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3HaKkoOMMMCA ¢ abcTpaKTHOM anre6pon: nonyrpynnbl

AHHOmMauyus. Cmambs HanucaHa Ha OCHoge rrieHapHo20 OoKnalda, cOefraHHO20 asmo-
pom Ha Bcepocculickoli Hay4yHO-rpakmu4Yeckol KoHgepeHuuu «Mamemamuka u KOMIb-
romepHoe ModesnuposaHue 8 uccredosaHusix cmyO0eHmoe8 U WKobHUKo8» (Kupos,
BamlTY, 14—-15 mas 2013 2.). Bbicmpaugatomcsi akueHmbl, U paccMampueaemcs rnopsi-
00K U3y4YeHUs ar1leMeHmo8 meopuu noslyepynn cmydeHmamu-mamemamukamu Maaduwiux
Kypco8 U rnpo08uUHymbIMU cmaplweKnacCHUKamu.

Knro4veeble cnoea: accouyuamuseHas anzebpa, rnosyzpynna, rosyepynna cro8, rosy-
epynna npeobpasosaHud, usy4yeHue meopuu rnosyapynri.

Pa3den: (01) nedacozuka; ucmopusi nedazo2uku u obpa3osaHusi; meopusi U MemoouKa
obyyeHusi u eocriumaHus (o npedmemHbiM obriacmsm).

A npmBeTcTBYIO NONYyrpynny,
rae Obl 51 ee HU BCTpEeTUn,
a BCTpeyaeTcs OHa NoBctoay.
Bnpouewm, oT gpy3en 4 crblwarn,
4YTO B MatemMaTuke nonagaroTca O6'beKTbI,
OTNKMYHbIE OT nonyrpynn.
AuHap Xunne
BBepeHue

PaboTta npogomkaeT cepuio Hawmx NydGnMkauun no pasBUTUIO BbiCero anrebpau-
yeckoro obpasoBaHusa [4—11].

Kaxxgomy HaunHarowemy matemaTuky n MHopmMaTuKy HeoBXoaUMO O3HAKOMUTLCS C
Havyanamu Teopun NONYrpynn — ¢ ee TePMUHOMNOIMEN, UCXOAHLIMU MOHATUAMMN U bakTamu,
MeTo4aMn N KOHCTPYKUMAMU, NOAXO4aMU U NMPUMEHEHUSMN.

[MoHATWEe nonyrpynnbl CAYXUT OCHOBOW accouyuamueHol anzebpbi, NpoHMKatoLWeNn
BO MHOrvMe pasgesfibl COBpEMEHHON MaTtemaTuku u ee npunoxenusa [1, 3, 10, 15-21, 23—
25, 30]. Teopumn nonyrpynn nocesweHbl MoHorpadum [16—-18, 24, 29, 30], o63opsbI [12-14,
25], Hay4Ho-nonynsipHble crtatbu [26—28], cneunanmMaMpoBaHHbIA Hay4vHbIA XypHan [31].
MoHorpadus COBETCKOro yKpamHCkoro matematuka AHToHa Kasemwuposuuda CylikeBuua
(1889-1961) «Teopusi 06OOLLEHHbIX rpynn» (Tak cCHayana HasbliBanucb MNOMyrpynnbl)
1937 r. [22] 6bina nepBOW KHUIOM B MMPOBOKW NnTepaType No nonyrpynnam.

B CCCP ueHTpamn TeopeTuKOo-NonyrpynnoBbiX nccnegosaHui 6einn ropoga baky,
INennHrpag (Cankt-MNeTepbypr), Mockea, HoBocubupck, CapartoB, Ceepanosck (Ekarte-
pUHOYpr), XapbkoB. MexayHapoaHoe npu3HaHue nony4Ymnu anrebpandeckue LKOSbI
npocpeccopa EsreHnsa Cepreesuda JlanmHa (1914-2005) n3 Poccumnckoro rocyaapCcTBeH-
Horo nepgarornyeckoro yHmsepcuteta (Cankt-lMNeTepbypr) n npodeccopa JlbBa HaymoBu-
ya WespuHa (1935 . p.) n3 Ypanbckoro denepansHoro yHusepcuteta (ExkatepuHbypr).
OTtmeTnm, 4YTO B peakonnervio xypHana “Semigroup Forum” sxogsart J1. H. LleBpuH 1 ero
yyeHuk npodeccop M. B. BonkoB (1955r1.p.), a Takke amepukaHCKuA npogeccop
B. M. WanH (1938 r. p.) — BbINyckHMK CapaToBCKOro rocyHMBepcuTeTa.
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OpHvMm n3 cosgatenen Teopum nonyrpynn SIBNAETCA aMepuKaHcKkun anrebpanct
Anbdpen Knuddopa (1908-1992) — coaBTOp M3BECTHOrO ABYXTOMHMKA [16]. Hasosem
TaKkKe Takne nmeHa 3apybexxHbIX MaTemMaTUKOB, BHECLUMX 3aMETHbIN BKMag B COBPEMEH-
HYI0O Teoputo nonyrpynn u ee npunoxeHuna, kak k. MpuH, XK. JlannemaH, . lNpecToH
. Puc, 3. Xunne, M. WWoTueHbepxe.

