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* Teopua urp

* YCTPOMCTBO PbIHKOB



* Teopua urp
* 334em?
* yTO?
* KaK?



* Teopua urp
* 334yem?
* yTO?
* KaK?
* YCTPOMCTBO PbIHKOB

* 3ayem?
* yTO?



Teopua urp (HekoonepaTnBHas)

* N — MHOXeCTBO UrPOKOB

* §S; — MHOXeCTBO cTpaTerm urpokai € N

* § =5 XS5, X+ XS§;-- MHOXECTBO BCEX BEKTOPOB CTpaTernm
e S €S —npodunb cTpaTernu

* U; — GYHKUMA NONE3HOCTU (BbIMIPbILWK), NepeBoaAUT NPoduab CTpaTernin B YNC/IO
* yem 4yncio 6OJ'IbLL|e, TEM Qyvlle

u;:S - R

* U -npodunb nonesHocTen (NpeanovTeHnn)
* Nrpa: (N, S, u)
* Yto panbe?



Player I1

Rock Paper Scissors

Rock 0.0 1. -1 1, -1
Player I Paper | 1,-1 0,0 -1, 1

Scissors | —1.1 —1. 1 0,0




MPOYMe YC/I0KEHMUS

e Kak go6aBuUTb C/Iy4aMHOCTb?

O OAHOBPEMEHHOCTb?



* Draw

+ [I wins

» [ wins

- [ wins

* Draw

* II wins

* [I wins

o0 in - BN 1= VI L= I o B = B LT o I =

» | wins

* Draw



MpoYne YCAOKHEHUA

e Kak g06aBuUTb CIy4aMHOCTb?

O OAHOBPEMEHHOCTbL?

O e ————— HeonpeaenéHHOCTb OTHOCUTE/IbHO AeUCTBUMN?

& e ————— HeonpeaeNEHHOCTb OTHOCUTENIbHO BbIUTPbILLEN?
O e OXMOAHNA OTHOCUTENbHO BbIiUTpbILLEN (TUNOB)?



RoHUenun peeHnA

4yTto byget nponcxoamTb?

Player 11
L M R

T 1,0 1,2 0,1

Player I

B 0,3 0, 1 2.0




RoHUenun peeHnA

4yTto byget nponcxoamTb?

Player 11
L M R

r| 10 1,2 0, 1
Player I

B 0,3 0,1 2.0

L M
1,0 1,2
0,3 0,1
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RoHUenun peeHnA

4yTto byget nponcxoamTb?

Player 11
L M R

r| 10 1,2 0, 1
Player I

B 0,3 0,1 2.0

L M
1,0 1,2
0,3 0,1

1,0

1,2
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rpa «yragamn 2/3 cpegHero»
* KoHKypc KpacoTbl KerHca (Ha camom aene, Ipse MyneHa)

* Bbibepute yncno ot 0 go 1000

* [NobeagunT TOT, Yb€ Uncno 6nKe Bcex K 2/3 cpeagHero oT Bcex ymcen



rRoHUenunn peweHnAa: AOMMNHNPOBaAHWE

* CTpaTerunsa s, ABNAETCA AOMUHUPYIOLWEN ecnn ana ntobbix s’,s . BEPHO:

u.(s;,s.)>=u.(s/’,s.)



[Toymep: ayKUMOH BTOPOW LLEHbI

* An object is for sale
* There are N buyers, each buyer i has a value v,
* (each value is a private information, values are iid on R,)

The auction rules are:
* each buyer j submits a private bid b,

* the buyer with the highest bid receives the object b; = I}?ﬁ b.f'
* (if several bids win, then pick among these bidders at random)
e and pays not his bid but the second-highest bid max ;«; b__:'

1. The set of players is the set N of buyers in the auction.
2. The set of strategies available to buyer i is the set of possible bids S; = [0, 00).
3. The payoff to buyer i, when the strategy vector is b = (by, ..., b,), 1s

The game:

0 lfbj 'ﬂima}{jeN b}*
H;(b) = vi—max;z b;
[{k: by=max ey bj}|

if bf = MaXeN b_;



