Given w > 0, for every prefix a’ of a and every prefix b’ of b, maximum alignment
score between a suffix a” of a’ and a suffix of b, where |a”| > w

In particular, provides maximum alignment score between a substring of a of
length > w and a substring of b

h[l,j] = maxx,; score(alk : 1), b(i : j))
h2 [, 4] = maxy i.i—k>w score(a(k : 1), b(i : j))

max; j hozw[/,_j]
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Local string comparison

Local approximate matching

Bounded symmetric LAM (BS-LAM)

Given w > 0, for every prefix a’ of a and every prefix b’ of b, maximum alignment
score between a suffix a” of a’ and a suffix b” of b, where |a”| + |b| > w

In particular, provides maximum alignment score between a substring of a and a
substring of b, of total length > w

h[l,j] = maxx,; score(alk : 1), b(i : j))
S [1, 4] = maxy .-kt j—i>w score(alk : 1), b(i : j))

max; j hozw[/,_j]
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Local string comparison

Local approximate matching

BO- & BS-LAM: running time

O(mn?®)  exact [Arslan, Egecioglu: 2004]
O(mn/e) approx e-relaxed [Arslan, Egecioglu: 2004]
O(mn) exact, rational [T: 2019]

Approximate e-relaxed BS-LAM: as ordinary BS-LAM, except

o |d|+|b|>(1—¢€)w

@ score(a', b') > h,[1,]
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Local string comparison

Local approximate matching

BO-LAM: the algorithm

Window-substring alignment: Hpe.p plisjl, | — k = w

Implicit unit-Monge matrix searching: h2 [/, j] = maxiejo.j] Hatk:ry, 6175 4]
h[l —1,j — 1] + score([/ — 1,5 — 1] — [/, ])

B[l —1,j] + w_

hll,j — 1]+ w_

h2., 11,41

Cell update: time O(1) Overall time O(mn)

h[/, j] + max

BS-LAM: similar; first stage replaced by fixed total length alignment
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Local string comparison

Local approximate matching

Normalised alignment problem [Arslan, Egecioglu, Pevzner: 2001]
Normalised alignment score nscore(a, b) = %

| \

Normalised BS-LAM

Given w > 0, for every prefix a’ of a and every prefix b’ of b, maximum
normalised alignment score between a suffix a”’ of a’ and a suffix b” of b’, where
|a//| _|__ |b//| 2 w

In particular, provides maximum normalised alignment score between a substring
of a and a substring of b, of total length > w

S‘ZW[/,j] = MaXg,j:/—k+j—i>w nscore(a(k 20y, b(i :j))

max; j h-“ZW[/,j]
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Local string comparison

Local approximate matching

Normalised BS-LAM: running time

O(mnlogn/e) approx e-relaxed, rational [Arslan, Egecioglu: 2004]
O(mnlog n) exact, rational [T: NEW]

Approximate e-relaxed normalised BS-LAM: as normalised BS-LAM, except

o |d|+|b|>(1—¢€e)w

@ nscore(a’, b') > hszw[/,j]
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Local string comparison

Local approximate matching

Normalised BS-LAM: the algorithm

Fractional programming: binary search for optimal alignment score

< log n iterations
Each iteration: BS-LAM with adjusted scoring scheme
Running time: log n- O(mn) = O(mnlog n)
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Local string comparison
Local LCS

Local LCS oracle

Preprocess a, b to answer LCS score queries for a substring of a vs a substring of
b

Local LCS oracle: running time (m = n)

preproc memory query

O(n?) O(n?) O(n) [Sakai: 2019]
0o(n?) 0o(n?) O(n'/?) [Sakai: 2022]
O(n*°W)  O(n?+°M)  O((log n)°W) [Charalampopoulos+: 2021]
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Local string comparison

Local LCS
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Parallel and dynamic string comparison

Bit-parallel LCS

Bit-parallel computation:

@ registers: bit vectors of size v

@ standard Boolean logic and integer arithmetic

LCS: bit-parallel, running time

o(=m)  tiles [Allison, Dix: 1986] [Myers: 1999]
[Crochemore+: 2001] [Hyyrd: 2004, 2017]
O(@)  anti-diagonals [Mishin+: 2021]
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABC CABAZC

B-\\l l* l* l\\l
A_\\L < NAEqNE
AN

7
7
7
77
7 >

N\
N ¥\ ¥\ ™ N
5 \L \L 2 \L 2 \L 2
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
BAABCABCABACA

N
NN
NN
\\
N
N

//

>N W AN W>»>W
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABU CABACA
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABU CABACA

\WH | \\
y N NN N
N NCNE N
NN
AEAN N\
NCOENCENCE N

NEENEEEN
NNCENCENCNCN

>N W AN W>»>W

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABU CABACA
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABU CABACA

>N W AN W>»>W
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABU CABACA
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABU CABACA
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABU CABACA

>N W AN W>»>W
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABU CABACA
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABU CABACA
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABU CABACA
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABU CABACA
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABU CABACA
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABU CABACA
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABU CABACA
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABU CABACA