OnpepeneHnus. NMpumepbl. CBOMCTBA

BuHapHoU anzebpaudeckol onepayuelli Ha HENYCTOM MHOXecCTBe A HasblBaeTcst
Npon3BonbHOE OToOpaxeHne . AXA—A; OHO KaXK4oW ynopsaoveHHON nape 3reMeHTOB
a, be A ctaBuT B COOTBETCTBME BMOSIHE OMpeAeneHHbi aneMeHT awbe A. Henyctoe
MHOXeCTBO A C HEKOTOPOW 3afaHHOM Ha HeM OuHapHoW anrebpauyeckon onepaumen o
Ha3sblBaeTCcs 2pynnoudom (Npu 3TOM roBOPAT Takke o nape (A, m)).

Onepauua o Ha A HasblBaeTca accoyuamusHou, ecnn (amb)mc=aw(bwc) ana nto-
ObIX anemeHTOB a, b, ce A. 'pynnoung ¢ accounaTUBHOW onepaunen HasbiBaeTcs MnoJsiy-
epynnou (semigroup).

OtobpaxeHue a: (A, ®)—(B, @) rpynnonagoB HasbiBaeTCd 20MOMOPEU3IMOM, €CIv
OHO COXpaHseT onepauuto, To ecTb a(Xmy)=a(X)wa(y) Ans nobbix X, ye A. BsammHo ogHo-
3Ha4YHbI FOMOMOPMU3M o O4HOrO rpynnonaa Ha Apyron HasbiBaeTCs UX U30MOpPGhU3IMOM
(HeTpyaHo nokasaTb, YTO obpaTHoe oToGpaxkeHue ol Takke 6yaetT M3oMopdU3MOM).
Mpynnonabl Ha3bIBaOTCA U3OMOPGHBIMU, €CRA MEXAY HUMWU CyLLeCcTBYeT UM30MOPU3M.
OTHOLWeHNe N30MOPCHOCTM Ha Krnacce Bcex rpynnongoB siBNSeTCA OTHOLLEHMEM SKBUBA-
NEHTHOCTN. M3oMopdHble rpynnonabl MMEKT OAHUM N Te Xe abCTpakTHble CBOWCTBA.
Hanpumep, rpynnong, n3oMopdHbIn nonyrpynne, cam yaeTt nonyrpynnon.

[aanm ewe HECKOMNbKO MCXOLHbIX onpeaeneHun.

Monyrpynna A HasblBaeTcs:

MOHOUOOM, ecnn B A cyLLleCcTByeT HelimpasibHbIl 351eMeHm, TO eCTb TaKoW ane-
MEHT e€ A, YTO Ha A TOXOECTBEHHO Xme=X=ewX (ferko BnaeTb, YTO HeWTparbHbIA ane-
MEHT €QUHCTBEHEH);

KOMMymamueHoU, ecnn ee onepaumst ® KOMMyTaTuBHa, TO €CTb B A BbIMOMHAETCS
TOXAECTBO XOY=Y®X

udemnomeHmMHoU (MNn cesi3koll), ecnun A yooBNEeTBOPSET TOXOECTBY XmX=X (Takue
3NeMeHTbI X Ha3blBalTCs udeMnomeHmamu),

nonypewemekodu, Korga oHa KOMMyTaTUBHA U MUAEMMNOTEHTHA;

COKpamumou crieea (crnpaea), Korga yaoBneTBopsieT KBa3nTOXAECTBY

XY=XZ = y=Z (COOTBETCTBEHHO, XZ=yZ = X=Y).

[na n3obpaxeHua rpynnongoB NpUMeHsitoTes mabnuybl Kanu, Ha3BaHHble Tak Mno
UMEHW aHrnuinckoro matemaTtuka Aptypa Kanm (1821-1895).

BbIsiCH/M, CKONbKO BCEro CyLecTBYeT ABYXANEMEHTHbIX nonyrpynn. [na aToro cHa-
Yana Hangem Bce ABYXANEMEHTHbIE rpynnonapl.

JTto6onbITHO, YTO BCEro CyLLECTBYIOT 24 NonapHO HEM3OMOPHbIE TPEXANEMEHTHbIE
nonyrpynnel, 188 4YeTblpexaneMeHTHbIX nonyrpynn, 1915 natnanemeHTHbIX nonyrpynmn,
28634 wecTtnanemeHTHble nonyrpynnsbl [25, c. 66].

