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lunee Banepuu Neopzauesuy,

KaHOudam riedazo2uyecKux Hayk, 0oueHm Kagedpbl Mamemamuku, UHgopmMa-
muku u MemoOuku ux rperodasaHusi ®I6OY BlNO «Hwumckut 2ocydapcmeeH-
HbIU nedazoeaudeckut uHcmumym um. I1. [1. Epwosay, 2. [JonzonpyoHsi
Gilev.valery@gmail.com

UccneposaHue pyHKUMA HA MOHOTOHHOCTb

AHHOMauus. PaccmompeHsb! orpedesieHUst MoHsSmusi MOHOMOHHOCMU (byHKUUU C MOMO-
Wbt Hazrnsi0Ho20, CrI08ECHO20, aHalumu4ecKko20 U eeomMempuyeckoao memodos. ®op-
Myupyomcs npusHaku u coomeemcmeyrouue criocobel uccriedogaHusi hyHKUUU Ha MOHO-
MOHHOCMb C UCIOo/b308aHUEM yHKUUU 060buweHus u nepsou rnpou3eooHoU.

Knroyeeble cnoea: ¢hyHKyusi, uccriedoeaHue, 3KCmpeMyMbl, MpPou3eo0Hasi QyHKUUS,
yHKUUSs 0606WeHUs.

Pa3den: (01) nedacoauka; ucmopusi nedazoa2uku u obpa3osaHusi; meopusi U MemoouKka
obyyeHusi u eocriumaHus (o npedmemHbiM obriacmsm).

BBEOEHNE

NcenepoBaTb yHKUMIO ¥ = f(x) — 3TO 3HAYUT YCTAHOBUTb €€ CBOWCTBA, ONUPAsCh Ha
onpeaeneHus Nnu npusHaku aTux cBOMUCTB. NccrnegosaTb PYHKLMIO HA MOHOTOHHOCTb — 3TO
3Ha4YUT HaUTU NPOMEXYTKU, B KOTOPbIX PYHKLMS BO3pacTaeT unm yobiBaeT.

Mpun ncenegosaHy PyHKUMIA OO 3HAKOMCTBA C NPOM3BOAHOW Hanbonee TpyaHbIM ABIs-
€TCH MOUCK NPOMEXYTKOB MOHOTOHHOCTU. Y4yallmecs, 3Hasa onpeaeneHms Bo3pactaHms u yobl-
BaHUA (OYHKLMMK, HE MOTYT HAUTU COOTBETCTBYHOLLME NPOMEXYTKW, TaK Kak He 3Hal0T MeToda Ux
HaxoxaeHus. BmecTe ¢ Tem nporpamma no mMatemaTtuke npegycmatpuBaeT, YTOObl OCHOBHbIE
CBOMCTBA (PyHKLMI BbInv OCBOEHbI y4aLLMMUCA 00 N3YYEHMS SIEMEHTOB MaTeMaTUYECKOro aHa-
nu3a. B HacToswen paboTe paccmaTpuBaroTcs MeToabl UccrneoBaHnst (OyHKUMA Ha MOHOTOH-
HOCTb: TPAAULMOHHLIN, C UCMOb30BaHNEM 1ep8oll NMPou3800HOU, N HOBbIW, KOTOPbIA Ha3blBa-
eTca memodom obobuwieHus. Npyn BTopoM MeToge nonydaeTca dyHKums 0600LLeHnsi, npome-
XKYTKM 3HAKONMOCTOAHCTBA KOTOPOW OnpeaensitoT NPOMEXYTKM MOHOTOHHOCTM doyHKUmn [1].

1. ONPEAENEHNA MOHOTOHHOCTU ®YHKLINA
HaznsioHoe npedcmaesieHue eo3pacmaHusi u ybbieaHusi QpyHKUUU Ha MPOMEXymkKe

MycTtb oyHKUMSA y = f(x) 3agaHa rpaduyecku.