K AN N\ N\
AN ENH NN
ANNAEE VA RE EANA ENNEENY

N NN

N\

NN N

AN

>N W AN W>»>W

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
B AABCABU CABACA

K AN N\ N\
N\ ANE AN NN
IR R
N \\ ~
NN
N N
NN NN N

>N W AN W>»>W

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
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Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)

Iterate over cells in vertical (or horizontal) tiles of v cells

Maintain frontier of bits representing strands: v horizontal, one vertical strand
into/out of a tile

For each tile:

@ get vertical bit from above
@ get v horizontal bits from left

@ perform combing logic, updating vertical and horizontal bits: vertical bit
propagates as integer addition carry

Tile processing: O(1) integer/Boolean operations
Overall time O(%)
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Parallel and dynamic string comparison

Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)

w: match flag a[i] = b[j] s, ¢: input bits s’, ¢’: output bits

Bit combing logic: (¢’,s’) + if p then (s,c) else (sAc,sVc)
c s J0o 1 0 1 0 I 0 1
w—= | clo o 1 1 o0 0 1 1
N , pwlo 0o 0 0o 1 1 1 1
S A i)
AN {0 1 1 1 o0 0 1 1
I dlo 0o o 1 o0 1 0 1
Cl
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Parallel and dynamic string comparison

Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles)
w: match flag a[i] = b[j] s, ¢: input bits s’, ¢’: output bits

Bit combing logic: (¢’,s’) + if p then (s,c) else (sAc,sVc)
c s J0o 1 0 1 0 I 0 1
w—= | clo o 1 1 o0 0 1 1
N , pwlo 0o 0 0o 1 1 1 1
S A i)
AN {0 1 1 1 o0 0 1 1
I dlo 0o o 1 o0 1 0 1

Fast bit combing: 2¢’ + s’ < s+ (s A ) + ¢, then single-case correction

c s J0 1 0 1 0 1 0 1
i N | clo o 1 1 0 0 1 1
p]0 0 0 0o 1 1 1 1
s ___ !
M o 1 1 0 0 o0 1 1
I ¢dlo 0o o 1 o0 1 0 1
C/
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Parallel and dynamic string comparison

Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles, contd.)

M: match flag vector M, =M precomputed

w: machine word size

Fast bit-parallel combing: 4 bit-vector operations

2.+ 58+ (S+(SAM)+c)V(SA=M) [Crochemore+: 2001]
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Parallel and dynamic string comparison

Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles, contd.)

M: match flag vector M, =M precomputed

w: machine word size

Fast bit-parallel combing: 4 bit-vector operations

2.+ 58+ (S+(SAM)+c)V(SA=M) [Crochemore+: 2001]
2.+ 5~ (S+H(SAM)+c)V(S—(SAM)) [Hyyrd: 2004]
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Bit-parallel LCS

LCS by bit-parallel iterative combing (tiles, contd.)

M: match flag vector M, =M precomputed

w: machine word size

Fast bit-parallel combing: 4 bit-vector operations

2.+ 58+ (S+(SAM)+c)V(SA=M) [Crochemore+: 2001]
2.+ 5~ (S+H(SAM)+c)V(S—(SAM)) [Hyyrd: 2004]

...in 3 bit-vector ops: impossible under reasonable assumptions  [Hyyr6: 2017]

@ vertical tiles; single vector of size v
@ arbitrary binary Boolean functions; shifts

@ standard arithmetic, including A+ B + carry
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LCS by bit-parallel iterative combing (anti-diagonals)
B AABCABU CABACA

S SRaRaRaER
» NN
T
c \
A '—\\\\ I

f—
y/a
f—

-

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (anti-diagonals)
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LCS by bit-parallel iterative combing (anti-diagonals)
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LCS by bit-parallel iterative combing (anti-diagonals)
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LCS by bit-parallel iterative combing (anti-diagonals)
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LCS by bit-parallel iterative combing (anti-diagonals)
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LCS by bit-parallel iterative combing (anti-diagonals)
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LCS by bit-parallel iterative combing (anti-diagonals)
B AABCABU CABACA

\ \ \ \ | M |
ANV ENTAVEENS
R

NS

>N W AN W>»>W

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Parallel and dynamic string comparison
Bit-parallel LCS

LCS by bit-parallel iterative combing (anti-diagonals)
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LCS by bit-parallel iterative combing (anti-diagonals)
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LCS by bit-parallel iterative combing (anti-diagonals)
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LCS by bit-parallel iterative combing (anti-diagonals)
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LCS by bit-parallel iterative combing (anti-diagonals)
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LCS by bit-parallel iterative combing (anti-diagonals)
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Parallel and dynamic string comparison

Efficient Parallel Algorithms for String Comparison
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Saint Petersburg State University
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ABSTRACT