Tabnuuen Kann gnsa rpynnonga ({a, b}, o) cnyxut Tabnuua:

0 a b
a ama awnb

b bwa bwb
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Bcero Takux Tabnuy 6yaet 24=16. N306pa3nm ux:
1 a b 2 a b 3 a b 4 a b
a a a a a a a a a a a a
b a a b a b b b a b b b
5 a b 6 a b 7 a b 8 a b
a a b a a b a a b a a b
b a a b a b b b a b b b
9 a b 10 a b 11 a b 12 a b
a b a a b a a b a a b a
b a a b a b b b a b b b
13 a b 14 a b 15 a b 16 a b
a b b a b b a b b a b b
b a a b a b b b a b b b

Cpean 16 npencTtaBneHHbIX rPynnonaoB HEKOTopble rpynnounabl M30MOpMHbI Apyr
apyry npu otobpaxeHun o:. a—b, b—a. Hanpumep, nsomopdHbl rpynnovabl, 3agaHHble
Tabnuuamun 1 1 16. 310 Byaem 3anucbiBaTb Kak 1=16 1 roBopuTb NPOCTO O rpynnoungax 1
n 16. HekoTopble rpynnonabl MoryT 6biTb M30OMOPGHLI TONBKO camum cebe.

Hangem rpynnoung (ero Tabnuuy), nsoMopHbin rpynnoungy 2. icnonesyem myrnbTu-
NNKaTUBHYIO 3anunck onepauun. [na nwobbix aneMeHToB X, Ye {a, b} 4OMmMKHbLI NoNy4nTb B
HOBOM rpynnowuae

xy=a(a(X)-a"H(y))=(xayo ),
rae yMHoXeHue B ckobkax npousBoautcs B rpynnovae 2. Utak, nmeem: aa=(act-ao
Do=(bb)a=ba=a, ab=(ba)a=aa=b, ba=(ab)a=aa=b n bb=(aa)a=aa=b. B pesynbTate Mmbi
nonyyaem rpynnovg 8. 3HauuT, 2=8. AHaANOrMYHO Haxoaum, 4to 3x=12, 4=4, 514, 6=6,
7=10, 9=15, 11=11 n 13=13.

Bcero nonydaem 10 nonapHO HEN3OMOPMHLIX ABYXANEMEHTHbIX rpynnoungos 1, 2, 3,
4,5,6,7,9,11,13. Cm. [3, c. 53-55].

Hanee mbl 6yaem Mcnonb3oBaTb My/bMmMuniuKamu8HYyr0O MepMUHOJIO2UR0: NOMy-
rpynnoBasi onepauusi — yMHOXeHue «-», pesynbtat a-b=ab — npousseageHve, HenTpanb-
HbIN aneMeHT — eanHuua 1. Hapsgy ¢ MynbTUNAMKATUBHOM CUMBOSIMKON NMPUMEHSIIOTCS U
agauTuBHble O00O3HaYeHUsA: onepauusi CroXeHuUs «+», pesynbTaTt atb — cymma,
HeMTpanbHbIN 3aneMeHT — Hynb 0. Yacto nonyrpynnbl 3agatoTca obpasyrowjumu 3rie-
MeHmamu v onpedesnisslowuMu coOomHoweHusiMu. Hanpumep, nonyrpynna, onpegens-
emas aByms obpasywowumu a, b u Tpems paBeHcTBamu ab=ba, a?=a u b3=b, nmeer
5 anemeHTOB: a, ab, ab?, b, b2 — B iekcukoepaghuyeckoli 3anuncu.

BaxHenwmin knacc nonyrpynn obpasytoT rpynnbl. Fpynnou Ha3biBaeTCa Takon MO-
HOMA, YTO KaXKAbI ero arneMeHT a UmeeT obpaTHbli aneMeHT at: aa'=a~!a=1 (TakoW
anemeHT a~! eaMHcTBeHeH). OTMETMM, YTO KormbLa, MONyKosbLa, PELETKN SABMNSITCS Mo-
nyrpynnamu no obenm onepauunsim.

Monyrpynna c TOXAECTBOM Xy=X (Xy=Y) Ha3blBaeTCcAa rnosyzapynnou neebix (npa-
8bix) Hyneu. Takne nonyrpynnbl MOeMNoTeHTHbl. MHO2006pa3uem nonyapynmn Ha3biBa-
eTCsa Kracc BCex Momnyrpynmn, yOooBMeTBOPSLWMX 3agaHHOMY Habopy ToxaectB. Tak,
NoeMnoTeHTHbIe Nonyrpynnbl 06pa3yoT MHoroobpasme. MHoroobpasune nonyrpynn Hasbl-

~3~
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BaeTCA mpueuasibHbIM, ECNIN OHO 3a[aeTCs TOXAECTBOM X=Y; 3TO KIlacC BCexX 0gHOane-
MEHTHbIX NONyrpynn (M30MOpPdHbIX APYr APYrY).

