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LWunoea 3051 BeHuaMuHoO8Ha,

KaHOudam rniedazoa2u4yecKkux Hayk, doueHm Kaghedpbl MameMamu4yecKo20 aHanusa u me-
moouku obyyeHuss mamemamuke ®IBOY Bl1O «Bsmckuli eocydapcmeeHHbIl 2yMaHUu-
mapHbIlU yHugepcumemy, 2. Kupos

HacubynnuHa 3nbeupa ®apumoseHa,
8bInycKHUUa ¢hakyribmema UHgopMamuku, Mamemamuku u ¢pusuku @r60Y Blr1O «Bsm-
CKUU 2ocydapcmeeHHbIl 2yMaHuUmapHbIl yHusepcumemy», 2. Kupos

HekoTopble MeToanyeckme oco6eHHOCTU U3yyeHus TeMbl «MHTerpan»
B LUKOJILHOM Kypce MaTeMaTUKu

AHHOMauyus. B cmamse daemcsi pasnu4yHoe roHuUmMaHue orpedesieHHo20 UHmeezpana ¢
rnosuyud peweHusi rnpuknadHbix 3adady ¢u3uku. [Jokasbiearomcs cgolicmea orpederieH-
HO20 UHmMezpana cpedcmeamu peweHusi makux 3adad.

Knroyeenlie cnioga: uHmeezpar, repgoobpasHas, usudeckue 3adadyu Onisi U3y4YeHUs UH-
meeparna.

OpfHon 13 Tem LIKOMbHOMO Kypca MaTemMaTukn, KOTopas Bbi3blBa€T MHOMO CMOPOB, ABIS-
eTca «OnpegeneHHbIn MHTerpany». VIHTerpan BBeEMnM B LUKOSMbHYH NPOrpaMMmy B CBS3M C pe-
dopmammn obpasoBaHusa koHua 60-x — Hadana 70-x rogoB XX Beka. Cneuudumka paccyxge-
HWIA, CBOMCTBEHHas MatemMaTuyeckoMy aHanusy, NpUMBHOCUT AMANeKTUYHOCTb B MblLUSIEHME
yyallerocs, crnocobctsyeT hOpMUPOBaAHUIO NPEACTaBNEHMN O MaTeMaTUKe Kak pasBuBalto-
LLlercsa Hayke, NO3BONSAET y4alUMMCS COBEPLUNTL CrieaytoLmi war B 0606LLeHnN NonyYeHHbIX
UMW 3HAHWUA U3 Kypca 3rieMEeHTapHOM MaTemaTuku, a Takke OTKpblBaeT NepcrnekTuBy Aarb-
HENLLEero pacLmMpeHnsa nMerLmMxcs 3HaHnn. Bece aTo cnocobeTByeT hOpMMPOBaHMIO KA4YeCTB
MbILLSIEHMS, HEOBXOOMMBIX B HacTosILLEEe BPEMS KaxXAoMy 0Opa3oBaHHOMY YerioBeEKY, U OT-
BeYaeT coumarnbHbIM TpeboBaHNSM MOAEPHM3aLMN POCCUMCKOro 06pa3oBaHus.

OpHako npakTuka nokasblBaeT, YTO TPYAHOCTW, BO3HUKAKLWME NPU MU3YyYEeHUU ITOM
TEMbl B CpeAHen LKone, coxpaHstTca. MNpuynHbl TpyaHOCTENM — BbICOKMI YpOBEHb ab-
CTPaKUMKN MOHATUI, CMOXHAas Nnormdeckas CTpykTypa ux onpegeneHuin, HegoCTaTOYHOCTb
BPEMEHN A1 OCMbICNIEHNSA CITOXHbIX BOMPOCOB.

MoaToMy y yyawmxcs He cknagblBaeTcd LeroCTHOro npeactaBfeHnd O MOHATUM
onpenerieHHoro MHTerpana, a ocTalTCs Pa3po3HEHHbIE, YAaCTO He CBA3aHHble MeXay Co-
OoW cBefeHns, YTO He TOMbKO He CNocOBCTBYET pa3BUTUIO MaTEMATUYECKON KyIbTypbl, HO
N 3aTpygHsaeT ganbHenwee obyyeHue B By3e.

lMoHATWe MHTerpana siBNAeTCs O4HMM U3 OCHOBHbIX B MatemaTuke. 3yyeHune atoun
TeMbl 3aBepLUaeT LUKOMbHbIA KypC MateMaTuyeckoro aHanusa, 3HakoMuT yyallmxcs ¢ Ho-
BbIM MHCTPYMEHTOM MO3HAHUSA MUpa, a PAaCCMOTPEHME B LUKONE NMPUMEHEHUA UHTErpanb-
HOMO WCYUCIIEHUNA K BaXHeWWWMm pasgenam (pusvku nokasbiBaeT ydallMmcs 3HavyeHue
BbiCWeNn maTemaTuku. [loaTomy, Bonee LWIMPOKO npuBfekas 3agadym NpakTU4Yeckoro co-
AepXaHna npu U3ydeHnn AaHHOW TeMbl, MOXHO CYLLIECTBEHHO YNy4lUUTb YCBOEHWE MOHS-
TV UHTErpana yJawmmMmmcs.

HeobxoaumMocTb CBA3N Mexay y4eOHbIMM npegMeTaMn OUKTYeTCH Takke AMOaKTU-
4YeCKMMU NpuHuMnamMmm oby4veHuns, BocnuTaTeNbHbIMWU 3agadamm LKOSbl, CBA3bK 00y4eHus
C >KM3HbIO, MOLrOTOBKOM Y4YalUMXCA K NPAKTUYECKON AEATENbHOCTU. OTU CBSA3N UrparoT
BaXKHYl0 POfb B MOBbLILIEHUN MPaKTUYECKOM U Hay4yHO-TEOPETUYECKOM MOArOTOBKU y4a-
LLUNXCS, CYLEeCTBEHHOM OCODBEHHOCTbID KOTOPOW SABMSETCH OBMafeHue LIKONbHUKaMM
0006LLIEHHBbIM XapaKTepoOM No3HaBaTeNbHOMN AeATENbHOCTH.
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Mpn bopMMPOBAHUN OCHOBHOMO MOHATUS (MHTErpana) HeobxoauMO y4MTbIBaTb, YTO
OHO [aéTcsa B focTaTouHO obuen, abecTtpakTtHon dopme. NMoTomy, rmaBHasi TPYAHOCTb CO-
CTOMT B KOHKpeTM3auuu, T. €. B YMEHUM BUOETb 3a MaTeMaTUYECKUMN TEPMUHAMWN U UX
onpegeneHnsaMm KoHKpeTHble obpasbl. 34ecb 60mMbluyl0 NOMOLLb YYEHUKY OOSDKHbI OKa-
3aTb XOpPOLWO nogobpaHHbIe NpUMeEpbI.