The longest common subsequence (LCS) problem on a pair of strings
is a classical problem in string algorithms. Its extension, the semi-
local LCS problem, provides a more detailed comparison of the input
strings, without any increase in asymptotic running time. Several
semi-local LCS algorithms have been proposed previously; however,
to the best of our knowledge, none have yet been implemented. In
this paper, we explore a new hybrid approach to the semi-local LCS
problem. We also propose a novel bit-parallel LCS algorithm. In the
experimental part of the paper, we present an implementation of
several existing and new parallel LCS algorithms and evaluate their
performance.
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combing) or recursively (recursive combing) [23]. However, to our
knowledge, none of these algorithms have yet been implemented.
In this paper, we explore a hybrid approach, combining iterative
and recursive combing. We also propose a novel bit-parallel LCS
algorithm, free of integer arithmetic and the associated carry propa-
gation delays that are typical of existing bit-parallel LCS algorithms.
Furthermore, we present an implementation of several LCS algo-
rithms, including recursive and iterative combing, as well as their
parallel versions using thread-level parallelism, and intra-processor
SIMD subword and bit parallelism, with a number of optimizations.

For experimental evaluation of the presented algorithms we
use two types of input: randomly generated strings and a real-life
dataset of virus genomes. Our experiments show that the running
times of our implementations of semi-local LCS algorithms corre-
spond to their theoretical estimations with no extra overheads and
are comparable to an implementation of standard LCS. Thus, the
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Parallel and dynamic string comparison

Bit-parallel LCS

LCS by bit-parallel iterative combing (anti-diagonals, contd.)
Intel's AVX-512 instruction set (since 2017): 32x 512-bit registers

Each register accessible as vector of

@ 64 x 8-bit bytes
@ 32 x 16-bit words
@ 16 x 32-bit dwords

8 x 64-bit qwords
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Bit-parallel LCS

LCS by bit-parallel iterative combing (anti-diagonals, contd.)
AVX-512 ternary Boolean logic: VPTERNLOGD/VPTERNLOGQ

@ arbitrary bitwise Boolean function of three bit-vector arguments

@ in-place, replacing first argument

Takes three bit vectors of 512-bit length as input data to form a set of
512 indices, each index is comprised of one bit from each input vector.
The [immediate operand] byte specifies a boolean logic table producing a
binary value for each 3-bit index value. The final 512-bit boolean result
is written to the first operand. (IntelR) 64 and IA-32 Architectures
Software Developer's Manual, May 2019)

Assuming ternary Boolean functions, combing logic runs in 2 bit-vector ops
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Bit-parallel LCS

High-similarity bit-parallel LCS

k =dics(a, b) Assume x odd, m=n

Waterfall within diagonal band of width x + 1: time O(”—f)

Band waterfall supported from below by separator matches
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Bit-parallel LCS

High-similarity bit-parallel multi-string LCS: a vs by, ..., b,_1
H;Zd/_cs(&b,')flﬁ 0<i<r

NN\
N\

Waterfalls within r diagonal bands of width x + 1: time O(%)

Each band’s waterfall supported from below by separator matches
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Vector-parallel LCS

Vector-parallel computation:

@ integer vectors of size v

@ single instruction, multiple data

Vector-parallel semi-local LCS: running time

o(mn) [Krusche, T: 2009]

v

Iterating through LCS grid in vertical /horizontal integer vectors
Combing two sticky braid strands in every cell

Vector cells independent
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Semi-local LCS by vector-parallel iterative combing
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Semi-local LCS by vector-parallel iterative combing
B AABCABT CABATCA

%
%
77
/
/
77
7
/
/

NN LN \\\

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison



Parallel and dynamic string comparison
Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Semi-local LCS by vector-parallel iterative combing
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Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing [Krusche, T: 2009]

Initialise as saturated braid: mismatch cell = crossing

Iterate over cells in antidiagonal vectors

@ match cell: skip, keep strands untangled

@ mismatch cell: untangle strands if crossed before

Active vector update: independent cells, time O(1)
Overall time O (%)
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing (contd.)

Implementation: based on O(mnw) repeated iterative combing, ideas from
optimal O(mn) algorithm; effective time O(mnw?-®) [Krusche: 2010]

Alignment scores (match 1, mismatch 0, gap —0.5) via grid blow-up: slowdown
x4 over LCS scores

C++, Intel assembly (x86, x86_64, MMX/SSE2 data parallelism)
SMP parallelism (two processors)

Single processor:

@ speedup x10 over heavily optimised, bit-parallel naive algorithm

@ speedup X7 over ad-hoc heuristics

Two processors: extra speedup X2, near-perfect parallelism
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing (contd.)