YKkaxxeM OBa UHTEpeCHbIX dakTa 06 MaemMnoTeHTHbIX nonyrpynnax. Bo-nepsbix, cy-
LLeCTBYeT POBHO TPU MUHUMAarbHbIX HETPUBMANBbHBLIX MHOrOOOpa3nsa NaeMNOTEHTHbIX Mo-
Ayrpynn: Kracc nonyrpynn feBbiX Hynewn, Knacc nonyrpynn npa.biX HyMewn, Knacc nony-
pelweTok [25, c. 163]. Bo-BTOpbIX, BCAKass KOHEYHO MOPOXOEHHAA NMOEMMOTEHTHas nony-
rpynna koHeuyHa [17, c. 352].

MHOXeCTBO BCex [OeNCTBUTESNbHbIX (pauuoHarbHbIX, UenblX, HaTyparnbHbIX, KOM-
MAEKCHbIX) Yncen ABNSETCA COKPAaTUMOM KOMMYTATMBHOW MOMYrpynmnon, Kak no yMHOXe-
HWIO, TakK U Mo cnoxeHuio. Onepauns BblYNTaHUS HA8 MHOXECTBE LiefblX Yncest He accoum-
aTUBHa M HEe KOMMYTaTMBHA, TaK Xe Kak 1 onepaumnsa Bo3BeAeHUs B CTeneHb (XY) Ha MHo-
XecTBe HaTyparnbHbIX Yncern. B Teopun npeacraBneHun nonyrpynn 3ameTHoe MecTo 3a-
HAMAKT MYNbTUNNMKATUBHbIE MOMYrpynnbl KBaApaTHbIX MatpuL C KOMMEKCHbIMU KO3-
duuneHTamm.

OCHOBHbIMM MOAEMBbHBIMM NPUMEPAMKN MONYrPyNn BbICTYNalT MoJy2pynnbl €108 v
nonyzpynnbi npeobpasoeaHull.

Bo3bmem HenycToe MHOXeCTBO X, Ha3biBaeMoe asighasumom. Ero anemeHTbl Hasbl-
BalOT 6yKkeamMu, a KOHEYHble MocrneaoBaTenlbHOCTN OyKB Ha3bliBAOTCS csi08aMu (MOXHO
BBECTW MYCTOE CrOBO, a Takke 6eckoHeyHble cnosa). MNyctb A(X) — MHOXECTBO BCEX CIOB
B andasuTe X, paccmaTtpMBaeMoe C onepaumen KoHkameHayuu (NpunnucbiBaHns) CroB: K
cnosy (aiaz...am) ANVHbI M cnpaBa gobaensietcs cnoso (bibz...bn) AnNWHLI N ¢ pesynbTa-
TOM CMOBOM (aiaz...ambibz...bn) anuHel m+n. MNMony4yaem Tak Ha3biBaeMyid c80600HYH
nonyzpynny A(X) Hag X: oHa 6eckoHeYHa 1 cokpaTuma ¢ 06enx CTOPOH; ee KOMMYTaTuB-
HOCTb paBHOCWUNbHA TOMY, 4TO X OAHO3NEeMeHTHO. Jltobasa nonyrpynna ndomopdgHa gak-
TOp-nonyrpynne Hekotopon ceBoboagHon nonyrpynnbl A(X). Nonyrpynnbl CnoB wurpatoT
OonbLUylo porib Kak B obLen Teopun NONyrpynn, Tak U B KOMOMHATOPHBIX NPUITOXEHUSX.
CroBa B opaHoGykBeHHOM andaeute {|} MopenupyloT HaTypanbHble —4ucha:
|, 1L 1T T ... . AsByka Mopse (TenerpadHas a3byka) uMeeT ABYXOYKBEHHbI anda-
BUT {-, —}, B KOTOPOM KOOUPYIOTCS 0OblYHbIE BYKBbI M 3HAKN NpeEnUHaHUA, crnoBa, Npeasno-
»KEHUSA, coobLLEeHNA.