MoMnMo 3HaHWUS onpefernieHnst NOHATUS YYEeHUK LOSMKEH, MO BO3MOXHOCTU, UMETb O
HUX 3puUTenbHOE npeacTaBrieHne (Hanpumep, onpeferieHHbI UHTerpan - nepemMeLleHue
TOYKM 32 NPOMEXYTOK BPEMEHUN). YCBOEHHble (busmyeckne obpasbl, pUCYylOLLNE KapTUHY
paccmaTpMBaeMOro SIBMeHWsi, HagoNro OCTalTCa B NaMATU ydawmxca. OTOMY Cnocob-
CTBYET pelueHue 3agad, Harnpumep, 1M3n4ecKkoro cogepxaHus.

[Mpu BBEOEHUM NOHATUSA MHTErpana Kak npegerna vHTerpanbHbIX CYMM y4uUTesnb MO-
XeT ucnonb3oBath cnefyowme 3agadm ans unnioctpauuu.

1) Sadaya o pabome rnepemeHHoU cursibl. [pegnonoXnMm, YTO Ha TOYKY, OBWXKYLLYHOCS
no ocu X, AenCTByeT HekoTopada cuna F, HanpasneHHasi no Tom e ocn. Mbl 3Haem, 4YTo ecnu
cuna F noctosiHHa, TO paboTa paBHa Fs, rae s — nyTb, NPOMAEHHbIN TOYKOW. [Mpeanonoxum
Tenepb, YTO F MEHSAETCHA OT TOYKM K TOUKE U HAM U3BECTHO €€ 3HadeHne F(X) B KaXkgom ToYKe
X HEKOTOPOro npomMexyTka [a; b]. Kak HanTtn paboTy A no nepemMeLLeHnto To4kM 1u3 a B b?

PeweHne. Paszobbem oTpesok [a; b] Ha n oTpe3koB. byaem nNpubnmxeHHO cumTaThb,
4YTO Ha KaXXOOM OTpes3Ke cura noctosiHHa. B kadecTBe MOCTOSAHHOW CUMbl HA OTPe3Ke [Xk-1;
Xk] MOXHO B35iTb 3Ha4YeHne OyHKUMM F B OOAHOW M3 TOYEK 3TOro oTpeska, Hanpumep B TOY-
Ke Xx. Paboty Ha k-oTpeske nyTn npubnmxeHHO MOXHO NpeacTaBUTb Kak NpousBeneHue
F(X,)AX, , @ Ha BceM oTpe3ke — CYMMOM:

A, =F(x)AX, +... + F(x, )AX, . 1)

Takum obpasom, paboTy A no nepemeLeHno TOYKM N3 a B b MOXHO NpunbnMXKeHHO
BblYMCNATL NO popmyrne (1).

Cymmy (1) HasbIBalOT MHTErpansHon cymmon dyHkumm F(X) Ha oTpeske [a; b]. MNpwu
3TOM npeanonaraeTcs, 4To pyHKumna F(X) HenpepbiBHa Ha oTpeske [a; b] n MoXeT NpuHK-
MaTb Nobble 3Ha4yeHus. Ecnum N — oo 1 ANuHbI OTPE3KOB pa3buneHns CTPEMATCHA K HyIHo,
TO MHTerpanbHasi cymma A, CTPEMUTCS K HEKOTOPOMY YMCHY, €ro U Ha3bIBalOT MHTErpPariom

b
oT dyHKUMK F(x) Ha oTpeske [a; b] n o6o3HaqatoT [ F(x)dx .
a
2) Salaya 0 eblHuCIeHUU MacChbl HEOOHOPOOHO20 CMepPXXHS. [aH NPSAMONUHENHbIN
HEOOHOPOOHbIN CTEepPXEeHb, NIIOTHOCTb KOTOPOro B TOYKE X BblYUCRSETCs no copmyrne
p = p(x). Hantn maccy ctepxHs.
Pelenne. PaccmoTpum maccy CTepkHsi Ha oTpeske [a; b]. PasaobbEm 0Tpe3ok Ha n paB-
HbIX YacTen. byaem npubnmkeHHO cunTaTh, YTO Ha KaXKOOM OTpe3Ke NIOTHOCTb MOCTOAHHA. B
KayecTBe NOCTOSIHHOW MSIOTHOCTU Ha OTPe3Ke [Xk-1; Xk] MOXHO B3ATb 3Ha4YeHne pyHKUMM p B
OOHOWM M3 TOYeK 3TOro oTpeska, Hanpumep B Touke Xx. Maccy Ha k-oTpeske mpubnvkeHHo
MOXXHO NPeACTaBUTb Kak npoussegeHne p(X, )AX, , a Ha BCeM OTpeske — CYMMOM:

m,, = p(x)A%; + ... + p(x, JAX,, (2)

Taknm 0Bpa3omM, Maccy CTEPXKHA M MOXHO MPUOAMXKEHHO BbIMUCAATL MO hopmyrne
(2). TouHOe 3HauyeHMe macchbl CTEPXHA BbluMcnseTcs no cdopmyne m = limm, . Janee
nN—oo

BBOOWUTCA NMOHATUE UHTErpana Kak npegena CyMMbl.
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3) 3adayva o nepemeweHuU moyku. NMyCTb NO NPSAMON OBMXKETCHA MaTtepmarnbHasa Tou-
Ka. 3aBMCUMOCTb CKOPOCTW OT BpeMeHW BblpaxaeTcs copmyrnon v =V (t). Hantu nepe-
MeLLEHNE TOYKM 3a MPOMEXYTOK BpeMeHHU [a; b].

PeweHune. Ecnn 66l aBmxkeHne 6bino paBHOMEpPHbIM, TO 3aJada pelanachb 6bl 0O4eHb
npocTo: s =vt, To ectb S=V(b—a). [Ina HepaBHOMEPHOro ABMXKEHUS pa3obbEM Mpome-

XYTOK BpeMeHu [a; b] Ha n paBHbIX YacTen. PaccMOTpMM NPOMEXYTOK BpeMEHU [ty.1; tk] n
Oyaem cumTtaTb, YTO B 3TOT NMPOMEXYTOK BPEMEHM CKOPOCTb Oblnia NOCTOSAHHOW, TaKoW, Kak
B MOMEHT BpPEMEHU ty: Vv =v(tk). lMepemelleHne TOYKM 3a MPOMEXYTOK BPEMEHMN [ty.1; tk]

NPUBNNKEHHO MOXHO MPeacTaBUTb Kak Npou3BefeHne v(tk )At, . Haiiaem npubnmkeHHoe

3HayeHue nepemelleHna s:s =S, rae S, :v(tl)At1+... +v(tk )Atk Sk=V(t1). TouHoe 3Have-

HWe nepemeLleHns BelumcnseTca no opmyne s = limS,. [Janee BBOAWTCA NOHATUE WH-
n—o

Terpana kak npegena CyMmbl.