[Toymep: ayKUMOH BTOPOW LLEHbI

the highest bid except i's bid: B-; = max bj
Compare the utility of these strategies aepending on B,

u(b;, B_;)

V;

r""Bla‘

U;

The payoff function for strategy b; = v;



[Toymep: ayKUMOH BTOPOW LLEHbI

the highest bid except i’s bid: B-i = max b .
Compare the utility of these strategies aepending on B, &

u(b;, B_;)

U;' I I
bi v
The payoff function for strategy b; < v;

r""Bla‘
U;

The payoff function for strategy b; = v;



[Toymep: ayKUMOH BTOPOW LLEHbI

the highest bid except i's bid: B = max b, u(b;, B_;)
Compare the utility of these strategies aepending on B, Vi

u(b;, B_;)
®
U:- I ; > B_f
bi' V;
The payoff function for strategy b; < v;
H(bfs B—E)
T "’B i Uf

U;

The payoff function for strategy b; = v;

The payoff function for strategy b; > v;



PasHOBecKe Hawa

* paBHOBECHaA cTpaTerMa s = ONTHMaJIbHbIA OTBET Ha cebd
X * *k
s; € argmax(u;(s;,s-;)
* KHWMKTO HEe XO4eT OTKJOHUTLCA OT PABHOBECHOM CTpaTErMm»

* pacLUMPUM CTPATEINMU HA CUMMNNEKC:
* Ka*kKAOMY UFPOKY pa3peLlimm urpaTb (YNCTbIE) cTpaTernMm C BEPOATHOCTbIO
* 13 MHOXeCTBa pasHoBecui S, nonyyaem M.
* nofe3HocTb oTm € M 6yaeT MmaT.0oXUAAHUEM ui(m) = Z my(sy) - - - my(sy) uji(s)

seS



OHo cyuwecTtsyeT!

* B nt0b0i1 KOHEeYHOM Urpe cyllecTsyeTt pasHosecue Hawa (B cm.cTp.)

e M — BbINYK/IbIN KOMMAKT
* [1na ntobomn cTpatermm m, UrPOKa i U ero YUCTOW CTPATErnMU j:

mjj + max(0, u;(j, m_;) — u;(m))

tij(m) = -
1+ ) max(0, u(f, m_;) — u;(m))
J=1
e (f —TOoXe cmellaHHas cTpaTerus)
e => CYyLLECTBYET HEMOABUXKHAA TOYKA, OHa N byaeT paBHoBecuem!

20



pe3tome

* Teopuna nrp — oCHOBA 06LI.I,eCTBEHHbIX HaYK
* KaK AeNCTBYIOT areHTbl Npu 3a4aHHbIX NPaBMaax?

* onpeaeneHune Urpbl
* KOHLEeNUMn peLlleHuns
* cylwlectBoBaHMA paBHoBecmA Hawa

* OTKPbITble BONPOCbI OCTAlOTCA Kak B CaMO TEOPUM,

* TaK U B NPUIOKEHMAX: B PpELIEHUN 0OPATHOM 3aa4u:
* KaK €c03/4aTb «XopoLune» npasuaia urpbi?
* FON10COBAHME, TPYAOBbIE KOHTPAKTbI, 3aKOHbI (KOHCTUTYLMA!), nenéx...

* 1 OCHOBHAA 3aad4a 3T0...



YCTPOMCTBO PbIHKOB



YTO TaKoe PbIHKK?

* 3TO TO, rae CnpocC sCTpeyHaeTCAa C NpeaioKeHnem
* ApMapKa, osouwebasa, aBuTo, hh.ru, neTHasa ctaxknposKa nabopatopum

* He BCe PbIHKN OANHAKOBbI
* 6ONbWNHCTBO paboTaeT Ha OCHOBE LIEHOBOIO MEXaHM3Ma
* npoaaseLl Ha3Ha4a€eT ueHy, NokynaTtesb CPaBHUBAET U BbI6MpaET
* 1 3TOro A0CTaTo4HO (PyHAamMeHTaNbHble pe3ybTaTbl 06 apdPeKTUBHOCTH)
* HO eCTb 0CObble PbIHKU:

* OHU He 6yayT 3 PEeKTUBHbIMMK (HYXKAAOTCA B PEryIMPOBAHUN)
* WA aaxe byayt passanmsatbealll



Introduction

>

>
>

Markets seem to be easy, self-governing and efficient

Oftentimes markets need a careful and informed design

Otherwise, markets can suffer from adverse competition,

» lead to bad outcomes and even unravel

Case-study:
Evolution of the labor market for medical interns and
residents

» Early 20 century: introduction of internships

» Students were interested in experience, hospitals — in cheap
labor

» From the beginning, there were more vacancies than
candidates

» Hospitals needed to compete for interns
» One cheap form of competition was the time of hiring:

» initially and optimally: end of 4th year

24



Evolution of the labor market for medical interns
» 1027: Letter to the Association of American Medical Colleges

v

vvyyvyy

>

>

“For a number of years attempts have been made to defer
the appointment of hospital interns until towards the
close of the fourth year. The Association of American
Medical Colleges, the Council on Medical Education of the
American Medical Association, and the American Hospital
Association have all passed resolutions favoring this idea.
The difficulty has been in persuading someone to take
the lead.

This is to inform you that it has been decided to defer the
appointments of interns at the Presbyterian Hospital in the
City of New York until some time in April.

It is earnestly hoped that other hospitals and schools will be
able to act in a similar manner.”

1939: most appointments were made during December, but
many earlier(including the Presbyterian Hospital)

1944: — 2 full years before the internship, or even earlier!

The outcome of such competition is detrimental for all parties
What exactly is the problem? Free-riding on public good
Solution: schools won't release transcripts until senior year

25



Evolution of the labor market for medical interns

>

>
>

vy

The market became thick: large demand, large supply

However, a new problem appeared in the final stage:

Hospitals post ads, students apply, get offers, what next?

» Student gets acceptable offer and wait-listed at better hospital
» if he accepts, but the later better offer comes, he is unhappy
» if he accepts, but reneges for better offer, hospital is unhappy
» if he rejects, and better offer never comes, both are unhappy

1945: “Students should be allowed 10 days to consider”
1946: Transcripts released on June 1, offers sent on July 1,
decisions after July 8

» 25% of hospitals violated the rules
By 1949: proposed appointments made at 12.01 AM on
November 15 by telegram

» and applicants have 12 hours to consider;
» but hospitals rejected 12 hours waiting period and

» also noted that filing telegrams in advance to be delivered on
12.01 is OK

1950: 12 hour period was back (no calls or telegrams allowed) 26



Evolution of the labor market for medical interns

>
>

vy

What exactly is the problem? Congestion

Application-rejection process does not solve the issue
regardless of timing

They lacked tools to arrive at satisfactory outcome

1950/51 - trial run using a new centralized procedure

1951/52 - National Intern Matching Program, voluntary
participation

» 05% of eligible students and hospitals chose to participate
» (high participation continued until 1970s, redesigned in 1998)

How did this work?

What outcome is satisfactory? What are the tools to reach it?

27



One-to-one matching: the marriage market
» A marriage market (Gale and Shapley, 1962) is a triple

(M, W, P) s.t.
1. M={my,....mp} is a set of men
2. W ={w,...,wgy} is a set of women

3. P = (Px)kemuw is a preference profile, (R is a weak
extension) where

3.1 each man m € M has a strict preference P,, over W U {m}
(being matched with a woman or being single)

3.2 each man w € W has a strict preference P,, over M U {w}
(being matched with a man or being single)

» Let Pm be the set of all preferences of man m, P, the set of
all preferences of woman w; thus P = Xxemuw Pk

28



Example (Example 2.9 in Roth and Sotomayor, 1990)
> M={mi,ma,...ms}, W={wi,wo,..,wa}

» (in Roth and Sotomayor (1990) R denotes strict preferences,
but we stick with P)