Apyron dyHaameHTanbHbIM TUN NOMYrpynn COCTaBnAT nonyrpynnbel npeobpasosa-
HUN. OB6o3HauYnM Yepe3 T(X) MHOXECTBO BCEBO3MOXHbIX OTOBpaxeHun X—X UKCUpO-
BaHHOro MHoOXecTBa X, HasblBaeMblX rpeobpasosaHusmu X. OTHOCUTENbHO onepauuu
Kommno3uyuu (cynepnosuumm, nocregoBaTenbHOro BbIiMOMHEHUA npeobpasosaHuit) T(X)
cTaHoBUTCA MoOHoumaom. [dencteutensHo, ana nwbbix f, ge T(X) nx komnosuumsa fg=g-f,
onpeaensieMasi COOTHOLLEHMEM

x(fg)=(xf)g npu BCex xe X,
3agaeT accoumaTtmBHyto onepaumio Ha T(X), Tak kak ans Beex f, g, he T(X) n xe X:
x((fg)h)=((xf)g)h=(xf)(gh)=x(f(gh)).

Ponb eguHunubl nrpaeT ToXXaecTBEHHOE oTobpaxeHue 1x.

fg

/\QA h
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B nto6or nonyrpynne BbINONHAETCS
OO60O6OLWEeHHbIN 3aKOH accouuaTUBHOCTU. [Ipou3sedeHue aiaz...an /1106020 KOHEYHOZ20
yucna afemMeHmos rosy2pynrsl He 3agucum om paccmaHo8KU CKOBOK.

NHaykumen no yncny n COMHOXUTENEN AoKasblBaeTcs, 4yTO
aiaz...an=(...((a1a2)as)...an-1)an. 3aMeTMM, 4YTO YUCIIO PaCCTaHOBOK CKOBOK B npoussBeae-
HUM aiadz...an €CTb COOTBETCTBYWOLlEee 4Yucso KamanaHa: npu n=3 nmeem 3HayeHue 2,
npu n=4 nonyyaem 5, npn n=5 nmeem 14. B obwiem cnyyae ans n>3 MMeem 4YUCro cove-
TaHun n3 2(n—1) no n—1, geneHHoe Ha n.

MpeacTraBneHue nonyrpynn npeobpasoBaHUAMMU
[MycTb AaHa npousBosnbHas nonyrpynna A. [1na kaxgoro ee aneMeHTa a nonoxnm
Ta: A—A, XTa=xa ana Bcex xe A,

3TO NpaBbIn CABWT Nonyrpynnbl A Ha anemMeHT a. PaccmoTpum otobpaxeHue ao. A—>T(A),
o(a)=Ta ansa noboro ac A.

Mockonbky anga nobeix a, be A n xe A umeem

Xa(ab)=xTap=x(ab)=(xa)b=(xTa) To=(xa(a))a(b)=x(a(a)a(b)),

TO o €CTb FOMOMOPMU3M AaHHOMW nonyrpynnbl A B nonyrpynny npeobpasosaHun T(A). MNo-
CMOTpUM, aBnsieTcs Nn o (M30MOPMHbBIM) BOXEHUEM, TO €CTb MHBEKTUBHBIM FOMOMOP-
PU3MomM? NHBEKTUBHOCTb o O3HaYaeT, 4To Ta#Tp Npu HepasHbIX a, be A. Ho B cnyyae
nonyrpynnsbl NieBbIX Hyrnen xa=x=xb npu nwbbix a, be A. MNoatomy a He 06583aHO ObITb
BnoxeHnem. KOHe4YHo, BO MHOMMX ApYrnx cnyyasax (Hanpumep, korga nonyrpynna A nmeet
NeBY0 eANHWLY U CoKpaTuMa cneea) o 6yaeTt BrOXeHUeM.

MpuHUMNManbHOe 3Ha4YeHne nonyrpynn npeobpasoBaHmii 060CHOBLIBAET
O6006wWweHHan Teopema Kanwu. Bcskas nonyepyrnna A u3oMopgHO eKrnadbieaemcsi 8 Co-
omeemcmeyrouwyto rnosyapynny rnpeobpasosarHud T(X).

[ns pokasaTenbcTBa 0600LeHHON Teopembl Kann goctaToyHo K nonyrpynne A npu-
coenHUTL (HOBYIO) eauHuUy € u B3ATb MoHouad Ae=Au{e}. Torga nonyrpynna A u3o-
MOP(HO BKraAblBaeTca B MOHOMA Ae, KOTOPbIA, B CBOKO OYyepeb, Npu MOMOLUW o, U30-
MOpHO BKNagbiBaeTcsa B nonyrpynny npeobpasosanunin T(Ae).

LUunknuyeckne nonyrpynnbl

Cpean abcCTpakTHbIX NOMAyrpynn BbiAENSETCA Knacc NPOCTENMLMX NOMYrpynn — LUK-
nunyeckne (UM MOHOTEHHbIE) NONyrpynmnbl, NOPOXAEHHbIE OAHUM 3NeMeHTOM. VIMeHHO,
nonyrpynna A HasblBaeTcs yuknu4deckou, ecnn A={a™: me N} onss HEKOTOPOro afieMeHTa
ae A — ee obpasyroujezo. Jlrobas nonyrpynna ectb TEOPETUKO-MHOXECTBEHHOE 06beau-
HeHve NoAanonyrpynn, ABASOLWUXCA LMKINYECKUMI NONyrpynnamu.