4) 3adaya o OaerneHuUU xudKocmu Ha cmeHKy. baccenH BbiCOTbl H HanomnHeH Boaown.
Bbluncnnte gaBneHne Boabl Ha NPSIMOYrofibHY0 CTEHKY 6acceiHa ¢ OCHOBaHMEM MpPSMO-
yrofibHuKa, paBHbIM a.

Pewenne. Pasgennm BbicoTy H Ha n paBHbix YacTten (Ah). CTeHka pasgenuTcs Ha
«anemeHTbI». Tak kak KyboMeTp BOAbl BECUT TOHHY, TO AaBreHue cTonba XUAKOCTU BbICO-
Tbl hi M, UMetoLero cedenne 1 M% paBHo h; ToHHaM. [JaBneHue xe BOAbl Ha 3NEMEHT,
Haxogsawmunca Ha rnybuHe h;, paBHo npoussegeHuto h; Ha nnowanb anemMeHTa: haAh.
O6o3Haunm npousBegeHne ha 4vepes F(h;). Torga BenvymMHa OaBneHUst Ha BCIO CTEHKY
npubnmxeHHo pasHa P, ~ Fy(hy)Ah, +... + F,(h, )Ah, .

[aHHy0 cymMMy HasblBalOT MHTErpanbHon cymmon pyHkumm n F(h) Ha otpeske [0; HJ.

Mpn aTtom npepgnonaraetcd, 4To yHKUMs F(h) HenpepbiBHa Ha oTpeske [0; H] n moxeT
npuHUMaThb Nodble 3HavYeHnsa. Ecnm N — o0 1 BbICOTbI «3NIEMEHTOBY» CTPEMSATCS K HYIO,

TO TOYHOE BblpaXXeHne CyMmMbl paBHO Iri]mo Pn . Ero HasbiBatoT onpeageneHHbIM NMHTerpasiom
Ah—

oT dpyHkumm F(h) Ha oTpeske [0; H] n o6o3Ha4vatoT lf|:(h)o|h.
0

[anee noHATVe onpeaeneHHoOro uHTerpana obobLaeTcss Ha NPOU3BOSILHYIO Hernpe-
PbIBHYO OYHKLMIO F(X) 1 MPOM3BONbLHBLIM OTPEe3ok [a; b].

Takon nogxopn K onpedeneHvio MHTerpana npegnonaraeT BBeAeHWe onepauum UH-
TErpupoBaHns Kak He3aBMCUMOWM ornepauuun; Npu 3TOM MHTerpasn onpenensieTcs Kak npe-
Aen nocrieoBaTeribHOCTU, COCTaBMEHHON U3 UHTErparnbHbIX CyMM.

C yyeHuKamu pellaroTcs AaHHble huandeckne 3agaydun, 3atem 3agada o nnowagn Kpu-
BOINMMHeNHON Tpaneuuu. [ocne yero, 0606LMB NOMNyYeHHbIE pe3yrnbTaThl, MepexoasT K onpe-
AeneHno MHTerpana Kak npegena cymMmm. XoTs JaHHOE onpeferieHne rpoMo3Ko, HO mnaes
MeToa HarnggHa (reomeTpudeckas nHTepnpeTaums — nNnoLwagb KpUBOSIMHENHOW Tpaneuun).
BmecTe ¢ onpegeneHvemM nHterpana nony4yatrT U cnocob ero BblMUCIIEHNS.

Ho, Kak n3BecTHO, UHTerpan MOXHO onpeaenaTb He TOMbKO Kak npeaen MHTterpanb-
HbIX cyMM. [M03TOMy paccMOTpUM HECKONbKO 3ajad, rae WHTerpan onpegenseTcs Kak
npupaLleHme nepBoodpasHon.

1) 3adaya o nepemeweHuu moyku. INyctb v =v(t) CKOPOCTb NPAMOSIMHENHOIO OBUXE-
HUS1 TOYKM, 3afjaHHas Ha HEKOTOPOM MPOMEXYTKe BpeMeHu [ti; to]. Mpu aTtom nyctb v(t) > 0.
Kak Bblpasutca anvHa nytu, NpoaeHHOro TOMKOW 3a JaHHbIN MPOMEXYTOK BPEMEHN?

PeweHne. O603HauMM KoopanHATY OBUXKYLLENCHA TOYKM B MOMEHT t yepes S(t). To-
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roa, Tak Kak ABwkeHwe npu v > 0 NPOUCXOAMT TOSMbKO B MOMOXWUTENBHOM HamnpasfieHun
(vnun nHave, Tak Kak S(t) — pyHKuna Bo3pacTarowas, BBuay Toro yto S'(t) =v(t) >0), T0

NCKOMOEe paccTosiHne byaeTt BblpaxaTbcs uncnom S(tp) — S(ty). C apyron cTtopoHbl, S(t)
ecTb nepBoobpasHas yHkumm v(t)(S'(t) =v(t)). Takum obpasom, BblHUCNEHNE ANWUHBI NY-
TW, NPOMAEHHOrO TOYKOW 3@ AaHHbIV MPOMEXYTOK BPEMEHW, CBOAMTCS K OTbICKaHUIO nep-
BooGpasHom S(t) pyHkummM V(t), T. €. K MHTErpupoBaHuo oyHKLMKM V(t).

PasHocTb S(tz) — S(t1) HasbiBalOT MHTErpanom ot dyHkumn v(t) Ha oTpeske [ti; to] u

t
0603HaYaloT Tak: jzv(t)dt =S(t,)-Slt,)-
ty
2) 3adayva 06 umnyrnbce cusbl. [ycTb Ha Teno Mmaccon m B Te4YeHue BpeMeHn t aen-
CTBYET Kakasa-To cuna F(t). Hantm konnyecTBo ABMXKEHUS Tena Npu 3agaHHOM 3aBUCUMO-
CTM CUNbl OT BPEMEHM 3a NPOMEXYTOK BPEMEHM [t7; to].
PelwweHne. Kak n3BecTtHO 13 msnkun, BTOPOM 3aKoH HbOTOHA B MMMYNbCHOM NpeacTas-
NeHMn BblpaxaeT ypaBHeHMe AP =FAt. lNpoussegenne P =mv(t) maccbl Ha CKOpPOCTb