Ecnu Ha HekoTOpOM npomexyTke P npu OBWXEHUW KapaHgallom no rpaduky cresa
HanpaBo pyka MOAHUMAETCs BBEPX, TO FOBOPSAT, YTO HA 3TOM MPOMEXYTKE (PYHKUMS 803-
pacmaem (puc. 1, a).
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Puc. 1
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Ecnu Ha HekoTOpOM npomexyTke P npu OBWXEHUU KapaHgallom no rpaduky cresa
HanpaBo pykKa OMnycKaeTCsA BHU3, TO FOBOPSAT, YTO Ha 3TOM NMPOMeXyTke PyHKuua ybbieaem
(cm. puc. 1, 6).
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Ha puc. 2, a) pyHkums y = f(x) Bo3pacTtaeT Ha npomexyTke [a; b] n ybbiBaeT Ha npo-
MexXyTke [b; c].

Touky b HasbIBalOT Kpumu4yeckou, UnNn moykou akcmpemyma. Npun nepexone depes
3Ty TOYKY (PYHKLMSA MEHSIET CBOE NoBeAeHne ¢ Bo3pacTaHusa Ha ybbiBaHue. B aTtom cnyyvae
TOYKa b Ha3blBAeTCA MOYKOU MakcuMymMma N 3arnucCbiBaeTCs Xp,q = b. 3HA4YEeHMe PyHKUUN B
3TOWN TOYKE Ha3blBaeTCA MakCUMyMOM (hyHKUUU W 3anNCLIBAETCS Viax = f (D).

Ha puc. 2, 6) doyHkums y = f(x) ybbiBaeT Ha npomexxyTke (a; b] n Bo3pacTaeT Ha npo-
MexyTke [b; c).

Touky b Takke HasbIBalOT Kpumuyeckou, Win moykou akecmpemyma. [Npun nepexone
Yyepes 3Ty TOYKY PYHKLUMA MEHSEeT CBoe rnosefeHne ¢ ybbiBaHMA Ha Bo3pacTaHue. B atom
crniydyae To4Kka b HasblBaeTCsa MOYKOU MUHUMYMa W 3anuCblBaeTCA X, = b. 3HaveHue
yHKLUMM B 3TOWN TOYKE Ha3blBAETCSH MUHUMYMOM ¢hYHKUUU W 3anUCbIBAETCS Vyin = f (D).

MakcmyMm 1 MUHUMYM PYHKLMW Ha3bIBaOTCA 3KCmMpeMyMamu PyHKLNN.

CrnoeecHoe onpedesieHue eo3pacmarusi U ybbieaHusi QpyHKYUU Ha MPOMEXYMmKe

Mpwn gBMXEeHUM KapaHaawoM crieBa Hanpaso Mo rpaduky Bo3pacTalolen Ha npome-
XyTke P doyHKUumMM y = f(x) Ha puc. 3, a) abcumncchl n opauHaThl TOYEK rpadmnka yBenuymea-
toTcda. B aTom cny4vae ¢ yBenvyeHneM 3HayYeHuin aprymeHTa 3HadeHus OyHKUMN yBennym-
BatoTcA. [0BOPAT, YTO PYyHKUMSA y = f(x) 8B03pacmaem Ha NpoMexyTke P, ecnu ¢ ygesuye-
HUEeM 3Ha4YeHU apryMmeHTa 3Ha4YeHns PyHKUUN ygernuyuearomces.

¥ Y1 o Al »)

a) o)
Puc. 3
Mpwn ABMXXEHUM KapaHAaLloM crieBa Hanpaso Mo rpaduky yobiBatoLen Ha NpoMexyTKe
P dyHKkumn y = f(x) Ha puc. 3,6) abcumcchbl TOYeK rpadmka yBenmunBaroTca, a opanHaTtbl —
yMeHbLualoTca. B aToM cnyyae ¢ yBennyeHMeM 3HauYeHun aprymeHTa 3HavyeHusi pyHKumnm
yMeHbLlaloTcs. [oBopAT, 4To pyHKUMS y = f(x)ybbieaem Ha npomMexyTke P, ecnu ¢ ygsesnu-
YeHUeM 3HaYEeHUN aprymeHTa 3HavyeHmst QYHKUNN YMeHbLarmcs.
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AHanumud4eckoe onpedesieHue 803pacmaHusi U ybbieaHusi (hyHKUUU Ha MPOMEXYMmKe