Rm, Rm, Rmy Rm, Rm Ry, Rw, Rw, Ru,
Wq Wa Wy w1 w1 mo ms msx m
Wy Wo W3 Wa Wo ms my my my
W3 W3 Wi W3 Wy m mos my ms
Wa W1 Wo Wo mx may may mo mo
my mos ms may Mms msy ms ms

29



Definitions
» Woman w is acceptable to man m (at Pp,) if wP,,m

» Man m is acceptable to woman w (at P, ) if mP,w

» A matching u is a bijection:- MU W — M U W such that for
each m € M and each w € W/,
> p(m) e WU {m}
> p(w) € MU{w}
» u(m)=w <= pu(w)= m - man mis matched to woman w
(and t.o.w.a.)
» 1(m) = m — man m is unmatched (single)
» let M be the set of all matchings



Individual rationality and stability

» A matching u is blocked by an individual k ¢ MU W at P
» if k prefers being single to being matched with pu(k): kPyu(k)

31



Individual rationality and stability
» A matching u is blocked by an individual k ¢ MU W at P
» if k prefers being single to being matched with pu(k): kPyu(k)
» A matching u is individually rational at P
» if it is not blocked by any individual agent
» i.e. each matched partner is acceptable
» A matching p is blocked by a pair (m,w) e M x W at P

» if they prefer each other to their partners at pu: wPp,u(m) and
mPy,p(w)

32



Individual rationality and stability
» A matching i is blocked by an individual k€ MU W at P
» if k prefers being single to being matched with u(k): kPypu(k)
» A matching p is individually rational at P

» if it is not blocked by any individual agent
» i.e. each matched partner is acceptable

» A matching u is blocked by a pair (m,w) € M x W at P

» if they prefer each other to their partners at pu: wPp,u(m) and
mP,, pu(w)

» A matching p is stable at P
» if it is not blocked by any individual and any pair.
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Individual rationality and stability
» A matching i is blocked by an individual k€ MU W at P
» if k prefers being single to being matched with u(k): kPypu(k)
» A matching p is individually rational at P

» if it is not blocked by any individual agent
» i.e. each matched partner is acceptable

» A matching u is blocked by a pair (m,w) € M x W at P
» if they prefer each other to their partners at pu: wPp,u(m) and
mPy, p(w)
» A matching p is stable at P
» if it is not blocked by any individual and any pair.
» A matching p is in the (weak) core

» if there exist no matching v and coalition T C MU W
» such that for each k € T,v(k) € T and v(k)Pxu(k)

34



Motivating stability and the core

» For the marriage market stability means fidelity

» For practical applications stability is crucial

» nobody is able to profit from changing the matching
individually or as a pair

» (the chance of such a change makes agents seek blocking
pairs)

» in case of centralized market, agents might prefer to contract
outside of the market

» competitive market equilibrium (with prices) is also stable

» The core: nobody is able to profit from changing the
matching in any coalition

35



Stability and the core: equivalence

» Theorem: for each P € P, the set of stable matchings equals
the core

36



Stability and the core: equivalence

» Theorem: for each P € P, the set of stable matchings equals
the core

» Proof:

» 1. Each matching in the core is stable:
» obvious, as single agent or a pair are coalitions

» 2. Each stable matching is in the core:

» proof by contradiction: let x be stable but not in the core
then, by definition, there exist matching v and coalition
TCMuUWwW

such that for each k € T,v(k) € T and v(k)Pyxu(k)

k is better off at v: v(k)Pku(k)

and k's new partner v(k) is better off at v: kP, u(v(k))
thus k and v(k) block © and p is not stable! Contradiction.
Therefore: (each stable matching) p is in the core.

v

YyYYVYV VY Y
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The main question

» Does a stable matching always exist? Is there a systematic
way (mechanism) to find one?

38



The main question

» Does a stable matching always exist? Is there a systematic
way (mechanism) to find one?

» The answer is affirmative: DA

39



Men-Proposing Deferred Acceptance Algorithm (DA)
» We fix Pe P

» Stepl. Each man m proposes to his 1st choice (if he has any
acceptable mates). Each woman rejects any unacceptable
proposals and, if more than one acceptable proposal is
received, holds the most preferred and rejects the rest.

