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BeuYHble «kHEBUAUMKUN» LIKOJNIbLHOIO Kypca MaTeMaTHKW,
unu ®yHKLMOHaNbHblEe ypaBHEHUs B LUKONe BYepa, CeroaHs, 3aBTpa

AHHOmMauus. Cmambsi Hocum MemooOuYecKUl U Hay4YHO-MOMynsapHbIU xapakmep U rnoces-
weHa HekomopabiM ripobriemam rpenodasaHusi mex pa3odesios WKOIbHO20 Kypca Mmamema-
muku, 20e hakmu4ecKu rnpUMeHsIemcsi makoe roHsimue, Kak ¢byHKUUOHarbHoe ypasHeHue,
HO 6€e3 ucrnorb308aHUs COOMBEMCMBYUWUX aKKypamHbIX orpedeneHul.

Knroyeeble crnoea: ¢hyHKUUS, OCHO8HbIe orepauuu Had hyHKUUSAMU, QyHKUUOHasIbHoe
ypasHeHuUe, HemHOCMb, HEYEeMHOCMb, NEPUOOUYHOCMb.

Pa3den: (01) nedacoauka; ucmopusi nedazocuku u obpasosaHusi; meopusi U MemoouKa
o0byyeHusi u eocriumaHus (o npedmemHbiM obriacmsm).

1. By3soBckas noAaroToBKa LUKOMBHOMO yuuTens MatemaTuku Bcerga npegnonarana
nprMobpeTeHne UM HaBbIKOB CO3HATENbHOMO BNadeHUs TEMU MaTeMaTU4ECKMMN NOHATUAMM,
KOTOpble eMy NpPUAETCS UCMONb30BaTh, Kak rOBOPUTCS, MO JONTY Cnybbl. O4HAKO HEKOTOPbIE
dbyHOaMeHTanbHble MateMaTU4eckme MOHATUSA (Hanpumep, MOHATME AENCTBUTENBbHOMO Ymnc-
na) CrULLKOM CHOXHbl, YTOObl akkypaTHOe UX onpederieHne crano npeameToM U3yyeHus B
paMKax LUKONbHOro Kypca mateMaTuku. Mpu 3ToM cam yuntenb B NpUHUMNE OOSMKEH BECbMa
XOPOLLO BnafeTb 3TUMU NOHATUAMMK, Boriee TOro, OH AOMMKEH yMeTb AyMaTb COOTBETCTBYHO-
LWMMK KaTeropmsiMm, npuyemM HacToNbKO MacCTepCKW, YTOObl AEMOHCTpaLUa NpMMepoB MNpu-
MEHEHUS CNOXHOro NOHATUSA Bbina 6bl 06pa3LOBO-NOKa3aTENbLHON 1 JOCTONHOW NogpaxaHns
(ocobeHHO ecnm 0ByyeHMe BbIHYXOAEHHO MAET B COOTBETCTBUM C NPUHLIMIOM «Aerian Kak s1»).

2. CTonUT OTMETUTb, YTO KPOME €CTECTBEHHOWN CITIOXXHOCTU PacCMOTPEHUsa psga ma-
TEeMaTUYECKUX NOHATUM M3-3a UX BbICOKOrO YPOBHS abCTpPaKTHOCTN eCTb U Apyrne npuyu-
Hbl, MeLLalLLne akkypaTHOMY M3IOXEHUIO COOTBETCTBYHLWEro matepmnana. OctaHoBUMCS
Ha HEKOTOPbIX U3 HUX.

Bo-nepBbix, 3T0O MOXeET ObITb TPAAMLIMOHHOE OTCYTCTBME COOTBETCTBYIOLLIErO onpeae-
NEHNs B LLUKOSIbHOM Kypce MaTeMaTuKu Npu 0gHOBPEMEHHOM BECbMa LUMPOKOM MCMNONb30Ba-
HUM CamMOoro MOHATMSA. IMEHHO B 3TOM BeCbMa CTPAHHOM MOJSIOKEHMM OKa3anoCb Takoe BaX-
HOe MaTemMaTMyeckoe NOHATUE, Kak «PYHKLMOHANbHOE ypaBHEHNEY, TakK Kak NCNOoNb3oBaHne
PYHKLUMOHAmNbHbIX YPaBHEHUI B LLKOSIbHOM Kypce MaTtemMaTukn MMeeT MecTo, a BOT COOTBET-
CTBYIOLLETO OnpeaerneHns n camoro TepMmHa (MMeHMn) «yHKLMOHaNbHOE ypaBHEHNE» HET.
MapagokcanbHO, HO 3TO «6e3bIMAHHOE» MOHATME (HEKMA MaTeMaTUYECKUA aHOHUM) NPUCYT-
CTBYET Ha CTpaHMLaXxX LUKOSbHbIX Y4eOHMKOB NO anrebpe M Hayanam aHanmsa Kak Kakon-
HMOyab repon-HeBMAMMKA, 3aKOHCMUPUPOBAHHBLIN 4O TAKOW CTENEHW, YTO Aaxe caM (hakT uc-
Monb30BaHMSA 3TOr0 MOHATUS OObIYHO YCKONb3aeT OT BCEBUAOALLErO y4MTenbCcKoro oka. lMpu-
YeM BMHOBATbIM OKa3blBAETCS HE CTOMbKO CaM YYUTErlb, CKOMbKO HEeKoTopble npobnembl B
ero NoaroToBke, BeAb TONbKO B NocregHune rogpl NosiBNeHne Kypca ANCKPETHON MaTeMaTukm
cpean NpoYmnx BY30BCKUX KYPCOB U3MEHMIO CUTYaLMIO: CTYAEHTOB CTann 3HaKOMUTb C HEKO-
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TOPbIMK KNnaccammn (pyHKUMOHAMNbHbIX YpaBHEHWI (Hanpumep, C PEKYPPEHTHLIMU COOTHOLLIE-
HUAMW) U JaXKe Y4YUTb MPUMEHSATb HEKOTOPbIE METOAb! X PELLEHUS.

CTonT OTMETUTb, YTO (PYHKUMOHAsbHbIE ypaBHEHUS OKa3anucb 3abbiTbl 4O TaKow
cTeneHu, 4to Obinn caenaHbl MNOMbITKN CaM TEPMUH «(YHKLMOHANbHOE ypaBHEHWE» WUC-
nonb3oBaTb B Ka4eCTBe UMeHU AN «0bbl4HOro» ypaBHeHus suaa f(x)=¢(x), rae f(x) u

@(X) — 0603HaYeHNs1 AN HEKOTOPbIX PYHKLNNA.