®yHkuMA y = f(x) HasbiBaeTcst go3pacmarowiell Ha JaHHOM YMCIIOBOM NpoMeXyTke P,
ecnun GonblieMy 3Ha4YeHUI0 aprymeHTa COOTBETCTBYET Gosbluee 3HavyeHne OyHKLMK, T. e.
Ans nobblX x;U x, M3 NPOMexyTka P, TakuxX, 4YTO X, > Xx;, BbINONIHEHO HEPABEHCTBO

f(xz) > f(xq1) (puc. 4, a).
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Puc. 4

®dyHkuma vy = f(x) HasbiBaeTcsa ybbigarouwell Ha AAHHOM YMCIIOBOM NpoMexyTke P,
ecnun 6onbLeMy 3HaYEHUIO apryMeHTa COOTBETCTBYET MEHbLLEE 3HAYEHNE (PyHKUUK, T. €.
ana nbbix x;U x, K3 NpoMexyTka P, Takux, 4To X, > X;, BbINOSIHEHO HEPaBEHCTBO
f(xz) < f(x1) (puc. 4, 6).

DyHKUMSA, TONbKO BO3pacTatoLlas Unm Torbko ybbiBatowas Ha AaHHOM Y1CIIOBOM Mpo-
MEXYyTKe, Ha3blBaeTCst MOHOMOHHOU Ha 3TOM MPOMEXYTKE.

PyHKLMA y = f(x) Ha3bIBAETCA KYCOYHO-MOHOTOHHOM HA HEKOTOPOM MHOXeCTBE X, ecnuv
MHOXECTBO X MOXHO pa3buTb HA KOHEYHOE YUCMO NMOLMHOXECTB TaK, YTO Ha KaXkgoM u3
HUX PYHKLNA ABNSETCH MOHOTOHHOMN.

Onpepenenue 1. dyHkuma f(x) Has3biBaeTcs g8o3pacmarowieli Ha JAHHOM YUCITOBOM
npomexyTtke P, ecnu ans nobbix x; U X, U3 NpomexyTka P, Takmx, 4To npu x, > x;, BbINOM-
HAeTCA HepaBeHCTBO f(x;) > f(xq).

dyHkuma f(x) HasbiBaeTca ybbliearoweli Ha AaHHOM YMCNOBOM NpomexyTke P, ecrnu
Ansa nobbix x; U X, U3 NPoMexyTka P, Takmx, YTO Npu X, > X;, BbINOSIHAETCA HEPABEHCTBO
f(x,) < f(x1).

Ntak, dpyHkums y = f(x)eo3pacmaem Ha npomexyTtke P, ecnu ansa nobbix x;, x, U3
3TOro NPOMeXyTKa BbINOMNHAETCH: x, > x; = f(x3) > f(xy).

dyHkuma y = f(x) ybbieaem Ha npomexyTke P, ecnun ansa nobbiX x;, X, U3 3TOro Npo-
MEXYTKa BbINOMHAETCS: X, > x1 = f(x3) < f(xq).

Feomempuyeckoe onpedesieHue eo3pacmaHusi U ybbleaHusi hyHKUUU Ha NPOMEXYMmKe

OnpepeneHue 2. dyHkuna y = f(x) HasblBaeTCca go3pacmarow,ell Ha AaHHOM YUCHOo-
BOM MpomexyTke P, ecnn kacatenbHaa K rpadouky pyHKummM obpasyeT oCTpbIn Yron ¢ oCb-
t00x (CM. puc. 5, a)

dyHkumsa y = f(x) HasbiBaeTcsa ybbigaroweli HA OAHHOM YMCNOBOM MpomexyTtke P,
ecnu KkacaTtenbHasa K rpacouky pyHKLMn obpasyeT Tynon yron ¢ ocbto Ox (CM. puc. 5, 6).

B cny4yae, korga <za = 0, kacatenbHasa napannenbHa ocn Ox. imeem Kputndeckue
TOYKMN.