Ha3bIBAETCH «KONMMYECTBO ABWXKEHUSA». Tak Kak CKOpPOCTb Tefia 3aBUCUT OT BPEMEHW, TO 3a
NMPOMEXYTOK BpeMeHU [ty; to] MCKOMOEe KONMYeCcTBO ABWXKEHUS MOXET ObiTb HaWdeHo Tak:
P(t,)-P(t;). C apyroi ctopoHbl, P(t) ecTb nepeoobpasHas dyHkummn F(t). Takum o6pasom,
BblYMCNEHNE KONMMYECTBA OBWKEHWUsI Tena 3a AaHHbIi NPOMEXYTOK BPEMEHM CBOAUTCS K
OTbICKaHUIO nepBoobpasHon P(t) pyHkumm F(t). PasHocTb P(t2)—P(t1) HasbiBalOT MHTErpanom

t
oT (pyHKuMKM F(t) Ha oTpeske [ty; to] 1 0603HavaloT Tak: fF(t)dt =P(t,)-P(t,)-
t

BennunHa HasbiBaeTCcAa Takke «MMMyNbCOM CUMbl» 3a Bpems [ty; to].

3) 3adaya o konuyecmese anekmpuyecmsa. [Npeacrtasum cebe nepemMeHHbIn ToK, Te-
KLU NO NPOBOAHUKY. Bbluncnnm KonNMYecTBo anekTpuyecTsa, NpOTEKAIOLWEro 3a uHTep-
Ban BpeMeHu [a; b] yepes ceveHne NpoBOAHMKA.

PeweHune. Ecnu Obl cnna He MeHAnacb CO BpeMeHeM, TO M3MEHEHWE KOonn4ecTsa
anekTpuyecTBa g paBHAnocb 66l NnponsseaeHuto [(b—a). MycTb 3agaH 3akOH N3MEHEHNs

| =1(t) B 3aBMCMMOCTM OT BpeMeHu. Torga Konm4ecTBO afekTpuyecTsa, NpoTekatoLwero 3a
nHTepBan BpemMeHu [a; b], paBHo q(b)—q(a). C apyron CTOpPOHbI, HA ManoM NPOMEXYTKe
BPEMEHN MOXHO CYMTaTb CUITy TOKa MOCTOsIHHOW M paBHou I(t), a dq=I(t)dt, cnenoea-
TENbHO, BbIYUCIIEHNE KONMYECTBA 3MEKTPMYECTBA 3a AaHHbLIN NPOMEXYTOK BPEMEHMU CBO-

ANTCS K OTbICKaHMO nepBoobpasHon dyHKumn I(t).
PasHocTb ((b)—q(a) HasbiBatoT uHTErpanom ot dyHkumm I(t) Ha oTpeske [a; b] n

b
obo3HavarT Tak: [I(t)dt = q(b) - q(a) -

OTOT noaxon K onpeaeneHuto nHTerpana npegnonaraet BBeAeHWe onepaumm NHTe-
rpupoBaHusA Kak onepaunn, obpatHon anddepeHumpoBanmto. MNMpn atom dopmyna Hbto-
TOHa-J1enbHMLUa NpaKTUYECKN CIYXUT onpeaesnieHMemM nHTerpana.

OpHako B 3TOM criyvyae uges metoga CyMMUMPOBAHWUS OTXOAUT Ha BTOPOM nnaH. He-
AOCTaToOK 3TOro noaxoda COCTOUT B TOM, YTO MOSBNSAKOTCA 3aTpPyAHEHUSA MPU U3YyYeHUU
NPUIIOXeHUNn uHTerpana. B utore Bce-TakuM NpuxoguTcs paccMmaTpuBaTb WHTErpan Kak
npegen uHTerpanbHbIX CyMM, YTOObI NONYYNTb €AnHbIA, JOCTAaTOYHO 00LW M MeTo peLle-
HUSA 3aa4y reoMeTpun, MexaHuKK, ANEeKTPOANHAMUKA U OPYrMX pa3nenos pusnkin.
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Bce BblluepaccMOTpeHHble 3agadnm — 3TO Hambonee 4acTto BCTpevarlmecss B
LLUKONBbHOM Kypce (bM3MKM 3aKOHbI 1 hOPMYIibl, MO3TOMY OHM HEe TPEeBYIT OT yvalumxcs o-
NOSTHUTENbHbLIX 3HAaHWUW NO (hu3nke, a, criegoBaTesibHO, YAOBNETBOPSAIOT Kak MpuHUUMNY
Hay4YHOCTW, TaK N NPUHLMNY AOCTYMNHOCTM MaTepuana.

Kpome Toro, npu nsydeHun nHTerpana cylectBeHHbIM aABnAsieTcst 0T6op CBOMCTB, KO-
TOpble HEOBX0AMMO 3HaTb y4YeHuKaM. MX OOMKHO ObiTb AOCTAaTOYHO AN pacCMOTpeHus
NPUNOXEHUN NHTErpana, u B TO XXe BPeMsl He A0JKHbl BBOAUTLCA CBONCTBA, 6€3 KOTOpbIX
MOX>HO 0O60MTUCH B AanbHENLLEM.

HwxenpuBeaeHHble CBOMCTBA UHTErpana paccmaTpmBaloTCAa Ha pasfnnyHbIX ousnye-
CKMX 3agavax.

1°, ?F(x)dx = —?F(x)dx : (3)
a b

PaccmoTpum gokasaTenbCTBO JAHHOMO CBOWCTBA Ha 3afadve O nepemMeLlLleHUn TOYKW.
(MycTb No npsiMon ABWXeTCs MaTepuarnbHas Tovka. 3aBUCMMOCTb CKOPOCTU OT BPEMEHU Bbl-
paxaeTtcs goopmyrnon v=v(t). Hantn nepemeLleHne TOYKN 3a NPOMEXYTOK BpeMeHu [a; b].)