40



Men-Proposing Deferred Acceptance Algorithm (DA)
» We fix Pe P

» Stepl. Each man m proposes to his 1st choice (if he has any
acceptable mates). Each woman rejects any unacceptable
proposals and, if more than one acceptable proposal is
received, holds the most preferred and rejects the rest.

» Step2. Each rejected man, proposes to his 2nd choice...

» Step k. Any man who was rejected at step kK — 1 makes a new
proposal to his most preferred acceptable woman who has not
rejected him yet (If no acceptable women remain, he makes no
proposal.). Each woman holds her most preferred acceptable
offer, and rejects the rest.
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Men-Proposing Deferred Acceptance Algorithm (DA)
» We fix Pe P

» Stepl. Each man m proposes to his 1st choice (if he has any
acceptable mates). Each woman rejects any unacceptable
proposals and, if more than one acceptable proposal is
received, holds the most preferred and rejects the rest.

» Step2. Each rejected man, proposes to his 2nd choice...

» Step k. Any man who was rejected at step kK — 1 makes a new
proposal to his most preferred acceptable woman who has not
rejected him yet (If no acceptable women remain, he makes no
proposal.). Each woman holds her most preferred acceptable
offer, and rejects the rest.

» The algorithm terminates after a step where no rejections are
made by matching each woman to the man (if any) whose
proposal she is “holding’.

» By switching the roles of men and women, we can define the
women-proposing DA algorithm.

42



Men-Proposing Deferred Acceptance Algorithm (DA)
» We fix P P

» Stepl. Each man m proposes to his 1st choice (if he has any
acceptable mates). Each woman rejects any unacceptable
proposals and, if more than one acceptable proposal is
received, holds the most preferred and rejects the rest.

» Step2. Each rejected man, proposes to his 2nd choice...

» Step k. Any man who was rejected at step kK — 1 makes a new
proposal to his most preferred acceptable woman who has not
rejected him yet (If no acceptable women remain, he makes no
proposal.). Each woman holds her most preferred acceptable
offer, and rejects the rest.

» The algorithm terminates after a step where no rejections are

made by matching each woman to the man (if any) whose
proposal she is “holding’.

» By switching the roles of men and women, we can define the
women-proposing DA algorithm.

» We denote by DAM(P) the matching selected by
men-proposing DA algorithm, and by DAY (W) the matching
selected by women-proposing DA algorithm. 43



Rm;, Rm, Rmy Rm, Rm
wq Wy Wy w1 w1
Wo Wo W3 Wy Wo
W3 W3 Wi W3 Wy
Wy %1 W» Ww»o ms
my mo ms may

Ry, Rw, Rw, Ru,
mo ms Mmsy m
ms mq my my
my moy my msy
my may mo mo
Mms ms ms ms
W1 Wo W3 Wy

44



Example: solution

1. mi —wi,my — wy

2. ms — W2, m3 — W3, Mg — Wy
3. mo — W»o

4. mg — Wy

>

ms is rejected by all acceptable women and remains single.
Thus the algorithm ends.

. . W W W, w m
» the matching is: DAM(P) = ( ml m2 m3 m4 mS )
1 2 3 4 5



Example: solution

1. mi —wi,my — wy

2. ms — W2, m3 — W3, Mg — Wy
3. mo — W»o

4. mg — Wy

>

ms is rejected by all acceptable women and remains single.
Thus the algorithm ends.

. . W W W, w m
» the matching is: DAM(P) = ( ml m2 m3 m4 mS )
1 2 3 4 5

» is it stable? how about WPDA matching?
Men prefer MPDA over WPDA, women — opposite

» ms is unmatched under both MPDA and WPDA

v



Further examples

» Let all men have the same preferences over women. What is
the MPDA outcome? Is it stable?
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Further examples
» Let all men have the same preferences over women. What is
the MPDA outcome? Is it stable?
» Let all women have the same preferences over men. What is
the MPDA outcome? Is it stable?
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Existence of stable matchings

» Theorem (Gale and Shapley, 1962): a stable matching
exists for every marriage market.
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Existence of stable matchings

» Theorem (Gale and Shapley, 1962): a stable matching
exists for every marriage market.