Ecnu B KpuTMyeckon Touke OYHKUUA MEHSIET XapakTep MOHOTOHHOCTU, TO UMEEM 3KC-
TpemyM. Tak, Ha puc. 6, a) UMeeM MakKCUMyM, Tak Kak yHKLMS MEHSIET XapakTep MOHOTOH-
HOCTW C BO3pacTaHus Ha ybbiBaHme. Ha puc. 6, 6) MeeM MUHUMYM, TaK Kak OYHKUMS MEHSIET
XapakTep MOHOTOHHOCTM C YObiBaHMsI HA BO3pacTaHue.
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Ecnu B Kputnyeckom Touke OyHKUNSA HE MEHSAET XapakTep MOHOTOHHOCTU, TO UMEEM
nepern6. Ha puc. 7, a) dpyHKuMs Bo3pacTaeT, Ha puc. 7, 6) yHKums yobiBaeT.

lNocmaHoeka u peuwieHue ﬂp06ﬂeMbl

[ns anemeHTapHon yHKUMK y = f(X) 3anmiem BbipaxeHune
A(xy;x2) = f(x2) — f(xq).

OueBnaHO, YTO NpU X; = X,, A(X4;X,) = 0, NO3TOMY BblpaxeHne A(x;; X,) MOXHO npea-
CTaBuUTb B BUAE NPOU3BEOEHMS OBYX MHOXUTENEN B(xy;X,)u A(Xq:X,): A(Xq;%x,) = f(x,) —
f(x1) = B(X1;X3)" A(X1;X3), NPUYEM NPU X1 = X5, B(X1:X2)= 0 1 A(x1;x5)# 0.

CnpalwmBaeTcs, Npu Kaknx 3HadveHusx x € D¢, A(x4;X,) > 0 M korga A(x4;x,) < 0?

[nsa onpegeneHHOCTN NPUMEM X, > X;, TOr4a MOXHO BblAENNTb MHOXUTENb B(X4;x5)>
0. 3HaKk A(x4; x,) OyaeT 3aBUCETb TOMBbKO OT 3HAKa MHOXUTENSA A(Xq;X5).

OcTaeTca oTBETUTb, HA KakMX MPOMEXyTKaX A(X;;X,) MPUHUMAET NONOXUTENbHbIE
3Ha4eHus1, a Ha Kakux - oTpuuaTenbHble. [nsa aToro Hangem dyHkumo §(x), caenae 0606-
LLIEHNe NyTEM 3aMEHbI X; U X, Ha X B BbIpaXeHUn A(X;;X,): 6(x) = A(x). PyHKumto §(x) Ha3o0-
BeEM ¢byHKyueli 0606w eHusi. NlepemMeHHas x NpMHa4NeXnT OAHOMY U3 yCTaHaBNMBaEMbIX
nccrnegoBaHMeM NPOMEXyTKY. [1na HaxOXaAeHMs camMnx NPOMEXXYTKOB HEOOXOAMMO peLumnTb
COOTBETCTBEHHO HEpPaBEHCTBa

8(x) >0umé(x) <O0.

PeweHne HepaBeHcTBa 6(x) > 0 onpedenseT NPOMeEXyTKu, B KOTOpbIX A(Xq;x,) > 0.
PelueHne HepaBeHcTBa 6(x) < 0 onpegenseT NPOMEXYTKUN, B KOTOPbIX A(X4; X,) < 0.

MeTopn, Npu NOMOLLM KOTOPOro HaxoauTca oyHKUMA 8(x), Ha3oBeEM Memodom 0606-
wieHusl.

NTak, 3ameHa x; 1 X, Ha X B BblpaxxeHUn A(x,;x,) SBUnacb pelieHmem npobnemol 3Ha-
KOMOCTOSIHCTBA BblpaXeHust A(Xy; X5).

3ameyaHue. 3ameHa x; U x, Ha x B BblpaxkeHnn A(x;; x,) B MaTeMaTU4ECKOM aHanmse
Ha3blBaeTCsa onepauuen npedesibHO20 rnepexooa.
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2. MPUSHAKN MOHOTOHHOCTW ®YHKLINW

OTmMeTMM, 4TO 0COBEHHOCTLIO paccMaTpMBaAEMOro CBOMCTBA (DYHKLMKN sIBNSiETCS TO,
4YTO MUccrneaoBaTb PYHKLUMIO HA MOHOTOHHOCTb HEBO3MOXHO, UCXOASl U3 ero onpeaerneHuii
HenocpeAcTBeHHO. C 3TOM LieNblo NoMb3yTcs Npu3HakaMym MOHOTOHHOCTU (DYHKLIMMN.

lMpu3Hak MOHOMOHHOCMU OYHKUUU Mo ¢hyHKYuUu 0606weHust

N3 onpepeneHnn 1 n 2 cnenyet npusHak BbINYKNOCTU rpadouka PyHKUUK, KOTOPbIN
cchopmynupoBaH B Teopeme 1.