Used by biologists to study evolutionary conservation in non-coding DNA between
distant relative species

@ helps to understand transcriptional regulation

@ conservation for 100 mins of years implies function

Plants: Arabidopsis thaliana (thale cress), Carica papaya (papaya), Populus
trichocarpa (poplar), Vitis vinifera (grape)
[Picot+: 2010] [Baxter+: 2012]

Insects: Nasonia vitripennis (parasitic wasp) vs each of Apis mellifera, Atta
cephalotes, Solenopsis invicta, Drosophila melanogaster, Megaselia scalaris, Aedes
aegypti, Bombyx mori, Danaus plexippus, Heliconius melpomene, Dendroctonus
ponderosae, Tribolium castaneum, Acyrthosiphon pisum

[Davies+: 2015]
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Vector-parallel LCS
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Vector-parallel LCS

This article is a Plant Cell Advance Online Publication. The date of its first appearance online is the official date of publication. The article has been
edited and the authors have corrected proofs, but minor changes could be made before the final version is published. Posting this version online
reduces the time to publication by several weeks.

LARGE-SCALE BIOLOGY ARTICLE

Conserved Noncoding Sequences Highlight
Shared Components of Regulatory Networks
in Dicotyledonous Plants”

Laura Baxter,?' Aleksey Jironkin,' Richard Hickman,®! Jay Moore,? Christopher Barrington,? Peter Krusche,®
Nigel P. Dyer,? Vicky Buchanan-Wollaston,?< Alexander Tiskin,? Jim Beynon,2¢ Katherine Denby,2<

and Sascha Ott>2

aWarwick Systems Biology Centre, University of Warwick, Coventry CV4 7AL, United Kingdom

b Molecular Organisation and Assembly in Cells Doctoral Training Centre, University of Warwick, Coventry CV4 7AL, United Kingdom
©School of Life Sciences, University of Warwick, Coventry CV4 7AL, United Kingdom
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Conserved noncodlng ssquences (CNSs) in DNA are reliable pointers to reg g gene exp
Using a pp with four di plant spemes (Arabidopsis fhal:ana, papaya [Cam:a
papayal, poplar [Populus trichocarpa), and grape [Vitis vinii we of CNSs up: of it

genes. Distinct positioning, length, and enrichment for transcription factor binding sites suggest these CNSs play a functional
role in transcriptional regulation. The enrichment of transcription factors within the set of genes associated with CNS is
consistent with the hypothesis that together they form part of a conserved transcriptional network whose function is to regulate
other transcription factors and control We i ified a set of pi where reg y i are likely to
be shared between the model organism Arabidopsis and other dicots, providing areas of focus for further research.
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing (contd.)
Combing logic: (c’,s’) + comb(s, c, u) = if p then (s, c) else sort(s, c)
AVX-512: VPMINUW/VPMAXUW

Performs a SIMD compare of the packed unsigned [16-bit] integers in
the second source operand and the first source operand and returns the
minimum/maximum value for each pair of integers to the destination
operand. .. The destination operand is conditionally updated based on
writemask. (Intel(®) 64 and IA-32 Architectures Software Developer's
Manual, May 2019)

Perfect match with combing logic: source s, c; destination ¢’, s’; mask p
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing (contd.)

String a in (non-overlapping) blocks of length v =512/16 = 32
String b in (slightly overlapping) blocks of length 21° = 65536

Two antidiagonal frontier vectors: horizontal strands, vertical strands
Each strand assigned unique 16-bit value

Block sizes chosen to prevent strand value overflow
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Vector-parallel LCS

Semi-local LCS by vector-parallel iterative combing (contd.)

Inner loop (instruction counts):

compare block in a vs v-window in b; form match mask (1 instr)

sort strand pairs between frontier vectors, conditional on match mask
(VPMINUW/VPMAXUW, 2 instr)

advance v-window in b: pull in new char; discard old char (1 instr)

advance frontier vectors: pull in new vertical strand; push out old vertical
strand (2 instr)

Loop unrolling:

X2 to prevent vector swapping between even/odd iterations

x16 to keep all data in registers
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

Bulk-Synchronous Parallel (BSP) computer

Simple, realistic general-purpose parallel model

[Valiant: 1990]

0 1 p—1
P P P
M M M

COMM. ENV. (g, 1)
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

Bulk-Synchronous Parallel (BSP) computer [Valiant: 1990]

Simple, realistic general-purpose parallel model 0 1 p—1
P P P

M M M

COMM. ENV. (g, 1)

Contains

@ p processors, each with local memory (1 time unit/operation)

@ communication environment, including a network and an external memory
(g time units/data unit communicated)

@ barrier synchronisation mechanism (/ time units/synchronisation)
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

BSP computation: sequence of parallel supersteps
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

BSP computation: sequence of parallel supersteps

Asynchronous computation/communication within supersteps (includes data
exchange with external memory)

Synchronisation before/after each superstep
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

BSP computation: sequence of parallel supersteps

Asynchronous computation/communication within supersteps (includes data
exchange with external memory)

Synchronisation before/after each superstep

Cf. CSP: parallel collection of sequential processes
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

Compositional cost model

For individual processor proc in superstep sstep:

@ comp(sstep, proc): the amount of local computation and local memory
operations by processor proc in superstep sstep

@ comm(sstep, proc): the amount of data sent and received by processor proc
in superstep sstep
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

Compositional cost model

For individual processor proc in superstep sstep:

@ comp(sstep, proc): the amount of local computation and local memory
operations by processor proc in superstep sstep

@ comm(sstep, proc): the amount of data sent and received by processor proc
in superstep sstep

For the whole BSP computer in one superstep sstep:

@ comp(sstep) = MaxXo< proc<p cOMP(sstep, proc)
@ comm(sstep) = MaXo< proc<p COMmM(sstep, proc)

@ cost(sstep) = comp(sstep) + comm(sstep) - g + /
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS
For the whole BSP computation with sync supersteps:

@ comp=>, < sstep<sync comp(sstep)
@ comm = Zogsstep<sync comm(sstep)

@ cost = ZO<sstep<sync cost(sstep) = comp + comm - g + sync - |
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

For the whole BSP computation with sync supersteps:

@ comp=>, < sstep<sync comp(sstep)
@ comm = Zogsstep<sync comm(sstep)

@ cost = ZO<sstep<sync cost(sstep) = comp + comm - g + sync - |

The input/output data are stored in the external memory; the cost of
input/output is included in comm
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

For the whole BSP computation with sync supersteps:

@ comp=>, < sstep<sync comp(sstep)
@ comm = Zogsstep<sync comm(sstep)

@ cost = ZO<sstep<sync cost(sstep) = comp + comm - g + sync - |

The input/output data are stored in the external memory; the cost of
input/output is included in comm

E.g. for a particular linear system solver with an n x n matrix:

comp = O(n®/p) comm = O(n?/p'/?) sync = O(p*/?)
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

BSP software: industrial projects

@ Google's Pregel [2010]
@ Apache Spark (hama.apache.org) [2010]
@ Apache Giraph (giraph.apache.org) [2011]

BSP software: research projects

@ Oxford BSP (www.bsp-worldwide.org/implmnts/oxtool) [1998]
@ Paderborn PUB (www2.cs.uni-paderborn.de/~pub) [1998]
@ BSML (traclifo.univ-orleans.fr/BSML) [1998]
@ BSPonMPI (bsponmpi.sourceforge.net) [2006]
@ Multicore BSP (www.multicorebsp.com) [2011]
@ Epiphany BSP (www.codu.in/ebsp) [2015]
@ Petuum (petuum.org) [2015]
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

The ordered 2D grid

grid,(n) g

nodes arranged in an n x n grid

edges directed top-to-bottom, left-to-right
< 2n inputs (to left/top borders) l l
< 2n outputs (from right/bottom borders)

size n> depth 2n—1
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

The ordered 2D grid

grid,(n) g

nodes arranged in an n x n grid

edges directed top-to-bottom, left-to-right
< 2n inputs (to left/top borders) l l
< 2n outputs (from right/bottom borders)

size n> depth 2n—1

Applications: triangular linear system; discretised PDE via Gauss—Seidel iteration
(single step); 1D cellular automata; dynamic programming

Sequential work O(n?)
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

BSP ordered 2D grid computation
grid,(n) ’

Consists of a p x p grid of blocks, each
isomorphic to grid,(n/p)

anti-diagonal layers, with < p independent

The blocks can be arranged into 2p — 1 l l
blocks in each layer
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Bulk-synchronous parallel LCS

BSP ordered 2D grid computation
grid,(n) ’

Consists of a p x p grid of blocks, each
isomorphic to grid,(n/p)

anti-diagonal layers, with < p independent

The blocks can be arranged into 2p — 1 l l
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

BSP ordered 2D grid computation (contd.)

The computation proceeds in 2p — 1 stages, each computing a layer of blocks. In
a stage:

@ every block assigned to a different processor (some processors idle)

@ the processor reads the 2n/p block inputs, computes the block, and writes
back the 2n/p block outputs
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

BSP ordered 2D grid computation (contd.)

The computation proceeds in 2p — 1 stages, each computing a layer of blocks. In
a stage:

@ every block assigned to a different processor (some processors idle)

@ the processor reads the 2n/p block inputs, computes the block, and writes
back the 2n/p block outputs

comp: (2p —1)- O((n/p)?) = O(p- n*/p*) = O(n*/p)
comm: (2p —1)- O(n/p) = O(n)
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

BSP ordered 2D grid computation (contd.)
The computation proceeds in 2p — 1 stages, each computing a layer of blocks. In
a stage:

@ every block assigned to a different processor (some processors idle)

@ the processor reads the 2n/p block inputs, computes the block, and writes
back the 2n/p block outputs

comp: (2p —1)- O((n/p)?) = O(p- n*/p*) = O(n*/p)
comm: (2p —1)- O(n/p) = O(n)
nzp

l comp O(n?/p) ‘ ’ comm O(n) ‘ ’ sync O(p) |

A. Tiskin and B. Zolotov (St Petersburg) The surprising algebra of string comparison 163



Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

BSP LCS

Classical dynamic programming mapped directly onto ordered 2D grid

‘ comp = O(n?/p) ‘ ‘ comm = O(n) ‘ ’ sync = O(p) ‘
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

BSP LCS

Classical dynamic programming mapped directly onto ordered 2D grid

‘ comp = O(n?/p) ‘ ‘ comm = O(n) ‘ ’ sync = O(p) ‘

comm is not scalable (i.e. does not decrease with increasing p) 1= (
LCS with scalable comm, e.g. comm = O(n/p*/?)?
LCS with sync = O(log p)? sync = O(1)?
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

BSP LCS (cont.)