Bo-BTOpbIX, BECbMa MIOXYK YCNyry npoueccy KayeCTBEHHOro UdydeHus psga yH-
AaMeHTanbHbIX MOHATUI (B paMKaXx LUKONBHOro Kypca MaTeMaTuKu) OKasblBaeT yCTosiBLUA-
ACH YyNpOoLLEeHHasi CUMBOJIMKA, KOTOpas MOXeT CTaTb UCTOYHUKOM HeAopasyMeHUn 1 gaxe
owmnbok. Tak, HanpumMep, B LUKONbHOM Kypce MaTemMaTuK/ Mocrne pacCMOTPEHUSI NOHATUS
YHKUMN 1 onpefeneHnsa paBHbIX (PYHKUUM HAYMHAKOT 3aHMMaTbCA OCHOBHbIMU («apudp-
METUYECKMMMNY) onepaunuamMmn Hag QyHKUMAMU, NPUYEM NPOLECC M3YyYeHUsa «onepaTus-
HbIX» CBOMCTB (OYHKUUIN B pamMKaXx LLUKOSIbHOrO Kypca MateMaTuKku BKNtovaeT B cebs Kak Obl
ABE NHUW, ABE TEHAEHLUMM:

a2raseHcmsywy meHOeHUU — pacCMOTPEHME U UCMOMb30BaHME TeX CBOMCTB OC-
HOBHbIX onepauui Hag (OYHKUUAMU, KOTOPble aHanormyHbl COOTBETCTBYHOLMM CBONCTBaM
onepauum — «TE€30K» HaZ OeNCTBUTENbHLIMWU YUCNamu;

8MopoCcmeneHHyo («meHesyto») meHOeHYU — uccnegoBaHne Tex CBOMCTB OCHOB-
HbIX onepauui Hag (OYHKUMSMMK, KOTOPble CYLECTBEHHO OTNMYaloTCs OT CBOWMCTB OAHO-
UMEHHbIX onepauui Hag 4eNCTBUTESTbHBIMU YMCNaMu.

lMepBas NUHWA NpeacTaBneHa B LWKOMbHbIX y4ebHMkax no anrebpe n Hayanam aHa-
nmM3a pa3bopoM Takmx CBOWCTB, Kak acCOLMATUBHOCTb M KOMMYTATUBHOCTb CIOXEHUSA U
YMHOXEHNA PYHKLUMIA, OUCTPUBYTUBHOCTL YMHOXEHUS OTHOCUTENBHO CITOXEHUS, a Takke
N3y4deHeM eLlle N Takux npumMeyaTesibHbIX CBOMCTB:

a) f+{(x0)|xeD(f)}=f;

6) f-{(x0)|xeD(f)}={(x0)]xeD(f)};

B) f-{(xD|xeD(f)}=f.

O nocnegHve TpW CBOWCTBA MOKa3biBAlOT, YTO TakMe YHKUMKW, Kak
{x0)|xeDcR} n {(x1)| xeDcR}, o4eHb NOXOXN CBOMMM CBOMCTBAMU HA OEWNCTBU-

TenbHbIE YMCNa HyMNb U €auHULY, NpaBaa, TakKNX «HYNen» N «eAnHULY CTONbKO XKe, CKOJb-
KO HEenycTbIX NOAMHOXECTB Y MHOXECTBa OENCTBUTENbHbIX Yncen R. VI Tem He meHee B
3MIEMEHTApPHOM MaTeEMATUKE BCEM 3TUM  (PYHKUMSIM  MPUCBOMNIM B Ka4yecTBe
MMeH-0003Ha4YeHNn coOTBETCTBEHHO cUMBOSbI 0 1 1, XOTS TOYHee Obino Obl X 0603Ha-
yntb O, M 1,, BeAb MX BECKOHEYHO MHOro, Mpu4eM Kaxagas «obcryxusBaeT» «CBOW»

Habop cyHKuMn ¢ obnacTteto onpegenerdns D c R.

AHanormyHo NOCTYNUAN N C UMEHaMM ANs onepauuin CRoXeHUs, BblYUTAHUS, YMHO-
XeHus n geneHvst PyHKUMn: ans obosHayveHus pesynbTaTtoB UX NMpUMeHeHus (T. e. Ang
00603Ha4YeHNs1 CYMMbI, Pa3HOCTU, MPOM3BEOEHUSA U YACTHOIO (PYHKLMIA) B3SNM «HANPOKaT»
3HaKM-UMeHa nx apupmeTUYeckmnx TE30K.

A BOT Tenepb nonpobyrTe OAHO3HAYHO «paclmdpoBaTb» Takue 3anucu, Kak
0+0=0, 1x0=0, 1x1=1.

MopobHasi ABYCMbICNIEHHOCTb YpeBaTa HEMPUATHbIMU NOCMNEACTBUAMU, a 3HAYWT,
OyneT BeCbMa eCTECTBEHHO MPOSABUTbL OCOBYI0 OCTOPOXHOCTbL M BHUMATESIbHOCTL NpU pe-
LWeHMM 3a4a4 Ha NOMCK (PYHKLUMI C 3afaHHbIMK CBOMCTBaMn. VIMeHHO BTOpas (HernaBHas)
NNHUSA B N3YHEHUN «ONEPaTUBHBIX» CBOMCTB (PYHKLMIN Morna Obl MOMOYb YACHUTbL HanMyue
NPUHUMNMAanNbHbIX pasfvynun B CBOMCTBAxX apudMeTUYeckux onepauun Hag AencTBuUTENb-
HbIMM YMcCNnamMm N OOHOMMEHHbIX onepaunin Hag PYHKUNAMUN.
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YBbl, HO U3YYEHUIO MPUHLMNUATBHBIX PasnUYnin Mexay 3TUMKU MaTemMaTU4eckummu
«TE€3KaMn» B LUKOSIbHOM Kypce MaTtemaTuku yaensiloT BecbMa Mano BpemMeHu. Peub,
npexae BCero, MOXeT UATU O Tak Ha3biBaeMbIx Oeslumesisix HyJsisi, KOTOpbIX 3aBe4OMO HeT
B rnone gencTeutenbHbIX Yncen (R,+,), HO KOTOpble MMEeITCS B KorbLe PYHKUMIA (oanee

onepauun 3Toro Konbua 6yaem o6o3HayaTb TEMU XKe CUMBOMAMN + U -, T. €. Be3 «Kpyx-
koB») ({f | D(f)=D cR,E(f) c R},®,®) .