[Mpu BBEOeHUM UHTerpana paccMaTtpuBaeTCs Cnyyan, Korga HWKHUW npeaen vHTe-
rpMpoBaHMsa MeHblLUle BepxHero. Ho onpeaeneHHbIn nHTerpan MoXxHo o6o0LWuTb 1 Ha cny-
Yan, Korga BepxHuUM npenen MeHblue HwkHero. B aTom cnydae obpatumca K onpegerne-
HUIO MHTerpana kak cyMmbl. Pa3buBasi oTpesok oT [a; b] npoMeXyToYHbIMX 3HAYEHNSMU
t,t, ..., 1, ;, ybeaumca, 4to Bce At Tenepb oTpuuartenbHbl. Jlerko ybeauTtbcsa, 4TO

b a
[v(t)dt =—[v(t)dt, (1) Tak kak npu noGom pasbueHnn otpeska [a; b] cooTBeTCTBYIOWIME
a b
CyMMbl ByayT oTnnyaTbCs 3HakaMu Bcex At BO Bcex crnaraembix.
b c b
2°. CBOWCTBO aAAMTUBHOCTM UHTErpana: JF(x)dx = [F(x)dx + [ F(x)dx.
a a C
[lokaxkeM CBOMCTBO Ha Npumepe TOM e 3aga4vm O NepemMeLLeHnn Toukn. CyectBeHHoe
CBOWCTBO MHTerpana coctouT B TOM, 4TO 06nacTb MHTENPUPOBaAHNS MOXHO pa3buTb Ha YacTu:
nyTb, NPONAEHHbIV 3a BpeMs OT a (Hayana) oo b (koHua), MoXXHO NpeacTaBUTb Kak CyMMy ny-
TW, NPOMAEHHOTO 3a BPEMSs OT a A0 € (NPOMEXYTOYHOIro MOMEHTA) 1 OT € 4o b.

?v(t)dt = Tv(t)dt + ?v(t)dt. (4)
Mpn nomowym COOTHOLIJeHal‘/IFl (3) MO;HO paCI'IpCOCTpaHVITb dopmyny (4) n Ha cny4an,
Korga € He NeXnT BHYTpU NpoMexyTka [a; b].
MycTtb ¢ > b > a. Torga o4yeBngHoO Tv(t)dt = tj)v(t)dt + ch(t)dt .
MNepeHecem nocnegHee cnaraemog B neByroZaCTb 7 BO(k:)I'IOJ'Ib3yeMCFI (3):
(j:v(t)dt — (j:v(t)dt = (j:v(t)dt + lfv(t)dt = Tv(t)dt : (5)
a b a c a

Takum obpasom nonyynnu paseHcTBO (5), B TOYHOCTM coBnagatoLlee ¢ (4).

AHaNorM4YHoO MOXHO PacCMOTPETb Crlydan APYroro pacnonoXeHus yucen a, ¢, b (1x
BCEro LWIECTb BapuaHTOB). YyallMecsi Nerko MoryT caMoCTOosTENbHO yoeautecs, 4to dop-
Myna (4) okasbiBaeTCsi BEPHON BO BCEX 3TMX Cryyasix, T. €. He3aBMCMMO OT B3aWMHOro
pacnonoXxeHus yicen a, c, b.
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b b b
3°. CsoicTea nuHeitHocTY uHTerpana: [ (F(X)+F,(X))dx = [F(x)dx + [F,(x)dx,
a a a
b

[aF(x)dx = atjJ F(x)dXx .

PaccmoTpum gokasaTenbCTBO 3TUX CBOWCTB Ha npumepe 3agaym o paboTte nepe-
MEHHOW CUilbl N 3a4a4n O LaBMEHUN XXUAKOCTU Ha NPSIMOYrOSibHYO CTEHKY 6accenHa.

3.1. lNycTb K MaTepmarnbHOM TOYKe, OBUXYLLENCS MO OCU X, NPUNOXeHbl ABe CUSlbl
F1(X) n F(X), HanpaBneHHble N0 OAHOW NPSAMON B OOHY CTOPOHY. Mo gencrenem aTux cun

mMaTepuaribHas Touka nepemecTtunach M3 TOYKM a B Touky b, npu aTom paboTa Kaxgon cu-
b b

Mbl Ha 9TOM OTpeske BbluMcnseTcs no dopmynam: A, = [F(x)dx 1 A, = [F,(x)dx. Torga
a a
obwas paboTa, coBeplieHHas o6enmu cunamu, paBHa
b b
A=A +A, = [F(x)dx+ [F(x)dx . (6)
a a

C Opyron CTOpOHbI, ecnv K Teny npunoxeHbl Ase cunbl F1(X) n Fz(X), HanpaBneHHbIe
Nno OAHOWM MPSIMON B OOHY CTOPOHY, TO UX paBHodencTBytowas F(x) HaxoguTcs no oopmy-
ne F(x)=F,(x)+F,(x). Pabota aTon cunbl paBHa

b b
A = [F(x)dx = [ (F(x)+ Fy(x))dx. (7)
a a
B cuny paBeHcTBa neBbix Yacten B popmynax (6) n (7) nony4yaem paBeHCTBO npa-
b b b
BbIX, TO €CTb [ (Fy(X) + F,(x))dx = [F(Xx)dx + [F,(x)dx.
a a a

HeTpyaHo nokasaTtb, Y4TO AaHHOE CBOWCTBO BbINOMHSAETCA Ans Noboro KOHe4YHoro
yucna cun, AerCTBYHOLNX HA TOYKY M HanpaBfieHHbIX NO OAHOW MPSMON B OOHY CTOPOHY.
OTO CBOWCTBO NOKa3bIBAET, YTO MHTErpan CyMMbl HECKONbKMX cnaraemblx pa3busaeTtcs Ha
CYMMY MHTErpanoB OTAeMbHbIX CraraeMbix.

Ecnu xe Kk maTepuanbHOM TOYKe, OBMXKYLLENCS NO OCUM X, MPUIIOXEHbl ABE CUNbI
F,(x) n F,(x), HanpasneHHble No o4HOW NPSIMOW, HO B NPOTUBOMOSOXHYIO CTOPOHY, TO UX

pasHogencTeyowas F(x) npu F(x) >F,(x) HaxoguTtca no cdopmyne F(x)=F(X)—F,(x).
b b b

Toraa BepHo crieaytoliee paBeHCTBO: [ (F(X) — F,(x))dx = [F(x)dx — [ F,(x)dx.
a a a

3.2. PaHee 6bIn npuBegeH MeToq BBEAEHUSA MHTErpana, OCHOBAHHLIN Ha paccMoT-
peHun 3aga4un o AaBNeHUM XNOKOCTU Ha NPSIMOYrofibHYK CTEHKY BacceriHa ¢ OCHOBaHMEM
a, B pesynbTaTe peLleHnsa KOTopon nosyyeHa popmyna

H H
P = [F(h)dh = [hadh, (8)
0 0

roe a — BenuynHa nocTosiHHas!, paBHasi LUMPUHE CTEHKM BaccenHa.