Parallel semi-local LCS: local comp, comm, sync

comp comm sync
O(n?/p) O(n) O(p) global 2D grid + classical DP
0 O(nlogp) O(log p) str-substr [Alves+: 2006]
0 O(n) O(p) semi-local 2D grid + iter combing
0 O () O(log” p) T [Krusche, T: 2007]
0 O(”p"f%) O(log p) 0 [Krusche, T: 2010]
0 O(n) O(loglogp) 1 [T: 2020]
. O(np)  Ollog(1/e) 1 [T: 2020]
1 O(582)  O(logp) 1 [T: 2020]
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

BSP semi-local LCS, sequential kernel composition

Divide-and-conquer: partition G, into regular p/2 x p/2 grid of blocks

Ground phase: each processor assigned a subproblem of size >
P

@ receives subproblem’s input substrings a’ of a, a” of b
@ solves subproblem: LCS kernel P, 1 of size O 1/2)

Conquer phase: a designated processor

@ collects the p LCS kernels, total size p- O 1/2) = O(np'/?)
@ performs recursive combing ascent: LCS kernel P, 1 of size O(n)

comp = O(";) + O(np/? log n) = O("—:)
comm = O(pl—”/z) + O(np'/?) = O(np*/?)

‘sync =0(1)+0(1) = O(l)‘
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Parallel and dynamic string comparison
Bulk-synchronous parallel LCS

BSP semi-local LCS, sequential kernel composition (contd.)

Improving comm (with only slight deterioration in sync)

Conquer phase: the processors

@ perform recursive combing ascent: LCS kernel P, j, of size O(n)
@ log p ascent levels bundled into log log p supersteps
2

comp = O("Tf) +O(...+nlogn) = O(%)

comm = O(pl—"/z) + O(...+n)=0(n)

sync = O(1) + O(log log p) = O(log log p) ‘
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Parallel and dynamic string comparison
Bulk-synchronous parallel LCS

BSP semi-local LCS, sequential kernel composition (contd.)

Improving comm (with only slight or no deterioration in sync), alternative version

Lete >0
Conquer phase: the processors

@ perform recursive combing ascent: LCS kernel P, of size O(n)
@ log p ascent levels bundled into log(1/€) supersteps, the final one dominates

comp = O(";f) + O(...+nlogn) = O("Tf)

comm = O(pl”/z) + O(np) = O(np°)
sync = O(1) + O(log(1/€)) = O(log(1/€)) \
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

Matrix sticky multiplication: parallel Steady Ant

POQ=R  RE(i,k) = min;(PZ(i,j) + Q(j, k))

Divide-and-conquer on the range of j

Divide phase: partition range of j into p subranges; induces partitioning of P, @
Ground phase: each processor assigned a subproblem of size g

@ receives subproblem’s input permutation matrices
@ solves subproblem: permutation matrix of size [—';

Conquer phase: log p levels; in each level

@ partition subproblem’s solution matrix R into a regular p x p grid of blocks
@ sample R in block corners: total (p + 1)? samples
@ Steady Ant’s trail passes through only < 2p — 1 essential blocks
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Parallel and dynamic string comparison
Bulk-synchronous parallel LCS

Matrix sticky multiplication: parallel Steady Ant (contd.)

Each processor

@ assigned an essential block
@ finds the trail's entry point into block; traces the trail

comp = 0(3) + O(722) + O(7£2) = 0(e52)
comm = O(g) b O(g) + O(nlclzgp) _ O(nlzgp)
sync = O(1) + O(1) + O(log p) = O(log p)
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Parallel and dynamic string comparison
Bulk-synchronous parallel LCS

Matrix sticky multiplication: parallel Steady Ant (contd.)

Improving sync (at the expense of work-optimality)

@ in conquer phase, total of < 2plog p essential blocks across all levels
@ a processor recomputes the whole recursive ascent for its essential block

comp = 0(2) + 0(“481) + O(nk’2) — o lesntir's)

comm = O(g) o O(g) + O(nlc;gp) _ O(n|c;)gp)
sync = O(1) + O(1) + O(1) = O(1)

Work-optimality

@ weakened to quasi-work-optimality

. o 2
@ preserved assuming superpolynomial slackness n > 2(lgp)
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Parallel and dynamic string comparison

Bulk-synchronous parallel LCS

BSP semi-local LCS, parallel kernel composition

Divide-and-conquer: partition G, 5 into regular p'/? x p/2 grid of blocks

Ground phase: each processor assigned a subproblem of size —/

@ receives subproblem’s input substrings a’ of a, a” of b
@ solves subproblem: LCS kernel P, 1 of size O 1/2)