3. VIMeHHO B pamMkax 3TOW HernaBHOMW NIMHUW B U3YYEHUU CBOUCTB (PYHKLNN 3HAYU-
TenbHbIM NOACMOPbEM MOTYT OKa3aTbCA M npocTenwmne qyHKUMOHAsbHbIE YpaBHEHWS,
nycTb gaxe 6e3 ynoMmMHaHUsA camoro 3Toro TepmuHa. Ytobel noaTBepauTb 3TO, NPUBEAEM
HECKOJNbKO MPOCTbIX 3a4ay, MOUCK peLleHnst KOTOPbIX MOMOXET U YYEHUKY, N yuuTento 60-
riee ocHoBaTenNbHO pa3obpaTbCs CO CBOMCTBaMU OCHOBHbIX onepaumi Hag dyHKLMSMA.

3apava 1. Ykaxute Bce coyHkumm f(x) ¢ D(f) =R u E(f) R, yaosneTtBopsitome cne-

pytowemy yenosmio: a) (f(x))* =f(x); 6) (f(x))* =%: B) (f(x))* =x"; 1) (F(X))> =x*-f(x);

) (F))* =x"-1(x)*; ) F(x)- (F(x) —sin(x)) =f(x); x) (f(x))* =-9;3) (f(x))" =0.

3apauva 2. Ykaxute Bce yHkumn f(X), yaosneTsopsiiome cnegyowemMy yCroBuio:
(f(X))>+x*=r?, roe r — npom3BosibHoe (PUKCMPOBAHHOE MOMIOXUTENbHOE YUCAo, a
D(f)=[-r,r], Ef)cR.

EcTecTBeHHO, 4YTO pelueHnsa 3agad 1 n 2 MOXHO uUckaTb cpean yHKUM, obnagato-
LWMX HEKOTOPbIMM AOMOSTHUTENbHBIMW CBOWCTBaAMWU (HENPEepbIBHOCTU, AnddepeHumnpye-
MOCTW, YETHOCTUW, HEYETHOCTN U T. A.), 1 Toraa 3agayun 1 n 2 moryt 6bITb BUAOU3MEHEHDI
cnegyrowmm obpasom.

3apava 3. Ykaxute Bce oyHKUMM-peLleHns 3agad 1 n 2, obnagatowmne cnegyowm-
MW AOMOMHUTENBbHBIMW CBONCTBAMM:

a) HENPEPBLIBHOCTbLIO B KaXA0W TOYKE CBOEN 0bnacTu onpeaeneHms;

0) andbepeHUNpPYEMOCTbIO B KaXXO0W TOYKe cBoen obnactu onpegeneHns;

B) YETHOCTbIO, UM HEYETHOCTLIO, UM NEPUOONYHOCTLIO.

[MepBble e NonbITKM HANTU 1 onNucaTtb BCce pelleHus 3agad 1 (a, 6, B) nomoratot 06-
HapY>XWUTb CyLLECTBEHHbIE OTNIMYMA CBONUCTB Onepaunmnm YMHOXEHUS PyHKUMEN OT CBOUCTB
COOTBETCTBYHOLLETO apuPMETUYECKOTO «TE3KM»: €Cnun n3 yHKLNOHANbHOro paBEHCTBA
f + ¢ =0 HemeaneHHo cneayeT, 4YTto f = —@, YTO aHanNoOrM4yHoO BbIBOAY U3 apUdPMETHUYECKO-

ro paBeHcTBa a+b =0 paBeHcTBa a=-b, To yxe Aenatb U3 PyHKLUMOHANBHOIO paBeH-
ctBa f-p=0 TakoW e BbIBOA, YTO U U3 aHANOIMMYHOro apudMETUYECKOrO paBeHCTBa

a-b=0 (Begb Torga a = 0 unn b = 0), coBepLUEHHO HENPABOMEPHO.
BoT goctaTtouHO XOpOLIO M3BECTHbIM Npumep OBYX yHKuun f(x) = x+|x|, xeR n

P(x)=x—|x|, x eR, Kaxaas 13 KOTOPbIX He ABMAETCA Hyrb-(PYHKLMEN, HO Mpou3BeaeHNe
koTopbIX f(X)-(X) = (X +|[x[)- (x —|x]) = x* —|x|2 =0, x e R, ABNAETCA HyMb-YHKLMEN.

BoT 1 nony4aeTcs, 4To y anreGpanmyeckoro ypaBHEHUs Y =Yy POBHO ABa peLle-
Hna — ato yncna 0 n 1, a BOT y 3agaum 1(a) peweHnii 6€CKOHEYHO MHOTO.

MpuBeaem npumep paccyxaeHui, No3BONSWNX HANTU U ONUCaTb BCE peLLeHns 3a-
pad1n?2.

PeweHue 3apaum 1(a). He crtaHem nbiTaTbCA HaWTU cpasy «BCHO» QYHKLUNIO-
peweHue f(Xx) (T. e. ynaem ot «rnobanbHOro» nogxoaa), HO NOCTapaeMcs BbISICHUTb, Ye-

My MOXeT ObITb paBHO 3HadeHue dyHkumm f(X) B NpomsBonbHOW Touke X, R, T. e.
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onpegenum Kpyr 3Hadenunm ans umicna f(X,) (MHave roBops, MPUMEHUM «ITOKamNbHbIN»

noaxon). B cootBeTcTBUM C TpeboBaHUsMM ycnosus nckomoe umcno f(X,) AOImMKHO yao-
f(x,)=0
f(x)=1
UKy nckomor yHKuMmM (ecnm TakoBas CyLleCcTBYeT) NpUHAANEXuT nuMbo Toudka (XO;O),

BneTBopsATb paseHcTBY (f(X,))? :f(xo)<:>f(x0)-(f(x0)—1):0<:{ , TO ecTb rpa-

nnbo TouKka (xo;l). OpHako 6bino 6bl rpybor owmnbkor BbIBECTM OTCHOA4A, YTO NPU «KOH-