> Proof: fix P € P, we show that DAM(P) is stable at P
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Existence of stable matchings

» Theorem (Gale and Shapley, 1962): a stable matching
exists for every marriage market.

> Proof: fix P € P, we show that DAM(P) is stable at P

» observe that in men-proposing DA, in each step women get
weakly better off and men get weakly worse off.
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Existence of stable matchings

» Theorem (Gale and Shapley, 1962): a stable matching
exists for every marriage market.

> Proof: fix P € P, we show that DAM(P) is stable at P

» observe that in men-proposing DA, in each step women get
weakly better off and men get weakly worse off.

» (it has to terminate since preferences are finite)

» individual rationality. Matching DAM(P) cannot be blocked
by any individual since men do not propose to unacceptable
women and women reject unacceptable men.
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Existence of stable matchings

» Theorem (Gale and Shapley, 1962): a stable matching
exists for every marriage market.

> Proof: fix P € P, we show that DAM(P) is stable at P

» observe that in men-proposing DA, in each step women get
weakly better off and men get weakly worse off.

» (it has to terminate since preferences are finite)

» individual rationality. Matching DAM(P) cannot be blocked
by any individual since men do not propose to unacceptable
women and women reject unacceptable men.

» pairwise stability. Proof by contradiction.

> Suppose a pair (m, w) blocks the matching DAY (P).
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Existence of stable matchings

» Theorem (Gale and Shapley, 1962): a stable matching
exists for every marriage market.

> Proof: fix P € P, we show that DAM(P) is stable at P

» observe that in men-proposing DA, in each step women get
weakly better off and men get weakly worse off.

» (it has to terminate since preferences are finite)

» individual rationality. Matching DAM(P) cannot be blocked
by any individual since men do not propose to unacceptable
women and women reject unacceptable men.

» pairwise stability. Proof by contradiction.

> Suppose a pair (m, w) blocks the matching DAY (P).

» Then, as meDAn“f(P), m proposed to w in DA,

» but (m, w) not matched => w has rejected m in favor of
smb.
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Existence of stable matchings

» Theorem (Gale and Shapley, 1962): a stable matching
exists for every marriage market.

> Proof: fix P € P, we show that DAM(P) is stable at P

>

>
>

observe that in men-proposing DA, in each step women get
weakly better off and men get weakly worse off.

(it has to terminate since preferences are finite)

individual rationality. Matching DAM(P) cannot be blocked
by any individual since men do not propose to unacceptable

women and women reject unacceptable men.
pairwise stability. Proof by contradiction.

>
>
>

v

Suppose a pair (m, w) blocks the matching DAY (P).
Then, as meDAn“f(P), m proposed to w in DA,

but (m, w) not matched => w has rejected m in favor of
smb.

Thus DA}(P)P,m — woman w prefers her DA-partner to m,
which contradicts that (m, w) blocks DAY (P).

Thus, DAY(P) is stable at P.
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Set of stable matchings
» Corollary: DAY is also stable.

» How different are these two stable matchings?

mi m3 wi W2
» Example: wi wo , m» my

W2 w1 my My
» what is the DA™ matching?
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Set of stable matchings
» Corollary: DAY is also stable.

» How different are these two stable matchings?

m my  w W
» Example: wy wy

, M2 M

) w1 myp  myp
» what is the DAM matching?
» what is the DAY matching?
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Set of stable matchings
» Corollary: DAY is also stable.

» How different are these two stable matchings?

miy mz wi W2
» Example: wy wo , my my

) w1 myp  myp
» what is the DAM matching?

» what is the DAY matching?

» Which matching is preferred by men?
» Which is preferred by women?



Set of stable matchings
» Corollary: DAY is also stable.

» How different are these two stable matchings?

mi m3 wi W2
» Example: wi wo , m» my

wa Wi my  my

» what is the DA™ matching?

» what is the DAY matching?

» Which matching is preferred by men?
» Which is preferred by women?