Pasgenum npamMoyronbHyo CTeHKY BaccerHa Ha a NPSIMOYroSfibHUKOB C OCHOBaHMEM,
paBHbIM eamHuue. Toraa Becb 6accenH Takke pasgennutcs Ha a paBHbIX YacTen, Nnpudem
AaBreHne Ha NPSIMOYrofilbHYK CTEHKY C OCHOBaHMEM, PaBHbIM €OMHULE B KaXO0W 4acTu,
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H
ByneT BbluncnATLCA No dopmyne p = [hdh. YuuTbiBas, 4To BO BCEX YacTsiX AaBneHue
0

OOHO M TO Xe U BCero 4acten a, To obuiee AaBrneHne paBHO
P:ap:aThidh. 9
B cuny paBeHcTBa neBbix YacTen B cbopl\(/)lynax (8) n (9) nony4yaem paBeHCTBO npa-
BbIX, T. €. |}ahidh = a? hydh.
0 0

[laHHOe paBEeHCTBO MOXHO 0600LWMTbL Ha MPOM3BOSIbHYIO HEMnpepbiBHY OyHKLMIO

b b
F(X) 1 NIPOM3BONbHbIN 0Tpe3ok [a; b], T. e. [aF(x)dx =afF(x)dx .
a a

b
4°. Ecrm f(x) > OHa oTpeske [a; b], To [f(x)dx>0.
a

[lokakem gaHHOe CBOWCTBO C MOMOLLbIO 3aJa4yM O Macce CTepxHs. [1pn BBeaeHumn

NOHATUA MHTEerpana ¢ NOMOLLbI0 3aayM O BblYUCIIEHUN MACCbl HEOQHOPOAHOIO CTEPXKHSA
b
Bbina nonyyeHa cdopmyna m = [ p(x)dx.
a

Kak n3BectHO, NSIOTHOCTb BelwecTBa — 9TO hn3ndeckass BenmymHa, nokasbiBaroLlas,
YyeMmy paBHa Macca BellecTBa B eguHuULEe obbema, cnefoBaTernibHO, 3TO BENMYMHA HEeoT-
puuatenbHas. C Opyron CTOPOHbI, Macca BellecTBa eCTb Takke BenuvyuHa HeoTpuua-
TenbHas. Takum obpasom, nonydaem: ecnu noabiHTerpanbHaa (OyHKUNA HeoTpuuaTenbHa

b
Ha paccmaTpyBaeMom oTpe3ske, To f(x) >0 = [f(x)dx>0.
a

Mcnonb3yemble B AokasaTenbCTBax CBOMCTB WHTerpana duanyeckue mMogenu, BO-
nepBblX, HarnNAgHbl, BO-BTOPbIX, NPY COOTBETCTBYIOLEN METOAMKE BBEAEHUS MOHATUSA UH-
Terpana gaHHas MeToAMKa BBeLeHUS CBOMCTB 3acCTaBrisieT NMOCTOSHHO MOBTOPSATb MPOM-
AEHHOe, BCMOMMHATb MOfyYeHHble Npyu BBeAeHUU dopmynbl. Bce aTo yaosneTsopsieT
NPUHLMNY NPOYHOCTU 3HAHUM U HArNAgHOCTU B OByYeHu.

lMocne pelweHns punsnyecknx 3agay MoOXHO AoKa3aTb BCE paCCMOTPEHHbIE CBOMNCTBA
WHTerpana Ha OCHOBE reOMeTPUYECKOro CMbICIia MHTErpanbHOM CyMMbl U Nnowagemn Kpu-
BONMMHENHbIX Tpaneuun, YTo no3BOSUT NOAYEPKHYTb CBA3b MaTteMaTuku U puUsnkK, a Tak-
Xe byget cnocobcTBOBaTHL Ny4ylIEMY YCBOEHUIO y4allMMUCA CBOWCTB UHTerpana.

Kpome Toro, MOXXHO MCNoMb30BaTh 3a4a4qy U3 pasnMyHbiX pa3genos oM3nku ang oT-
paboTKM HaBbLIKOB NHTENPUPOBAHUS.

1. Acnonb3oBaHMe CBOUCTB UHTerpana

Ne 1. Bbluncnute cuny gaerneHust Boabl Ha BepTuKanb- Ll

HbIN NPAMOYTOSIbHbIN LWIIKO3 C OCHOBaHWeM 18 M 1 BbicoTOoN 6 o
M (puc. 1). or
PewweHne. Cuna gaBneHusi BoAbl 3aBUCUT OT FyOuHbI X ° PP IIOI yrrszi bl
norpyxeHns nnowagkn: P(X)=ax, roe a — nnowagp nno- '
2 _ 2 Puc. 1

6
wagku. MNonyyaem P = 18j xXdXx = 186T = 324(T).
0
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Ne 2. Teno 6poweHo ¢ NOBEPXHOCTM 3emnM BepTUKanNbHO BBEPX C Ha4yarbHOW CKO-
poOCTbIO Vo. KakoBa Hanbonbluasa BbicOTa, 4OCTUraemas Tefiom?

PeweHune. CkopocTb Tena B nobo MOMEHT BpeEMEHU t ABUXEHUS paBHa pasHOCTH
Ha4anbHOW CKOPOCTU U CKOPOCTU gt, BbI3BAHHOW YCKOPEHWeM, onpenensiemMblM CUITON TSH-

XecTu: v =v, —gt. [BkeHne BBepx ByaeT npomucxoauts npu v =v,—gt >0, To ecTb npu
Vo

v g v2

0<t<-2. Takum o6pasomM, MakcumarbHas BbicoTa noneta pasHa h = [(v, —gt)dt = 2—0
0

2. BBegeHue HOBOM nepeMeHHOMN
Ne 1. 3agaH 3aKOH M3MEHEHMUSI CKOPOCTU OBWXKEHUA MaTepuanbHOM TOYKM MO Mps-
2

Moi: y =(2t +1)3(Bpemsi t B cekyHOax, CKOPOCTb V B MeTpax B cekyHay). Kakoih nyTb
NponaéT Touka 3a 13 ¢ oT Havana asmxkeHus (t = 0)?

PeweHne. B kayectBe HOBOW MEepeMEHHON BBEOAEM BENUYUHY, CTOSILLYIO B CKODOKax.
Hasosem e€ z, z=2t + 1. lNpu aToM Hago Tarke oT anddepeHunana dt nepentn Kk anddge-
peHumany dz. Monyuum dz = 2dt,dt =dz/2. Belumcnum cHavana HeonpeaeneHHbI NHTerparn:

5 5
2 2 2 3 3
s=[(2t+1)3 :jz3%:1jz3dz:z—+0:w+c.
2 2 2.5 2.5
2 2 2
13 . 3_(n. 3 _
Takum obpasom, s = [(2t +1) dt = (2 13+1)2 5(2 0+D° _ 72190 3 =726 mlc.
0 '3

Ne 2. BblYMCNUTL KOSIMYECTBO 3NEKTPUYECTBA, NpoTeKalLlee Yepes Lenb 3a npome-

XyTok BpeMeHnu [0,01;1], ecnu Tok nameHsaeTcsa no gpopmyne 1(t) =0,5 COS(lOOﬂt +%)