CTPYMPOBAHUN» UCKOMOMN (DYHKLMW HAOQO0 Ha3HauYUTb OS1S BCEX 3HAYEHUI apryMeHTa o4HO
N TO e 3Ha4yeHne PyHKLMM — YUCIO HYMb, UM OAHO U TO e 3HayYeHue — eguHuly. Mox-
HO Bedb U «4epeaoBaTb» 3TN BO3MOXXHOCTU MPU NMOCTPOEHUMN TOrO UMM MHOFO KOHKPETHOMO
pelleHns AaHHOW 3adayn. Jlerko ybeamutbes, YTO ee YCroBUKO YAOBNETBOPSIET M Takas

1 ecnnx - paunoHansHe,
3HaMmeHuTas QyHKUMA, kak dyHkumna Oupuxne: D(x) = P
0, ecnn x - uppaunoHasrbHoe.
[MpoBeneHHble Bbile pacCyX4eHMs NO3BONAT yTBEpPXAaTb, YTO BCsikas yHKUUSA

f(x) ¢ D(f)=R n E(f)c R, ynosnetsopsiowas ycnosuto: ana nwoboro X, e R f(x,)=0
nnn f(x,) =1, 6ynet peweHnem 3agauu 1(a). BoT Tenepb MOXHO 1 OTBET K 3apa4ve cdop-

MynMpoBaTb, NYCTb BECbMa U «HEKOHCTPYKTMBHO», HO AOCTATOMHO BHATHO, a rNaBHOE,
MOHSTHO ANS WKONbHMKA.

OTBeT: ycnosuto 3agaydn 1(a) yaoBneTBopsieT BCAKas onpefeneHHas Ha R dyHKums,
Yyen rpadmnk NPUHaZNEXMT 06 beaANHEHNIO ABYX NPAMbIX AEKAPTOBON KOOPAMHATHON Mioc-
KOCTW C ypaBHEHNAMN Y =0 1 y =1, N pyrux peLieHnin Her.

AHanorm4yHoe paccyxgeHue no3BONUT MOfyYMTb CXOLHbIM Mo chopme OTBET WM Ans,
Hanpumep, 3aga4v 1(B): BCe pelueHus aTOM 3afadn — 3To PyHKUUK, onpedesieHHble Ha R,
rpadouk Kaxkaom u3 KOTOPbIX NEXWUT Ha CBOeObpasHOM «KpecTey, T. €. MPUHaaexuT oob-
€OVUHEHVIO OBYX MPSMbIX OEKapTOBOM KOOPAMHATHOM MIIOCKOCTU, 3a4aHHbIX YpaBHEHUSIMU
y =X 1 Yy=-X.WB0OT 4yTo NobONbITHO: N B CTYQEHYECKON, N B YYUTENLCKON ayanTopum

ObiBaeT BeCcbMa He npocTo y6€}J,I/ITb cnyUJaTene|7| B TOM, 4TO, HarnpumMmep, 3agada 2 nmeet
OEeCKOHEYHO MHOro peLueHvu7| n 410 Hapdgy C TakKMMun o4eBMAHbIMU peLleHUAMHN, Kak

f(X)=vr?=x> un f,(x)=—r’-x*, rae xel[-r,r], 6yayr, Hanpumep, n Takue:

£.(x) = Jr2 —x? ecrmx e[-r,0), Jr2 —x?, ecnm x - paumoHansHe ns - r,r}
’ —Jr2 —x?,ecrmx e[o,r} —r2 —x?, ecnu x - uppaumoHarsHoeus (- r,r}
O6patumcs Tenepb k 3agadam 3(a) n 3(6). [Ana ux pewerns yogobHO ncnonb3oBatb WH-
TYUTMBHOE MpeAcTaBneHne o rpadmke OyHKUUN, 3a4aHHON U HEMPEPBLIBHON Ha HEKOTOPOM
NMPOMEXYTKE, Kak O HEKOTOPOW «HEMPEPbIBHOM» NMHUM, KOTOPYH MOXHO BbIMEPTUTb, HE OT-
pbiBas KapaHgawa ot 6ymaru. MpuBegem paccyxaeHusi, NO3BOMSIOLLME NOMYYNTb peLleHne
3agauv 3(a) Nnpu AONONHUTENBHOM YCITOBUN HENPEPLIBHOCTU, A0OABISEMOM K YCIOBUSIM 3a-
Aaun 1(8) (pagm KpaTKOCT NpuMem ansa o6o3HadeHnsa aton 3agadm cumeon 3(a) AL(8) ).
PeweHue 3agaum 3(a) A1(8).
l. Tak kak nobast PyHKUMSA — pelueHre 3Ton 3adadm — obsizaHa NPUHUMATb B TOYKE
X, =—3 3Ha4eHue —3 unu 3, NOCKOrbKY ApYrux Todek ¢ abcumccon —3, kpome (—3; =3) u (=3; 3),
Ha obbeguHeHUN rpadpmkoB PYHKUMA Y =X U Y = —X MNPOCTO HET, TO pacCMOTPVM Be BO3-

MOXHbIE€ CUTyaLMK, MOCTPOUB MYHKTUPOM rpadovkn 3TUX OYHKLMN.
. PaccmoTpum nepsbin criydan, korga Todka (—3; —3) NexuT Ha rpadmke NCKoMom

nf,(x) =
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HenpepbIBHON (PyHKUMK (ecnn TakoBasi ecTb). 3acTaBnad apryMeHT MOHOTOHHO BO3pac-
TaTb OT —3 A0 + o, gobepemca BHa4yane Ao ero (apryMeHTa) HyneBoro 3HaydeHus — abce-
umcebl obwen Ttoukun (0; 0) rpadmkoB pyHKUMIA Y =X U Yy =—X. [1pn 3TOM nepemeHHas
TOYKa (X; y), BbldepunmBasd COOTBETCTBYIOLLYHO YacTb (OT Toyku (—3; —3) go Toukm (0; 0))
rpaduka MCKOMOM HenpepbiBHON (PYHKUUU-PELUEeHUs, He CMOXEeT (MMEHHO MOTOMY, YTO
HaC UHTepPeCyeT HerpepbI8HOe peLleHne) NOKNHYTb rpadmnk OYHKLMM Y = X U «Nepecko-
YNTb» Ha rpaduk PyHKUMM Yy =—X, T. €. 3Ta nepeMeHHas Touyka OyaeT HenpepbiBHO
CKONb3UTb MO NpsaAMon y = X . OgHako, aobpaswunce o Todkn (0; 0), Mbl OKakeMcsl Kak Obl

B pOnv BUTA3S Ha pacnyTbe: Nnbo ganee ABUHEMCS MO TOW Xe NMHUKU-rpadmKy yHKLMK
y = X, YTO JaeT Ham nepBoe pelueHne 3agavm — yHkumio f(x)=x (3ametnm, 4to Ans
3HAYeHW aprymeHTa, MeHbLUMX —3, N0A00OHbIX «pa3Bunok» HeT!), nnbo, nonas B Touky (0; 0),
panee «CBEPHEM» Ha NUHUID Yy =-X, YTO [JacT ewe OOHO pelleHne 3afaudu:

' — 00
f,(x)= {_XX’XXEE((OH-OO]) — —|x|, x eR; (puc. 1).