» This result can be generalized



Set of stable matchings: optimal matchings

» Def: a stable matching i is men-optimal stable matching
(MQOSM) if for each other stable matching p', all men
(weakly) prefer p over p/

» Def: a stable matching 1 is women-optimal stable
matching (WOSM) if for each other stable matching y/', all
women (weakly) prefer p over p

» Theorem (Gale and Shapley, 1962): MOSM and WOSM
always exist, furthermore DAM is MOSM and DAY is WOSM
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Set of stable matchings: optimal matchings

>

Def: a stable matching 1 is men-optimal stable matching
(MQOSM) if for each other stable matching p', all men
(weakly) prefer p over p/

Def: a stable matching 1 is women-optimal stable
matching (WOSM) if for each other stable matching y/', all
women (weakly) prefer p over p

Theorem (Gale and Shapley, 1962): MOSM and WOSM
always exist, furthermore DAM is MOSM and DAY is WOSM

proof: by induction-+contradiction
» Def: m and w are achievable if 3 stable p: u(m) = w
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Set of stable matchings: optimal matchings

>

Def: a stable matching 1 is men-optimal stable matching
(MQOSM) if for each other stable matching p', all men
(weakly) prefer p over p/

Def: a stable matching 1 is women-optimal stable
matching (WOSM) if for each other stable matching y/', all
women (weakly) prefer p over p

Theorem (Gale and Shapley, 1962): MOSM and WOSM
always exist, furthermore DAM is MOSM and DAY is WOSM
proof: by induction-+contradiction

» Def: m and w are achievable if 3 stable p: u(m) = w
» show that in DA no man is rejected by his achievable woman.
» For contr, let m be the first ever man rejected by his ach.wmn.
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Set of stable matchings: optimal matchings

>

Def: a stable matching 1 is men-optimal stable matching
(MQOSM) if for each other stable matching p', all men
(weakly) prefer p over p/

Def: a stable matching 1 is women-optimal stable
matching (WOSM) if for each other stable matching y/', all
women (weakly) prefer p over p

Theorem (Gale and Shapley, 1962): MOSM and WOSM
always exist, furthermore DAM is MOSM and DAY is WOSM

proof: by induction-+contradiction

» Def: m and w are achievable if 3 stable p: u(m) = w
» show that in DA no man is rejected by his achievable woman.

» For contr, let m be the first ever man rejected by his ach.wmn.

» ie. w rejects m for some m’. Thus m'P,m = pu(w).
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Set of stable matchings: optimal matchings

>

Def: a stable matching i is men-optimal stable matching
(MQOSM) if for each other stable matching p', all men
(weakly) prefer p over p/

Def: a stable matching 1 is women-optimal stable
matching (WOSM) if for each other stable matching y/', all
women (weakly) prefer p over p

Theorem (Gale and Shapley, 1962): MOSM and WOSM
always exist, furthermore DAM is MOSM and DAY is WOSM

proof: by induction-+contradiction

» Def: m and w are achievable if 3 stable p: u(m) = w
show that in DA no man is rejected by his achievable woman.

>
» For contr, let m be the first ever man rejected by his ach.wmn.
>
>

i.e. w rejects m for some m’. Thus m'P,m = pu(w).
but m’ prefers w to any other ach. woman (by ind.hyp.:

» since he was not yet rejected by his achievable woman)
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Set of stable matchings: optimal matchings

>

Def: a stable matching i is men-optimal stable matching
(MQOSM) if for each other stable matching p', all men
(weakly) prefer p over p/

Def: a stable matching 1 is women-optimal stable
matching (WOSM) if for each other stable matching y/', all
women (weakly) prefer p over p

Theorem (Gale and Shapley, 1962): MOSM and WOSM
always exist, furthermore DAM is MOSM and DAY is WOSM

proof: by induction-+contradiction

» Def: m and w are achievable if 3 stable p: u(m) = w
show that in DA no man is rejected by his achievable woman.

i.e. w rejects m for some m’. Thus m'P,m = pu(w).
but m’ prefers w to any other ach. woman (by ind.hyp.:

vVvyyy

» since he was not yet rejected by his achievable woman)

v

then (m’, w) block p, and thus g is not stable!?!
thus, at DAM each man gets best ach.wmn, => =MOSM.