Teopema 1. Ecnu pyHKums 0606weHnsa y = §(x) B 4aHHOM npomexyTtke P nonoxwm-
TenbHa, To pyHkumnA y = f(x)BO3pacTaeT, a ecnuv oTpuuartenbHa — yobiBaeT B 3TOM nNpome-
XyTKe.

[okaxem aTy Teopemy.

HeobxoaumocTsb. NycTb yHKUuMA v = f(x) BO3pacTaeT u x,>x,. Toraa:

X, > X1 = f(x,)>f(x1) = f(x,) — f(x7) > 0 = A(x4;x,) > 0.

B cBA3K ¢ TeEM YTO NPOMEXYTKM 3HAKONOCTOSAHCTBA PyHKUMN 0600LeHns §(x) U Bbl-
paxeHus A(x,;X,) coBnagawT, To 6(x) > 0.

HdocTtaTto4HocTb. [lycTb 8§(x) > 0. Torga: A(xy;x5) > 0 = f(x,) — f(x1) > 0 = f(x,) >
f(x1).

CnepoBaTtenbHO, UMeEeM x, > x; = f(x,) > f(x;). PyHkumna y = f(x) Bo3pacTaer.

AHanorn4yHo fokasbiBaeTcs BTopas YyacTb Teopembl 1. YUTo n Tpebosanocs.

WNTak, peweHne HepaBeHcTBa 6(x) > 0 onpenensieT NPoMeXyTKM BO3pacTaHusa yHK-
umn. PelueHne HepaBeHcTBa 6(x) < 0 onpegensetr NPOMEXYTKM YyObiBaHUS GOYHKUUN.
Touku, B KOTOpbIX yHKLMA 0606wWeHns §(x) = 0, HasblBatOTCA KPUTUYECKMMWU (TOYKaMU
3KCTpemMyma).

Mpun nccnegoBanun pyHkLMmM y = f(x) HaA MOHOTOHHOCTb MeTO40M 0600LLEeHNSA NOCTY-
naem crneayrowmm obpasom.

Aneopumm uccnedoeaHusi pyHkyuu 'y = f(x) Ha MOHOMOHHOCMb MeEMOAOM 0606weHusT

1. Bblbupaem x;u X, U3 06racT onpeaeneHns:, Takue, YTo x, > X4, T. €. X, — x4 > 0.

2. 3anucbiBaeM pasHocTb f(x,) — f(x4).

3. [peactaBnsem pasHocTb f(x,) — f(x;) B BUAE NpON3BEAEHUS:

f(xz) — f(x1) = B(xy;X2) - A(X1;X2), rAe B(xy;xz) > 0.

4. B BblpaxeHun A(xq;x,) 3aMeHAEM x;U X, Ha X, nony4yaem dyHKumo obobuue-
HMA 8(x): 8(x) = A(x).

5. Haxogum npomexyTku Bo3pacTaHus yHKumn y = f(x) pelueHnem HepaBeHCTBa
6(x) > 0.

6. Haxognm npomexyTkn ybbiBaHua ¢yHKUMKM y = f(X) pelleHnem HepaBeHCTBa
6(x) < 0.

7. Haxognm Kputnyeckme To4kM pelleHnem ypaBHeHus 6(x) = 0.

8. 3anucbiBaeM NpoMeXyTKM MOHOTOHHOCTU C Y4ETOM KPUTUYECKNX TOYEK.