PelweHune. 3a anemeHTapHbI NPOMEXYTOK BPEMEHU MpOTEKAeT KONMMYECTBO 3rEK-
TpuyectBa dqg=I(t)dt. B kayecTBe HOBOW MEepPeMEHHON BBeOeM BENVYMHY, CTOSILLYH B

du. 3HaunT, obLLiee KONMYECTBO 3neKkTpuyecTsa

ckobkax. u =100 + 2. Torga dt = 1
6 100~

paBHO

q = [0,5cos| 1007 + zjdt = jO,Sicosudu =05 sinu+C =05
6 100~ 1007~ 100~

Sir(lOOﬂt +%) +C

1
q= | 0,5005(1007zt+£]dt:0,5 1 sir(lOO;r-1+£j—0,5 1 sir(looyz-o,01+fJ=i
00 6 1007 6 1007 6) 200z

Ne 3. Touyka gBmxeTca nNo nNpsaAMon. B HayanbHbI MOMEHT BpemMeHn t = 1 ¢ e€ cko-

1 -
pocTb paBHa 1 M/c, a 3aTeM yMeHbLUAeTCs M0 3aKOHY V = ———— . Hangute anvHy nytu,

(4t + 3)
NPONAEHHOrO TOYKOM 3a 4 C OT Ha4YarbHOr0 MOMEHTa BPEMEHW.
3. UHTerpupoBaHue nytem noacTaHOBKM (BHeCeHMeM nop 3Hak audpcpepeHumana)
Ne 1. HanTn BenuuuHy gaBneHus Ha MNONYKPYr, BEPTUKANbHO MOrPYXEHHbIA B XUA-
KOCTb, €CINN ero paguyc paBeH R, a BEpxXHUN AnameTp NexuT Ha cBobBO4HOM NOBEPXHOCTH
XWOKOCTW; yAenbHbIA BEC XXUOKOCTU PaBeH y .

~8~
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PeweHue. MNpoBeaem ropusoHTarnbHyt0 NONOCKy Ha rnybuHe x. Cvna gaBneHus xua-

R
KOCTW Ha 3Ty nonocky pasHa dP = 2)xvR? — xdx. Takum o6pasom, P =y [ 2xvR? — x?dx.
0

3ameTum, uTo 2xdx = dx?, Torga
R R % 2 § 2
P =y [2xVR? - x?dx =~y [[R? X[ d(R? - x?) =y Z(R* = x*) [} =Z,R°.
o o 3 o 3

Ne 2. KoHey, Tpy6bl, NOrpy>X€HHOM rOpM3OHTarlbHO B BOAY, MOXET ObITb 3aKpbIT 3a-
cnoHkon. OnpeoenuTb AaBreHne, UCNbITbIBAaEMOE 3TOW 3aCfIOHKOW, ecniv eé anameTp pa-
BeH 60 cm, a ueHTp HaxoguTcs Ha rnybuHe 15 m nog BoAow.

PaccmMoTpyM HEecKonbko HeTpUBUANbHbIX NPUMEPOB NPUMEHEeHUA UHTerpana B
cusnke. PeleHne gaHHbIX 3a4ad NOMOXET yyalUMMCA OCO3HaTb 6OMbLUY0 NPUKNagHYH
3HA4YMMOCTb MHTErpana, a Takke Nno3BonuT coopMMpoBaTb 3pUTENbHbIE 0Opa3bl NOHATUS
WHTerpana.

Ne 1. Ha npsimon pacnonoxeHbl MatepuanbHas To4ka MacCbl M U O4HOPOAHbLIN
cTepxeHb Maccbl M 1 anuHbl |. Touka yaaneHa OT KOHLOB CTEPXKHSI Ha pacCTOsiHMSA C U
c +|. OnpegennTb cuny rpaBUTaALMOHHOIO NPUTSHKEHUS MEXOY CTEPXKHEM N TOYKOWN.

PeweHne. Pa3zobbem oTpesok [C; ¢ + |] Ha BonbLoe Yncno oTpeskoB. Ecnn oTpesku
3TN Marnbl, TO Maccy Ka)Kgoro U3 HMX MOXHO CYMTaTb TOYEYHON U CUNy rpaBUTALMOHHOIO
NPUTSHDKEHUST MexXay TakMm OTPE3KOM U MacCoM M BbIMMCNATbL MO 3aKOHY BCEMUPHOrO TS-
roteHusi. Ecnn anvHa otpeska paBHa Ax, a paccTosiHMe ero oT Havana KoopauHaT paBHO

MM Ax.
Ix?
CyMMUpYySa MONYyYEHHbIE ANSA KaXKAOro oTpeska 3HaYeHUs Cunbl rpaBUTALMOHHOIO
NPUTSXKEHUS, Mbl MONYYUM NpeaCcTaBfieHMe NCKOMOW CUSbl B BUAE CyMMbI TeM Bonee Tou-
HoEe, YeM Menbye OTpe3ku, Ha KoTopble Mbl pa3dbuBanu oTpesok [c; ¢ + I]. B npegene no-

c+l
nyynm jym;vldx.
¢ Ix

Ne 2. CtepxeHb AB BpalaeTca B ropn3oHTaNIbHON MIOCKOCTU BOKPYT BEPTUKAITbHON
ocn OO’ ¢ yrnoBom ckopocTblo =107 pap/c. MonepeyHoe ceveHne CTEPXHSI S = 4cm?,

AnuHa ero | = 20 cM, NNOTHOCTL MaTepuana, U3 KoToporo oH uarotosneH, ¥ =7,8-10°

kr/M3. HallTy KNHETUYECKYHO SHEPIUI0 CTEPIKHSI.
PeweHune. KnHetudeckas aHeprus Tena, BpallaloLerocs BOKPYr HEMOOBWMXXHOM OCHU,

X, TO cuna rpaBnTauOHHOIO NMPUTAXEHUA paBHa

1
paBHa EJa;Z, rae @ — yrnosas CKOPOCTb, @ J — MOMEHT MHEPLIMM OTHOCUTESNBbHO OCK Bpa-
LweHns. MOMEHT MHEpLMM CTEPXHS OTHOCUTENbHO ocv paBeH Sy %Al , oTcloaa KMHeTUYeckyto
5 0.2 §1422 SA3W2 02
SHEPIUI0 CTEPXKHS MOXHO HalTu no doopmyne: K = | 7{2 dl = ﬂ6 ‘0' =4,2 (Ox).
0

Ne 3. Hantn gaBneHue Boabl Ha NMOTUMHY, €CAM BoA4a AOXO4MT 4O €€ BEpPXHEero Kpas
N ecnu U3BecCTHO, YTO NMIOTUHA UMEET BN Tpaneuum ¢ BbICOTOM h, BEpXHUM OCHOBaHMEM
a U HWXHUM OCHOBAaHKWEM b.