Conquer phase: log p levels of parallel matrix sticky multiplication

comp = O(58;) + O(2) + O(™Meentle’s)y _ o)

p

comm = O(gz) + O(gh) + O(58x) = O(5fn)
sync = O(1) + O(1) 4+ O(log p) = O(log p)
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Parallel and dynamic string comparison
Dynamic LCS

Dynamic LCS problem

Maintain current LCS score under updates to one or both input strings

Both input strings are streams, updated on-line:

@ inserting/deleting characters at left or right
@ inserting/deleting characters at arbitrary position

@ inserting/deleting substrings

Assume for simplicity m =~ n, i.e. m = ©(n)
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Parallel and dynamic string comparison

Dynamic LCS
Dynamic LCS: update time
in+del right O(n) classical DP
in left+right  O(n) a fixed [Landau+: 1998]
[Kim, Park: 2004]

in left+right  O(n) [Ishida+: 2005]
in+del left+right  O(n) also semi-local [T: 2008]
in+del anywhere  O(n(logn)?) also semi-local

[Charalampopoulos+: 2020]

Dynamic LCS ([Charalampopoulos+: 2020])

Maintain a hierarchy of LCS kernels for canonical substrings

Processing an update: O(log n) runs of kernel [-multiplication
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Parallel and dynamic string comparison

Dynamic LCS
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Conclusions

Surprising algebra of string comparison: LCS core; sticky braids;
[-multiplication in time O(nlog n)

Semi-local LCS: simple efficient algorithms (recursive, iterative combing)
Alignment and edit distance: approximate matching; parameterised comparison
Further string comparison: dynamic LCS; LCS on periodic strings

Sparse string comparison: permutation strings; max-clique in a circle graph

Compressed string comparison: LCS and approximate matching on GC-strings
(e.g. LZ78-compressed)

Local string comparison: window, fragment, spliced alignment; local LCS
oracle; sweeping alignment

Parallel string comparison: bit-, vector-parallel; comm- and sync- efficient
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Open problems

Open problems (theory):

@ real-weighted alignment

compressed LCS: more compression models

parallel LCS: further improvement in comm, sync

lower bounds, e.g. Q(nlog n) for [I-mult, Q(n(log n)?) for local LIS

LCS on random strings: Chvatal-Sankoff problem

@ further connections, e.g. fast approximation for LCS or edit distance
Open problems (applications):

@ more implementation effort on modern architectures
@ good pre-filtering (e.g. g-grams)?

@ further applications in biology, software engineering
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Thank you
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& CS Space

yaneBuTenbHAA
anreépda cpaBHeHMNA
CTPOK (UacTb 2)

A. B. TMCKuH B. 3onoTtoB

DPhil (Oxford), poueHT MKH CMéry acnmpaHT MKH CMNery



CooTBeTcTBME mexxay O v [

MUHUManNbHbIV NpUMep: [[-KBagpaT TPaHCNoO3ULUM —
3TO OHa XKe.




Dodrans-local LCS

3agaya: oid napbl CTPOK a, b NpeanoacHmnTaTb OpaKys,
KOTOPbIMN CMOXET BbICTPO OTBEYaTb Ha 3aMPOChl BMAa
LCS(a[0 : i1], bljo : j1))-

c N | hayd
aR 3 LACAC
a R\ N | L X
‘ N hord
anN N

MNocumTaeM Bce NpedUKCcHble []-NMpPomn3BeAeHMS
MepecTaHOBOK, ByaeM XpPaHUTb B CTPYKTYPE AAaHHbIX,
OTBEYaALLEN Ha range queries.



JlokanbHOaa sapaua LCS

3aaa4a: ANa napbl CTPOK a, b NpeanoacyYmMTaTh opaky/,
KOTOPbIN CMOXET BbICTPO OTBeYaTb Ha 3ampochbl BMAa
LCS(alip : i1], bljo : j1l)-

3anpoc COOTBETCTBYET MNPSAMOYTOIbHUKY Ha peLléTke,
KOOPAMHATbI BEPLUMH KOTOPOIro — i, iy; jo, j1-



Local LCS: opakyn Sakai 8

Mpennoacuét 3a 0 (n?), 3anpoc 3a 0 (\/?) Sakai, 2022
3pech £ — pasMep NPSMOYrofbHUKa, COOTB. 3aMpocy.

% n
ng YPOBHEN, OENALNXCH Ha o MOCHUNTaEM I'IepeCTaHZOBKl/I
n
MeXay TeEMU, Pa3HOCTb KOTOPbIX HE MpeBOCXOONT (Z_r) .

~ N

3anpoc — [[]-nepeMHOXeHMe noanepecTtaHoBOK
W range queries.



Local LCS: opakyn Ch+ 8

Charalampopoulos, Gawrychowski, Mozes, Weimann, 2021.