Ecnu cteneHn obpasylolero anemMeHTa a ¢ pasfnmMyHbIMU NokasaTensMy pasnnyHbl,
TO nony4aem GecKoHeuHy UuKnuyeckyto nonyrpynny A={a, a2, a3, ..., a™, ...}, nsomopd-
Hyto agauTusHon nonyrpynne (N, +) HaTypasnbHbIX Ynucen. B NnpoTMBHOM criyyae HanayTcs
Takve HaTyparbHble Yncna k n n, yto ak=ak*n, CumtaemM k HavMeHbLUMM HaTypanbHbIM
YUCIIOM C TakMM YCMOBMEM, @ N — HaMMEHbLUMM HaTypasrbHbIM YMCIIOM CO CBOMCTBOM
ak=ak™ nns ykasaHHoro 3HayeHus k. Monyyaem yuknudeckyro nonyzpynny muna (k, n)

A={a, ..., ak1 ak ..., akn1}
coaepaluyto poBHO k+n—1 anemeHToB.

CTpoeHMne KOHeYHbIX UMUKIUYeckux nonyrpynn. KoHe4Hble YUKIUYecKue rosy-
epynnbl cosnadarom, ¢ MOYHOCMb 00 U30OMOpPghuU3Ma, C UUKIUYECKUMU ronyapynnamu
muna (K, n), 20e k u n — npous3eosibHbIe HamyparibHble YUcCra.

MHoxecTBo {a, ..., ak'} HasbiBalOT xeocmom A, a MHoxecTBoO {ak, ..., ak'"1} — ee
yuknom. lNpun k=1 nonyyaem UUKIIMYECKYIO rpynny nopsagka n, a npu n=1 nosy4aem xsBoCT
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c AobaBneHHbIM mozaowarowum sneMmeHToM ak. JTiobyto LMKNMYecKyro Nonyrpynmny MoXx-
HO n306pa3nTb B BMUAE MPOCTOr0 OPUEHTUPOBAHHOIO rpada, CoeauHASA CTPESiKOn 3NemMeHT
am ¢ anemeHTom a™?! npu me N.

BoT kak BbIrngguT rpad LMKnn4eckon nosnyrpynnsl Tuna (4, 5):

/ @ \ae
a’ l

a7
at —

CBA3b C ApYrMMU MaTeMaTUYeCKUMMU CTPYKTYypamu

[MycTb Tenepb X — HEKOTOPbIM MaTeMaTUYeCKUn OOBEKT, CkaxkeMm, anrebpandeckas
CTPYKTYpa, ynopsao4yeHHoe MHOXEeCTBO MK TOMOorm4yeckoe nNpocTpaHcTBo. Yepes S(X)
0603Ha4YMM nonyrpynny BCex ero aHAOMOpU3MOB, paccMaTpmMBaemMyto Kak nognonyrpyn-
na B T(X). dHOomopgusmom matemaTnyeckoro obbekta X HasblBaeTcs npeobpasosa-
HMEe MHOXeCTBa X, COXpaHsitoLee BCEe ero CTPYKTypHble onepauun u OTHOLIEHUS. QHAO-
MOpdU3MbI B criydae anrebpanyeckon CTpyKTypbl CyTb roMOMOPdn3MbI B cebS, B cnyyae
NMOPSIAKOBOWN CTPYKTYPbl — U3OTOHHbIE Npeobpa3oBaHus, B Criydae TONOMOrM4YeCKOn CTPYK-
Typbl — HenpepbiBHblE nNpeobpasoBanHus. MNMonyrpynna aHaomopdumamos S(X) matemaTu-
Yyeckoro o6bekTa X HeceT CyLeCTBEHHYI (MHOrAa ucyepnbiBatoLLyo) MHGPopMaumo o ca-
MOM 0O6bekTe X. B 4acTHOCTW, 4OCTATOYHO aKTMBHO M3y4yanucb NOSYrpynnbl HEMnpepbiB-
HbIX Npeobpa3oBaHNn TONOIOrMYECKMX NPOCTPAHCTB [2, § 4].