Puc. 1
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Puc. 2

Il. Bo BTOpOM crniyyae (puc. 2) aHanornyHble paccyXgeHns no3sBonigiT HanTu elue
aBa peleHns: f,(x)=—x u f,(x) =[x, x eR.

IV. W HakoHel, 0 npuynHax Bblbopa TOUKN X, = —3: pa3ymeeTcsi, BMECTO Hee MOXHO
6bIno B3sTL NOGOE oTpULATENbHOE YMCO U faxe nboe HeHyneBoe, Nulb Bbl HEe Hyfb-
abcuunccy obLuen ToUKN rpadmKoB PYHKUMA Yy =X U Y =-X, X eR..

OTBeT: ycnosuio 3agadn 3(a) A1(8) yaoBrneTBopsatoT YeTbipe dyHKumK, ato f(x) =X,
f,(x) =—x|, f3(x) =—x,f,(x) =[x, x eR .
PeweHwne 3agaun 3(6) Al(8).

MOMHA O COOTHOLLUEHUN MeEXOY HENPEpPbIBHOCTHIO U ANGEEPEHLMPYEMOCTLIO (PYHK-
UMM B TOYKE, Mbl JOIMKHbI OyAeM OCyLLecTBUTb BbIOOP M3 YeTbipex PyHKUNN-peLleHnIn 3a-
faun 3(a) Al(8) Tex dyHKUMK, koTopble AnddepeHumpyembl Ha R. TakoBbIX ABe: 3TO
f(X)=x n f;(x)=-x,xeR.
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OTBeT: nckomble pyHkumn f,(x)=x n f,(X)=-x,XxeR.

4. [loctapaemcs Ternepb pacckasaTb O TeX Crnyyasix, korga B LUKOSIbHOM Kypce Ma-
TEMaTUKN pearibHO, XOTS U Mano3amMeTHO MPUCYTCTBYIOT (PYHKLMOHANbHbIE YpaBHEHUS.
Ho, npexae 4Yem ykasaTb pasfesibl U NOHATUSA LUKOJSIbHOro Kypca, nof CeHbI KOTOPbIX
CKPbIBAOTCA (PYHKUMOHAmNbHbIE YpPaBHEHNSA, HANOMHUM, Kak B MaTemMaTuKke onpeaenstoT (a
CKOpee, pasbsACHSAIT) 3TO MOHATME, N NpUBEAEM HEKOTOpble MpUMeEpPbl «KUCTOPUYECKUX»
YHKUMOHASTbHbIX YPaBHEHUMN.

OnpepeneHune. PyHKUMOHANbHBIM YypaBHEHMEM Ha3blBalOT ypaBHEHWE, B KOTOPOM
HEN3BECTHbIM ABNAeTCA PYHKUMSA, CBA3aHHas Npu NomoLun obpasoBaHUSA CROXHOW (OYHK-
UMM C N3BECTHBLIMU PYHKLUMAMU (T. €. Hen3BecTHast (PyHKUMS CBA3aHa C U3BECTHbIMU C MOo-
MOLLbIO onepaumm KoMNo3numm).

OnpepeneHue. PelweHnemMm @QYHKUMOHANBHOIO YpaBHEHUS Ha3blBaeTCsH BCAKad
dYHKUMS, NpU NOACTAaHOBKE KOTOPOW B (PYHKLMOHAITbHOE YpaBHEHME BMECTO HEN3BECTHON
YHKUMN NONTy4aeM UCTUHHOE PaBEHCTBO ABYX PYHKLMNA.

EcTecTBeHHbIM 06pa3om BBOAUTCHA MOHATUE CUCTEMbI (DYHKLMOHAMbHbBIX YPaBHEHUI
C HECKOSbKUMN HEN3BECTHLIMU (PYHKUMSAMU N MOHATUE €ro pelleHnsa — BEKTOP-(OYHKLNKN OT
HECKOJbKMUX NEPEMEHHbIX.

Ecnun noctapatbcsa 06patntbCa K UCTOKaM MOsIBIIEHUS (PYHKUMOHANbHbIX YPaBHEHUN,
TO UCKaTb TakoBble B TpyAaX aHTUYHbIX MaTeMaTUKOB, NoXarymn, He CTOUT — BO BpeMeEHa
EBknuga v Apxmmena npocTo He ChopMMPOBanoch ewe camo MOoHATUE «YyHKUMS». Tak
YTO B Ka4eCTBE OJHOM0 U3 PaHHWX MPUMEPOB, NOXanym, MOXHO YNOMSHYTb paboTbl cpea-
HeBekoBoro ydeHoro Opema (Oresme, 1347 n 1352 rr.) [1], 3aTtem Tpyasl Nanunes (Galilei,
1638 r.), B KOTOpPbIX UccrnegoBanach 3agada nageHus ten (3To 6bino, HaBepHoe, nepeoe
npUMeHeHne YHKUMOHAsbHbIX ypaBHEeHUN B usnke) [1]. NocBATUIN yHKLUMOHANbHBIM
ypaBHEHUAM HECKONbKO paboT Benukui J1. dunep, 3atem [1. bepHynnu, Janambep, MoHx,
INarpanx, Jlannac v psg apyrux MeHee U3BecTHbIX MaTeMaTUKOB U punsunkos [1]. B cBoem
COuYMHEeHUN no aunddepeHunansHOMy 1 MHTErpanbHoMy ncumncnennto OriocteH Jlym Kowwm
B 1821 r. [2] cuctemaTn4eckn paccMOTpesT HblHE CYMTAIOLMECS KITaCCUYEeCKUMU (M HOCS-
LMe ero nms) ypaBHEHUS:

E.

f(x+y)=f(x)+f(y);xy R, 1)
f(x+y)=f(x)-f(y); )
f(x-y) =f(x)+f(y);
f(x-y)=£(x)-f(y).