v

For contr, let m be the first ever man rejected by his ach.wmn.
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Matching mechanisms

>

>

A (direct) mechanism is a function from profiles to
matchings ¢ : P — M
Note:

» we assume that there is a central authority which collects
preferences and announces the matching that is induced by the
mechanism at these preferences

» thus, each mechanism induces a preference revelation game,
where each agent’s strategy set is the set of her preferences

A mechanism ¢ is individually rational if for each preference
profile P it induces an individually rational at P matching

o (P)

A mechanism ¢ is stable if for each preference profile P it
induces a stable at P matching ¢(P)

A mechanism ¢ is strategy-proof if for each preference

profile P truth-telling is a weakly dominant strategy to each
agent i€ MU W

» for each P}' : %’(P)Rﬂﬂf(P}'ap—r’)-
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Strategic behavior

» Theorem (Roth, 1982): there is no stable and
strategy-proof mechanism
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Strategic behavior

» Theorem (Roth, 1982): there is no stable and
strategy-proof mechanism

» Proof:
mi m; w1 W2

> wy o wp , mp M
W2 w1 mi mo
» There are only two stable matchings: MOSM and WOSM

» if the mechanism induces MOSM, who can manipulate and
how?
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Strategic behavior

» Theorem (Roth, 1982): there is no stable and
strategy-proof mechanism

» Proof:
mi m; w1 W2

> wy o wp , mp M
W2 w1 mi mo
» There are only two stable matchings: MOSM and WOSM

» if the mechanism induces MOSM, who can manipulate and
how?

» w; reports my as unacceptable and gets mp» who is better for

her

» if the mechanism induces WOSM, who can manipulate and
how?

» m; reports w, as unacceptable and gets wy who is better for
him
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Strategic behavior for men/women

» The mechanism is strategy-proof for men if no man can
manipulate it.
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Strategic behavior for men/women

» The mechanism is strategy-proof for men if no man can
manipulate it.

» Theorem (Dubins and Freedman 1981; Roth 1982):
MOSM is strategy-proof for men.
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PbIHOK 3HAaKOMCTB
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LleneBon Nnprnéem



npobaembl Ha pbIHKE Tpyaa A8 MOAOAbIX

* pa3pyLleHne PbiIHKOB
* KOPNOpPATUBHbIE YHMBEPCUTETHI (LLEeHTPA/IbHbIN YHUBEPCUTET)
* PAHHMN HAaWUM, COBMeELLEHMNE

* O/IMMNUAAbI ANA LWWKONbHUKOB

* paBHOMEpPHOEe pacnpeaeneHue

* 1BYX3TanHaa Kapbepa

* pelwleHme: ueneson npuém (cemnyac 150/600TbICc. mecT — Lenesoi peseps)



e | — set of students, typical student / € /
e s — school (focus on one school)

e [ —set of firms; typical firm f € F; dummy fy € F — ordinary seats
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| — set of students, typical student j € /
s — school (focus on one school)

F — set of firms; typical firm f € F; dummy f; € F — ordinary seats

each student / € | has preferences P; over F U (), profile P,

2/4
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| — set of students, typical student j € /
s — school (focus on one school)

F — set of firms; typical firm f € F; dummy f; € F — ordinary seats
each student / € | has preferences P; over F U (), profile P,

s has total capacity gs
r < qs seats are reserved for targeted admission

s has strict preference Ps over 2/“Y

each firm f € F has total capacity gr < gs and...
...strict preference P over 2!Y? profile P

...(dummy firm fy coincides with s, Py = Ps, qr, = gs)

P = (Py, Ps, Pr) — preference profile of all agents
q = (gs, (gr)rer) — capacity profile of all agents
(I,s,F,q,r, P)— targeted reserve problem

2/4
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Pesrome

* YCTPOMCTBO PbIHKOB (1 BOODOLLLE NPaBUA Urpbl)
* Noae3Ho
* UHTEPECHO

* NPUXOANTE K HAM YYUTbCA M paboTaTb
* game.hse.ru
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