Cdopmynupyem oanH pesynbTaTt aBTopa Ha 3Ty Temy. Ha nonyrpynne S(X) Henpe-
PbIBHbIX Npeobpa3oBaHMiA TOMOMOrMYECKOro NPOCTpaHcTBa X BBEAEM MOIMOJI02UKO O-
moyYe4yHoli cxodumMocmu, TO €CTb TOMOSIOMNIO MOAMNPOCTPAHCTBA, UHOYLMPOBAHHYHO TO-
nonornen Npomn3BefeHns Ha MHOXecTBe XX Bcex npeobpasoBaHuii npocTpaHcTBa X. B pe-
3ynbTaTe Nony4yMM nosnyTononiormdeckyto nonyrpynny Sp(X): B HEM onepaums KOMNo3mumm
HenpepbiBHA MO KaXgoMy M3 COMHOXUTENEN, HO He obsA3aHa ObiTb HenpepbiBHOW. MmeeT
MECTO crneayLwmin pesynbTarT:

Teopema onpegensiemocTtu [2, npeanoxenune 4.14]. Npou3sonbHbIe Torosioau4ye-
CcKue npocmpaHcmea X u'Y 2oMeoMop@HbI moz2da u mosibko moada, koeda Mexay rosy-
mononoaudeckumu ronyepynnamu Sp(X) u Sp(Y) cywecmsyem nosiy2pynnogou u3oMop-
u3sm, aensauulicss 0OHOBPEMEHHO UX 20MEOMOPHUIMOM.

NMpumeHeHun

AGCTpaKTHasi Teopusi MONyrpynmn yCcrnewHo NPUMEHSIETCA B AUCKPETHON M KOMMbIOTEP-
HOM MaTemaTuke, B Teopun popmarsbHbIX S3bIKOB, B TEOPUM KOHEYHbBIX aBTOMAToB, B TEOPUU
KOAMPOBaHMS 1 Kpuntorpadun. bonbLuyo ponb UrpatoT anropuTMuYeckne u KOMoGMHaTopHbIe
acnekTbl U NPUNOXeHUs Teopum Nonyrpynn. 3aTpoHeM TOSbKO CreayLUME CHOXETbI.

[MnoHepom B Teopun popmarsibHbIX S3bIKOB MO NpaBy CYATAETCH HOPBEXCKUU MaTe-
mMaTtuk Akcenb Tya (1963—1922). B 1912 r oH pewunn 3agayun CyLLeCTBOBAHUSA U CTPOEHUS
BGeckBagpaTHbIX CrOB U CUIbHO 6eckyOHbIX cnoB. CrnoBo unm 6GecKkoHevYHoe CnoBo B arn-
daBuTe X HasbiBaeTcs 6eckeadpamHbIM (CUSIbHO 6€CKy6HbIM), ECI OHO HE COAEPXUT
noacnos Buga ww (wwa), rae a — nepeas 6ykBa crnoa w. Tya nokasarn, 4To B ABYyXOyk-
BEHHOM andaBuTe cyllecTByeT cunbHo GeckybHoe GeckoHeuyHoe CrnoBo M HeT GeckBaa-
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pagpaTHbIX CrOB ANMHbI > 4, a Takke noctpoun G6eckBagpaTHoe ©eCKOHEYHOe CoBO B
TpexbykBeHHOM andasuTte [21, c. 18]. CMm. Takke ynpaxxHeHuUa K rnase 1 kHurum [21].

AHrnuncknn anrebpanct Yunbsam bepHcang (1852-1927), andatowmncs ogHUM m3
cosgarenen abcTtpakTHon Teopum rpynn, noctasun B 1902 r. cneytowmin Bonpoc: obsa3a-
Ha NN KOHEYHO MOopOXOeHHas nepuogmyeckasi rpynna ObiTb KOHeYHoM? Poccuinckumn an-
rebpancTt EBreHmin ConomoHoBud Nonog (1935 r. p.) gan B 1964 r. otpyuatenbHbIN OTBET
Ha 3ToT Bonpoc. bonee cunbHas ozpaHu4YeHHas npobnema bepHcalida hopmynmpyeT-
CA TaK: Kaxjas M KOHEYHO NOpOXAEeHHasa rpynna, yoosrneTBopsowas toxagecrsy x"=1
Ana  (PUKCMPOBAHHOIrO HaTypanbHOro 4ucra n, KoHeyHa? CoBeTckne mMaTeMaTuku
Metp Cepreesuny Hosukos (1901-1975) n Cepren MeaHosu4 AgaH (1931 r. p.) noctpounu
B 1968 r. 6eckoHeuYHble Takue rpynnbl ANs BCeX OCTAaTOYHO 6ONbLUMX HEYEeTHbIX N. AHa-
NOrMYHbIE BONPOCHI ObIfIM NOCTaBMEHbl M ANs NOMyrpynn Tak Ha3biBaemoro 6epHcangos-
ckoro Tuna. MimeHHo, 4yepes B(k, m, n), m< n, o6o3HavaeTcs nonyrpynna ¢ k ceoboaHbIMu
obpasyowmmMmm B MHOroobpasumn nonyrpynn ¢ OAHUM TOXAecTBOM XM=x". Kak yxe oTMeyva-
noce, nonyrpynna B(k, 1, 2) koHe4vHa. MNonyrpynna B(2, 1, 3) umeet 132 anemeHTa. A rno-
nyrpynnel B(k, m, n) npn k> 2 n m> 2 6eckoHeyHbl [17, ¢c. 352—-353].