OpHako Bce pelleHus, Hanpumep, ypasHeHue (1), cymen onucatb nuwb B 1905 .
Hemeuknn matematuk . Famens [1; 3], npuaymaBLwunm BeCbMa OCTPOYMHOE U HEOOLIYHOE
(Bna cBoero BpeMeHu) NoHATME, UMeHyemoe HblHe Basucom Mamens, ana cuctembl gem-
CTBUTENbHbIX YNCEN HaA NoneM paumoHanbHbIX Yucen [3; 4].

BoT BkpaTue, 4TO cymen n yero He cymen nonyynts Koww, pewas ypasHeHue (1):

a) BCSIKOE KOHKPETHOE peLueHune f (X) ypaBHeHus (1) npu paumoHanbHOM X MOXHO 3a-
Aatb hopmyrion f (X) =c-Xx, rge ¢ — HeKOTOpoe KOHKpPETHOe OEeNCTBUTENbHOE YUCIIO; MPU X
MppaLMOHarbHOM ONpeaenTb NPaBUO HAXOXAeHUs! f (x) Koww He cymen, Kpome cutyaumm
HanM4na JONOSTHUTENBbHOIO CBONCTBA — HENPEPLIBHOCTH f (x) Ha Bcewn obnactu onpepene-
HUs R (BNpo4eMm, JOCTaTOYHO NPeAnosioKUTb, YTO peLLeHne f (X) HenpepbIBHO B Kakon-nnbo

Touke X, € R, 1 TOraa us aToro ycrnoBusl BbiITeKaeT HENPEPbIBHOCTb f(X) 1 Ha Bcem MHOXe-
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cTBe R); okasarnock, 4to Toraa f. (X) =cx, X € R ; npuyem o4eBUAHO, YTO C MOXHO BpaTb to-

6bIM 13 R; a 3HauunT, BCe HenpepbIBHbIE peLLeHns ypaBHeHus (1) Koww Hawen;
0) . Namenb cymen onpeaenuTb 8ce pelleHus ypaBHeHus (1); okasanocb, YTO Ha

HEKOTOPOW 4acTu MHOXeCTBa uppauuoHanbHbIx yucen f(x)=c,x, rae, BoobLe rosops,

C, # C; Ha HEKOTOPOW ApYron YacTu nppaumnoHanbHbix yucen f (x)=c,x n 1. 4., Ho ByayT

n 6oree «CNoXHble» YacTu MHOXeCTBa MppaLmoHarnbHbIX Ymicen [3; 4].

CTOonUT OTMETUTD, YTO MHTEPEC K ypaBHEHMsIM KoLun NposiBNsnM MHOrMe MaTeMaTuku;
Tak, Hanpumep, PyHKUMOHaNbHoe ypaBHeHue Kowwm (2) B CBOMX MUCCreaoBaHUAX MO He-
€BKTMAO0BOW reoMeTpun NpUMEHSNN Takme 3amedatenbHble MatemaTuku, kak H. U. Jloba-
yeBckun 1 AHow bonbau ([1], «cTopnyeckun odepk»).

B HacTosiLee BpemMsa nNoyeTHOe MeCTO (PYHKUMOHAamNbHbIE YPaBHEHUSI 3aHMMAtOT U B
KomMOnHaTopHOM aHanuae [5], n B UICHYUCIIEHNN KOHEYHbIX pa3HocTen [6].

Takke [aBHO M3BeCTHa Oonbllag MeToauyeckas LEeHHOCTb psga (OYHKUMOHANbHbIX
YpaBHEHUN, TaK, HanpuMep, UHTEPECHbIM N MaTeEMaTUYECKN akKypaTHbIM OKasarcs nog-
X044 K BBEOEHMUI OCHOBHbIX 3fieMeHTapHbIX OYHKLMIA KaK pelueHui cneumnanbHbiX yHK-
LMOHarnbHbIX ypaBHeHUN [7; 7]. K coxaneHuto, B HacTosllee BpeMs COOTBETCTBYHOLLAA
MEeTOAMKA U3yYeHUs1 aneMeHTapHbIX YHKLUIA Bbila U3 MOAbl U HECKONbKO 3abbiTa.

BcTpeyvatoTca pyHKUMOHAnNbHbIE YpaBHEHMSA U cpeay 3a4ad LUKOSbHbIX U CTYAEHYECKNX
onuMnuag pasHbiX YPOBHEW, TaK YTO CyllecTBylowme nocobust n nybnukaumm [9-13], Ges-
YCIOBHO, NOfe3Hbl U BOCTPeboBaHbI Kak B HAYYHOM, TaK 1 B METOANYECKOM OTHOLLIEHUM.

5. Tlepeuncnum m NPOKOMMEHTUPYEM Ternepb Clydanm UCNOSMb30BaHUSA B LLUKOSIbHOM
Kypce MateMaTukm yHKUNOHAaSbHbIX YpaBHEHWI.

HayHem € TOro, 4Yto BHUMATENbHO NPUCMOTPUMCS K onpeaeneHnam GeCKOHEeYHbIX
apudMeTUYECKNX N rTeOMETPUYECKUX NPOrpeccun, yuntbiBas, 4To 6eckoHeyHas ymcnoBas
nocrnegoBaTenbHOCTb — 9TO MPOM3BOSIbHAas BELLECTBEHHO3HaYHas (PyHKUMS ¢ obnacTbio
onpegeneHns — MHOXeCTBOM HaTyparnbHbix uncen N. Kak nssectHo, 6eckoHedHas apudp-
MeTmnyeckasa nporpeccusa onpenensdercs B LWKOMBHOM Kypce MaTemMaTuke Kak nocnenosa-
TenbHOCTb (&, ), yaoBneTsopswLwasa ycnosuo a, ., =a, +d, rae n — noboe HaTyparnsHoe,