PeweHune. PaccMoTpuM aneMeHTapHbIN Cron, HaXoaaWmMnNesa Ha rnybuHe x n nmeto-

WM BbicOTy dX. Jlerko gokasaTtb, YTO AfMHA 3TOrO Criosi paBHa a — x . MoaTtomy ero

~9~
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nnowaae dS paBHa (a—a%bxjdx, a pasneHve dP Ha Hero paBHO x(a—?xjdx. Bcé

x?2 h a-b x® n h?
Sl = @2,

JaBlieHne Ha NioTUHY BblpaXaeTcd NHTerpasiiom

h a a-b
P=j[a— S
0

Ne 4. Hawmgute paboTy nepemMeHHOro TOKa, MW3MeHswLweroca no dopmyne

h h
x)xdx:aj xdx — [x*dx=a
0 0

: 2
I(t) =1, Sinwt 3a NPOMEXYTOK BpemeHM{O;— , €CIT CONpOTUBIIEHME Lienu paBHo R.
w

PeweHune. Kak n3sectHo us d)VISI/IKI/I, B Cltydae NOCTOAHHOIo TOKa MOLLHOCTb BblparkaeT-

b
ca dopmyrnon W =1?R . O6o3Haunm, 2 =T . MNoatomy, yunTbiBas, 4to A = [W (t)dt, nme-
@ a
T T T(M1_ 2 2
em: A= [RiZsir? widt = RIZ]sirfotdt = RiZ[{E2202M0q _ Rl L o) [T _LRZ

Ne 5. [1Ba ToueuHbIX anekTpuyeckunx 3apsiaa +10™ n =10 Kn HaxoasTes Ha paccTos-
Hun 10 cm gpyr oT gpyra. Hangute paboty, Heobxoanmyto onst Toro, YToObl pa3BecTn Mx
Ha paccTosiHue 10 Km.

Pewenne. Cuna B3anmogencteusa F mexay 3apsgamu pasHaF :% (a = kgiqz, roe
r
HMZ/KHZ). Torga paboTta aTon cunbl, Korga 3apsag (; HENOoABUXKEH, a 3apsa (. nepeasura-
etca no otpesky [0,1; 10000] m, paBHa
10(}00 9-10°-1074-|-107*|
2

dr =9.10° -\104\-\—104\(— Flj \201000 —899991.10° .

A=
01 r
Ne 6. Kakyto paboTy TpebyeTcs BbIMOMHUTL, YTOObLI C MOMOLLLIO pakeTbl TeNo Macchl
M NOAHSATb C MOBEPXHOCTM 3eMnu, pagnyc KoTopon R, Ha BbIcOoTy h?
PeweHne. Ha Teno maccbl m no 3akoHy BCEMWUPHOrO TArOTEHWS OEUCTBYeT cuna

mM
F = k—2, roe M — macca 3emnu, a r — pacctosiHue Tena oT ueHtpa 3emnun. [loatomy
r

R+h +
A= jkm—Lv'dr =kmM(=r ™) ‘R h:km—l\/lh Ha nosepxHocTu xe 3emnun, TO eCcTb npu
S R (R+h)R
mM gR? mghR

r= R, nmeem F = mg, TO ecTb mq:k—zmkz—.OTcroua A= .
R M R+

h
.

7 o #_
—_— >
2

Ne 7. bak, umetrowmn cdoopmy nonycdepol pagmyca R, uenukom
3anonHeH Bogon. Kakyto paboTy Hago 3aTpaTuTb, YTOObI MOMHOCTBIO
Bblka4aTb BOAy M3 Baka (puc. 2)?

PeweHne. Pa3obbem oTpesok [0; R] Ha n OTpe3KoB paBHON
ANvHbl ToukaMy 0=xp < X3 < < X2 < ... < X, = R 1 COOTBETCTBEHHO pas-
pexemM MbICIIEHHO cogep)xumoe 6aka Ha n cnoeB. [NpUHAB Kaxabin
Takon CNOW NPMMEPHO 3a KPYroBOW LMNVMHAP, Hangem obbem K-ro

cnosi: V, = a2 ,Ax = 7(R? — xZ_)AX.
TakoB e 4ncrneHHo GyaeT u ero Bec. [na nogHATUSA 3TOro criosi 4o Bepxa baka Tpe-
ByeTca 3aTpaTutb paboTy A, paBHyl npubnuautenbHo A, = X, 7(R? —xZ_)Ax. 3ame-
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TAM, 4TO MO Mepe wuaMenbyeHus oTpeska [0; R] TOYHOCTbL  MOSTIyYEHHOM

n
A, =D X (R? —xf_l)Ax dopmynbl ByaeT yBenuumBaTbCA, Nnepengem K npeaeny, B pe-
k=1

3ynbTaTte Nosy4ynum TOUHY hopmyny:

4

Takum obpasom, pelleHne npeactaBneHHbIX 3aga4 popMmpyeT Takme cneumanbHble
KayecTBa, Kak yMeHue CTpOouUTb MaTeMaTudeckne moaenn pearbHbIX NpPoLeccoB U sBrie-
HUIN, nccnegoBaTtb M U3yvaTb UX, @ criegoBaTeribHO, CNOCOBCTBYET PasBUTUIO MbILLSIEHUS,
namMsiTM, BHUMaHUSA U peyn yyaLmxcs.

Kpome Toro, ncnonb3oBaHne unsanyecknx 3agad ans n3ydeHust MHTerpana B LUKOSbHOM
Kypce anrebpbl 1 HaYasn aHanusa no3BonsTb ChopMmMpoBaTh HarNaaHbIe obpasbl M3y4aemMoro
MOHATUA, NOBbLICUTb OCO3HAHHOCTb YCBOEHMS TeMbl. B CBOK oyepeab, B u3nke UHTErparn
NCMNONb3YeTCs Kak cpeacTBo pelleHnsa 3agad. OtmeTum, 4To 6e3 NoHMMaHus CyTn OaHHOro
MOHATUA, Ero CBOMCTB OCO3HAHHOE peLLeHne 3agaqy OU3NKMU HEBO3MOXHO. YUnTENo Heobxo-
ANMO perynspHO OCyLLEeCTBATbL U NOAYEPKMBATbL TECHYIO CBA3b MaTeMaTukm U OU3NKM Kak B
X04€e U3ydeHust Tembl «HTerpan», Tak U Npy peLeHnn unsnyecknx sagad.

R W2 X R R
A=z [x(R?-x*)dx = n(RZ———J ==
5 2 4
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