WccnepoBaHua no nonyrpynnaMm M ux nNpuUnoXeHusM npogorkatoTcda. B yactHocTw,
OCTaeTcsa aKkTyanbHon npobsiema paseHcmea €108 B HEKOTOPbIX Nonyrpynnax, 3agaBa-
eMbIX 0bpasyoLmMn 1 onpeaensowmMmn COOTHOWEHNAMK. Tak, NOCTpoeHa nosyrpynna ¢
ABYyMsi obpasyowmumm a, b n Tpemsa onpeaensarowmMmm COOTHOLIEHUAMMU, AN KOTOPOW He
CyLLleCcTBYeT anroputMa pacrnosHaBaHUsa paBeHCTBA ABYX NPOU3BOSIbHbLIX CNOB B andasu-
Te {a, b}. Jllobas xe KOHeYHO NOPOXAEHHAA KOMMYyTaTUBHAA NONyrpynna nmeeT anroput-
MUYECKM paspeLlunmyto npobnemy paseHcTsa cno. CMm. [25, ¢. 167-169].

YnpaxHeHus

CTygeHTam nonesHo caMoCTOATENBbHO NpopeLlaTth cregyowme 3agaym:

1. ﬂ,OKa)KI/ITe, YTO BCAKasdA KOHe4YHada nonyrpynna nMmeeTt XoTa Obl OAUH NAEeMMNOTEHT.

2. Hawmgute c TOYHOCTbIO OO M3oMopmama BCe ABYX3NEMeHTHble nonyrpynnbl. YTo 3HA4MT «onu-
CaTb C TOYHOCTbIO A0 VI3OMOpCbI/I3Ma»?

3. Yrto Takoe neBas (npasas) eguHuua B nonyrpynne? JleBbin (npasbiv) Hynb?

4. TlokaxuTe, 4TO ecnv nonyrpynna obrnagaeTt NeBon eguHULIEN U MPaBON €4MHULIEN, TO OHa SIBNS-
eTcda MOHOMOOM.

5. ,D,OKa>KVITe, YTO KOHEeYHbl€ COKpaTuMble CrieBa 1 cnpaBa nosnyrpynnbl 6yﬂ,yT rpynnamu.

I'Ipoaepre, YTO B NOOOM KOHEYHOM MOHOuMAe cnpasenMBo COOTHOLLEHNE xy=1 = yx=1.

6.

7. Ecnwu gonyctutb nyctoe cnoso, To A(X) 6yaet moHongom. [Novemy?

8. [okaxute, YTO MHOXECTBO BCEX OOpaTMMbIX 3M1EMEHTOB MPOM3BOSIBLHOrO MoHouaa A obpasyet
rpynny A* — nognonyrpynny B A.

9. UYro npenctasnseTt cobown rpynna T(X)*? Ecnu X — n-anemeHTHOE MHOXecTBO (ne N), To rpynna
T(X)* nsomopdHa cMMMeTpUYeCKor rpynne S, — rpynne Bcex NoACTaHOBOK N-i cTeneHn. Y6eauteck B 3TOM.

10. [okaxuTe, 4TO nMobas KOHeYHas uuKnuMdeckas nonyrpynna nomopdHa romomopdHoMy obpasy
nonyrpynnbl (N, +).

11. TlocTtapantecb gokasaTb, YTO Mbas nonyrpynna ¢ TOXAECTBOM XyX=X U30MOpdHa NpsiMomy npo-
n3BefeHuo NoNyrpynnbl NeBbIX HYNen U Nonyrpynnbl NpasblX HyNen.

12. TlokaxwuTe, 4YTO Ha nobow nonypelleTke A MOXHO ONpeaenuTb OTHOLLEHWE nopsaka no opmy-
ne: a< b < ab=a, npuuem ab=inf (a, b) ana Bcex a, be A.

13. TocTtponte cBO6OAHYO KOMMYTaATUBHYIO MOMYrpynny ¢ TpeMs CBOOOAHbIMWU Obpasyowmummn (Hag
TpexaneMeHTHbIM MHOXeCTBOM X).

14. HarnguTe cBOGOOHYIO MOAEMMOTEHTHYIO MOMYrpynny ¢ AByMs CBOOOAHbIMW 06pasyowmmu.

15. Yto npeactaBnseT cobon cBobogHasi nonypelleTka ¢ N cBO60AHBIMM 06pasyoLLmnmmn?
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