a d — cdomkcnpoBaHHOE OENCTBUTENTBHOE YNCTIO.
NHaue roBopsi, 6eckoHeyHasa apugpmeTnyeckasi Nporpeccmns B LLUKONIbHOM Kypce Ma-
TEMaTuKN onpeaenseTcsa Kak peweHne PyHKUMOHaNnbHOro ypaBHeHs Buaa
f(x+D)=f(x)+d,D(f)=N (3).
AHanormyHas cutyauma n ¢ 6eckoHe4Hon reomeTpudeckon nporpeccuen. OHa onpeae-
NAETC B LUKONbHOM Kypce MaTtemMaTuKe Kak peLleHue pyHKUMOHANbHOro ypaBHeHNs BUAa:
g(x+1)=9(x)-a,D(g) =N, (4)
g — NPOm3BOSIbHOE (PUKCUPOBAHHOE HEHYNEBOE AENCTBUTENbHOE YMCIIO.
[anee, 4tobbl HaNTKM B IBHOM BUAE BbIpaXeHWe ANns a, Kak aHanuTuyeckn 3agaH-
HYO PYHKLUMIO OT N e N, 06bIYHO pelatoT pyHKUuMoHanbHoe ypaBHeHne f(x+1)=f(x)+d

no crneaytowen TpagmunoHHON cxeme.
1. B Ha4vane ocywlecTBNSAKT HAKOMMEHUE «3KCMEePUMEHTANbHbIX» OaHHbIX — HaXoO-

AaT Bbipaxenus ana (2), f(3), f(4) n 1. a., o6osHaums f(1) cumsonom a,:
f(2)=f()+d=a,+d,
f3)=f(2)+d=(a, +d)+d =a,+2d,
f(4)=f(3)+d =(a, +2d)+d =a, +3d,
f(5)=f(4)+d =(a, +3d)+d =a, +4d.

~8~
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2. 3artem Ha OCHOBE 3TOro «IKCrNnepumMeHTa» CTPOAT rmnoTeasy, 4YTO

f(x)=a,+d-(x—-1,raoe xeN, a a, — Npon3BonbHOE, HO PUKCUPOBAHHOE YUCIIO.

3. B kadecTBe nocnegHero atana nNpoBepstoT cnpaBeasIMBOCTb TOro dpakra, Yto Bce
dyHkumn Buga f(x) =a, +d - (X —1) ynosneTtsopstoT ycrnosuio (3).

M npn 3TOM HK cnoBa O PyHKUMOHANbHbLIX YPaBHEHUSIX, @ TaKKe U O TOM, BCe NN pe-
LeHMs paccMaTpuUBaeMoro ypaBHeHUst HanaeHbl.

AHanornyHble paccyXgeHus, NpUMMeEHeHHble K ypaBHeHUO (4), NpuMBOOAT, Kak un3-
BECTHO, K Hax0oXaeHuo yHKUMR-peLleHnii Buga g(x) =b,-q**, x e N, rae cumsonom b,
obo3HavaloT Nbdoe KOHKPETHOE AENCTBUTENBHOE YUCIIO.

Cne,u,yrou.l,aﬂ TpaanuunoOHHO pelwaeMas 3agad4a — 3TO MOUCK CbOpMyJ'IbI anda Cymmbl
S(n) nepBbIX N YIeHOB 3TUX nocnegoBaTenbHOCTEN (KaK roBopAT B MatemMmaTtuke, CyMMbl

«B KOHeYHOM Buae»). [1na aToro B LUKOMbHbIX YY4eBHUKaxX MPUMEHSIOT cneuunarbHble Uc-
KYCCTBEHHbIE MpPUEMbI, XOTS UX Ueflb ONATb-TakuU MOUCK PeLleHUa XOpOoLIO M3YYEHHOro
PYHKUMOHANbHOIO YpaBHEHMS Tak Ha3blIBAEMOro pa3HOCTHOro tuna [3, c. 12. 247, 290]:

F(x+D-F(x)=¢(x), XN, (5)
raoe ¢(X) — 3agaHHasa OyHKUMSA, U KOTOPOMY, OYEBUAHO, AOSMKHA YAOBNETBOPATbL MCKOMas
dyHKUna S(x), ecnm @(x) — 310 (X + 1)-1 YneH cymmupyemomn nocnenoBaTenbHOCTH.

CTOWT HaNnOMHUTb, YTO Y)Xe AaBHO HalAeHbl NPUEMbI BbIYUCIIEHMS CYMM BUAa:
P+ p(2)+...+ ¢(n), (6)
raoe @(x) — usBectHasa yHkums, D(@) =N, T. e. cnocobbl NONyYEeHNs peLleHnn ypaBHe-

HUA (5), HaYe roBopsi, cNocobbl peLleHns Tak Ha3biBaeMoW OCHOBHOWN 3a4ayn TEOPUN UC-
YUCNEHNA KOHEYHbIX pasHocTen [6, c. 10-12].

B yacTtHoCTW, faBHO cyulecTByeT obwas hopmMyna Ansa HaxoxXaeHns cymm Buaa (6),
aHanornyHas copmyne HetoToHa — JlenbHnua:

P(D) + 9(2) + ...+ p(n) = A(p(x)) |1, (7)
rae cumeonom A*(p(x)) 0603HaueHo NoBoe KOHKPeTHOE pelueHie ypasHeHns (5).

HencrtButenbHo, ecnn F(x) — nwboe KOHKpPEeTHoe peleHne YypaBHeHunsa (5),

D(F)=N, TO (k) =FE(k +1) —F(k), roe keN, a 3HauUT,
o0+ 9(2) +...+p(n) = @) -F @)+ F@) -F@)+ ...+ [F(n+1-F(n))= F(n + 1)~ F@®) = F(x) [
X(x =1

Hanpumep, Tak Kak (40  nerko  nposepsietcs) A Y(X) = TO

5
@ = @ . MNpaega, ocobbix Yyaec ot popmMynbl (7) oxXmaaTb He
NpUXOOUTCH, TaK Kak MOUCK KOHKPETHOro peLleHns ypaBHeHUS (5) NMpu KOHKPETHOM U Oaxe
3NeMeHTapHON YHKLMN @(X) MOXET NPUBECTU K OYHKLMM OTHIOOb HE 3rieMEHTapHOMN.