Ecnun xpaHWTb NepecTaHOBKU B EpPEBE OTPE3KOB, TO MeXay
MNPOTUBOIMOJTOXKHBbIMA BEPLLUMNHAMU MPAMOYTOJIbHNKa 6yneT
Iogn LLIaroB Nno repeCraHoOBKaM.

TpyOHOCTb — BbIGOP MHOEKCA, B KOTOPbIV MpUuXxoaunT
o4yepenHon Lwar.

Ch+ ncnonb3ytoT YEPHbIV LMK MSSP, a Mbl 3HQEM, KakK
YAYYLWMTb BpeMSa paboTbl, MPUMEHUB MypaBbs.



AviHaMmuuyeckoe BbipaBHUBOHMUE 8

3agaya: o6HoBAaTbL LCS npu BCcTaBKke/yoaneHmum cuMmsona
MPOM3BONbLHOM M3 OABYX CTPOK

Mepale/Iﬂ, =] KOTOpOl7I Y KaXXOoro rnpaMoyrosyibHmMKa 4eTblpe
MOTOMKa. BHyTpl/I Ka>XXgoro — rocCy4mMTaHa rnepecraHoBKa.

CyMMapHbIX pa3Mep NnepecTtaHOBOK, MUBMEHEHHbIX Npu
BCTaBKe/yaoaneHmm CMMBOMa, Ha KaXKOoM ypoBHe

nepapxmm, — 0(n). Charalampopoulos, Kociumaka, Mozes, 2020



AdcbcbviHHDbIE NnepecTaHOBKIN 8

Hayummca paboTtaTb C mepecTtaHoBKaMM B ApPUHHOM
MoHouae lekke. Gaevoy, Tiskin, Zolotov, 2025

AddMHHaAA NepecTaHOBKa packiaablBaeTcs Ha
npousBefeHmne nepecTaHoOBKM KOHEYHOro T1Mna u
rPACCMAHOBOM rMepecTaHOBKM.



AdcbcbHHOE [[[-YMHOXKeHMe 8

MOYKHO CBeCTU []-yMHOXeHMe adpDUHHbIX NepPeCTaHOBOK K
06blYHOMY [[] UX TPEX cocenHMX MepmrooB.




NMepmnoanueckan sapaua LCS 8

3agaya: HanTtn LCS(ak, b™).

- Bo3BecTu nepectaHoBKY B [[]-CTeNeHb k;

- MOCYUTATb, CKOMTbKO KOMUM KaXXOoM HNTU
nepecekaeT m Nepuoaos.

Bpema — O(la| - |b| + |b|-log|b]|-logk).



Mpu6nxeHHbI NOVCK NOACTPOK &8

Charalampopoulos, Kociumaka, Wellnitz 2022

3aga4a:; HanTtm B Tekcte T MNoACTPOKHU, OT/IMHakoLLnMecqd OT
wabnoHa P He 6onee 4yeM Ha penakLMOHHOE pacCTogHME k.

KntoueBoW Lar pelleHmnda 3Ton 3agadm — dynamic puzzle
matching CTPOK € ManbIM PedaKLUMOHHbBIM PacCTOAHUEM:

OaHa atanoHHaga cTpoka U n ceMencTtBo F. I3BECTHO, UTO
2uer 0(w, U) = 0(k). NMocnenosaTeNnbHOCTb Map

(P, Ty) ...(Pz,Ty); P;,T; € F; Napbl MOryT B HEE OMHAMUNYECKU
BCTaBMATbCSA U YOaNaATbcA. [Noaaep>KmMBaTbh BXOXOEHMA

P, ..P, BT, ..T, C He 6bonee 4eM k pegakumMaMm, 6bICTPO
O6HOBMATbL MNPW BCTaBKe/yaaneHmm napbi.



Dynamic puzzle maching 8

He otxogmm 6onee 4yeM Ha k OT rMaBHOM AMaroHanm —
MOHXeBbl MaTPULLbl PacCTOAHMI pa3MepoM 0 (k).

[NocTpoeHme: Manoe cyMMapHoe § — NMpUMeHUM
AVHaMMYyecKoe BblpaBHMBaHME, YTOObI MOCTPOUTb MaTPULLb

paCCTOQHI/Il;I 0519 BCeX BO3MOXXHbIX Map.



Cnacmn6o 3a BHMMAaHue!

- Dodrans-local LCS: xpaHUM MHOIO MepecTaHOBOK,
MONyYeHHbIX MypPaBbEM

- Local LCS: nepeBO OTPE3KOB 13 MepeCcTaHOBOK C
onepauwnen [

- Dynamic LCS: nepeBO OTPEe3KOB M3 NepecTaHOBOK
nepeMeHHOoro pasmMepa

- Periodic LCS: addUHHOE [[]-yMHOXKEHMEe 1 ero
HernocpeacTBeHHOEe NpUMeHeHne

- Approximate pattern matching: npmeHeHue
OMHaMUYECKOro BbipaBHUBAHMUA MPM OrpaHUYeHHOM
pPeOaKLUMOHHOM PaCCTOSIHUM

https://t.me/boris_a_z