CnegylowmmMm npMMepoMm UCNonb3oBaHUsA (PyHKLUMOHANbHbLIX YPaBHEHUN B LLUKONIbHOM
Kypce matemaTuku crniegyeT HasBaTb onpefeneHus YHeTHOW U HeyYeTHoW doyHKuun. [en-
CTBUTENbHO, uccrnenoBaHue yHkumm f(X) Ha YETHOCTb €CTb He YTO MHOE, Kak NpoBepKa
Toro hakta, ygosnetsopsieT nun f(X) dpyHKUMOHANbEHOMY ypaBHEHUIO BUAA

1+2+3+...+n =

F(x) =F(—x) (ypaBHeHWe 4YeTHOCTW), (8)
a Ha He4yeTHOCTb — ygoBneTsBopsaeT nn f(X) ypaBHeHuO B1aa
F(x) =-F(—x) (ypaBHEHWE HEYETHOCTN). 9)

~9~
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Mpu aTtom ecnu paeeHcTBO f(X) =f(—X) ncrnHHoe (x € D(f)), To, cornacHo onpeaene-

HUIO paBHbIX OYHKUMA, BO-NepBblX, MHOXecTBO D(f) CMMMETPUYHO OTHOCUTENBHO TOYKM
O(0,0) — Hayana koopauHart, Tak kak D(f(—x)) = {—x|x € D(f(x))}; BO-BTOpPbIX, Ans fo6oro
X, € D(f) BbInonHseTcsa uncnosoe paseHcTBO  f(X,)=f(—X,), @ 3HauuT, rpaduk YeTHOM

dyHKUMM cuMMmeTpuyeH oTHocuTenbHO ocn O, .

AHarnormyHas cutyauma u ans HevyeTHoM PyHKUMU, o4HaKo ee rpaduk XoTb U CUM-
METPUYEH, HO y>K€ OTHOCUTENbHO TOYKU O(0,0).

CTonT Takke HanoMHUTb, YTO Ha BOMPOC, MOXET NN (PyHKUNSA BbiTb OQHOBPEMEHHO
YEeTHON M He4vyeTHOW, OTBET, BEe3yCrnoBHO, YTBEPAUTESbHbLIN, TaK Kak cuctemMa yHKUMO-
F(x) = F(=x),
F(x) = —F(-x),
KaXkgoe M3 HUX — 3To Hynb-pyHKUumMa Oy, rae D — nponsBonbHOe HenycToe NoAMHOXECTBO
ymcnoson ocn O, , CUMMETPUYHOE OTHOCUTESTbHO TOYKM O(0,0).

[MpMATHO OTMETUTb, YTO HepeaKo BCTpevaBlleecsd paHee B psge nocobun ons no-
cTynawuwmx B By3bl OINMOOYHOE yTBEPXKAEHUE, Y4To nbyro dyHkumo f(X) MOXHO npen-

CTaBUTb B BUAE CYMMbl YETHOM N HEYETHOM DYHKLMIA, NpakTUYeckn 6onblle HUrge He rno-

ABNSAETCH, TaK KaK 3fIeMEHTapHON BHUMATENbHOCTU K ONpeaeneHnsaM YeTHOCTU, HEYETHO-

CTU M CYMMbl OBYX (PYHKLMI LOCTATOYHO, YTOObLI 3amMeTuTb, YTO obnacTtb onpeaeneHus

dyHKumn f(X) gomkHa 6bITb CUMMETPUYHOM OTHOCUTENBHO TOYKK O(0,0); B 3TOM W TOSbKO
A(x) +B(x) =f(x),

B 3TOM CJ1ydae cncrtema HKUMOHAaNbHbIX aBHEeHUn 6 eT UMeTb
y pyHKL, yp { AX)— B(xX) = F(—x), ya

HanbHbIX YpaBHEHWI BMAA { nmeeT 6ECKOHEYHO MHOMO pPeLUEeHWUi, Npuyem

A(x) = f(x)+f(—x)
(n TONbKO OAHO!) pelueHne 2 , n ana f(x) 6yoet nony4yeHoO cooTBET-
B(x) - [ =)
2

f(x)+f(—x) N f(x)—f(—x)

2 2 '

Ewe oaHa BcTpeya ¢ (hyHKUMOHaNbHBbIMU YpaBHEHNSAMUN (KaK U npeabiayLne — aHOHUM-
Hasi!) B LLUKOSIbHOM Kypce MaTteMaTuKM MpoMCXoamT Mpu UCCregoBaHuM (PyHKUMW Ha nepuo-
ANYHOCTb. [pnyem 3TO UccnegoBaHWe ropasgo CroXHee, YeM MccreaoBaHMe Ha YeTHOCTb
U HEYETHOCTb, Befb, COrMacHo onpeaenexHuto, Tpebyetca ana gaHHon pyHkumm f(x) BbI-

SICHUTb, NPUCYTCTBYET UM HET Takoe PYHKUMOHaNbHOE ypaBHEHWE B Kracce Tak HasblBae-
MbIX YpaBHeHU nepnoanyHoctn F(X +T) =F(X), rae T — nobas HeHyneBasi KOHCTaHTa, A1

KOTOpOro pelleHuemMm ssnsetcs uccrnegyemasi oyHkums f(x). Mo gaHHoOM dyHKumMM nogo-

6paTtb PyHKUMOHANbHOE YpaBHEHNE, YbMM PELLEHNEM OHa SABNSAETCS, BECbMa HEMPOCTO.
3aBepliasa pas3roBop 0 PYHKLUMOHAIbHbBIX YPaBHEHUSAX, HAMOMHUM, YTO U 3HAMEHU-

Tble nocnegoBartenbHocTM PnboHayvum [10] — aTO pelueHns PYHKLMOHANbHOIO ypaBHEHNS

Buoga F(x+2)=F(x+2)+F(x), XxeN, 1 yTo BoOGLlIE-TO cCamu PYHKLMOHAIbHbIE YpaBHE-

HUA 1 HEKOTOPble METOAbl UX peLleHns (MeToa NoAcTaHoBKM, meTod Kowwu, metoa «cBe-
AeHus Ha cebe» n ap. [1; 9; 11; 12]) — npekpacHaa TemMa AN UMKNa 3aHATUN LWKOSbHOTO
MaTeMaTMYECKOro KpyXXKa UInv gaxe Lernoro anektmBHoro kypca [11], Tem 6onee 4to 3a-
Aayvn Ha uccrnegoBaHne YHKUMOHASbHbBIX YpaBHEHUI — OBbIYHbIE TOCTU MaTeMaTUYECKMX
onvMmnuaz caMoro BbICOKOro ypoBHs [9; 12].

cTByloLLee npeacrasneHne f(x) =
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