lMpu3sHak MOHOMOHHOCMU (OYHKUUU MO rnepeoli Npou3eol0HoU

Cdopmynupyem npmsaHak MOHOTOHHOCTU (PYHKLMKM MO NEPBO MPOM3BOAHON.
Teopema 2. Ecnu npomnssogHas y = f (x) B AaHHOM npomexyTke P nonoxurenbHa,
TO pyHKUMA v = f(x) BO3pacTaeT, a ecnu oTpuuartenbHa — yobiBaeT B 3TOM NPOMEXYTKE.
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[lokasaTenbcTBO TeopeMbl 2 npoeegem, onnpasdacb Ha FGOMGTpI/I‘-IGCKI/IVI CMbICI1 NMPOn3-

BOAHOW: 3Ha4YeHMe nNpon3BoaHon yHKUMN y = f(x) B TOUKE X paBHO YrnoBoMYy Koadhdmum-
€HTY KacaTenbHOW, NPOBEAEHHON K rpadunKy doyHKUMN B TON e Touke X (puc. 8), T. e.

k=f(x)=tqx.

]
-y

¥ =X

V=0

a) o)
Puc. &

Ha camom pgene, nyctb AaH rpaduk doyHkunmn y = f(x) (puc. 9). Bosbmem Ha KpuBoW
y = f(x) Toukn M; (x4; y1) n M,(x,;y,). Yepes Touky M; npoBenem kacaTenbHyto K;M; u ce-
Kywyto K,M,. Yron kacaTtenbHom ¢ ocblo Ox 0603Hau4mm yepes a = £M; K;N;. Yron cekywen
¢ ocbto Ox 0603Ha4nm yepes = 2M,K,N, = 2M, M, E,.

v

Kl/&ﬂ
0

Puc. 9
Mmeem: ypaBHeHne kacaTenbHouM K;M;: y =Kkx; ypaBHeHue cekywen K,M,:
y=Kx; X, — X, = Ax; f(x,) — f(x;) = Ay;tgp = % =Kk’ tqa = k.

[Mpegnonoxum, 4to Touka M; ocTaeTcs HENOABMXHOWN, a Touka M,, nepemeLlascb no
KpUBOW, HeOorpaHMYeHHOo npubnmxaetcd K M;. Toraa:

— cekywasa K,M, noBopaymBaeTcsa BOKPYr TOY4KM M;, CTpPEMACH 3aHATb NONOXeHue
KacaTenbHOW;

- X, = X4, @ cnefgoBaTenbHo, AX = x, —x; = 0;

— yron 3 CTpeMuTCs K yrny «.

Torpga k = tqa = lim tqf = lim & f'(x). UTak, tqa = f (x).
-« Ax—0 AX

Takum obpasom, nycTb f (x) > 0, Toraa tq « > 0, T. €. Yron « OCTPbIii, @ 3TO BO3MOXHO
no onpeaeneHuio 2 nNuwb NpU BoO3pacTaHnn yHKLUNN.
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Ecnm f'(x) < 0, Toraatq < < 0, T. €. Yron « Tyroi, a 3T0 BO3MOXHO NWLLb Npu yBbiBa-

HUM PYHKLMM NO onpegeneHunto 2.
NTak, Bo3pactaHme unu yobiBaHne YHKLMW B NMPOMEXYTKe BrofHe onpenensiercs

3HAKOM NPOWU3BOAHON 3TOM YHKLMK. PelueHne HepaseHcTsa f (x) > 0 onpeaensieT npomMe-
XYTKM BO3pacTaHua pyHKUMKU. PelieHne HepaseHcTBa f (x) < 0 onpeaensieT npoMexyTKu
ybbIiBaHUSA (PYHKLUMN.

Touku, B KOTOpbIX NponasoaHas f (x) = 0, Ha3bIBAKTCH KPUTUYECKUMMU.

B cBs13M co ckasaHHbIM MHTEPECHO NpocneauTb noBeaeHne OYHKLMU B KPUTUYECKNX
Toykax. C aTon uenbto paccmoTpum puc. 10-14.

N %<0

Bac. 10 Puc. 11

Ha puc. 10 BospactaHue dyHkuum (f(x) = k; > 0) cMeHsieTcss Ha y6blBaHue
(f' (x) = ks < 0). Pewenue ypasHeHus f (x) = k, = 0 onpeaensieT TO4Ky MaKCUMYMa X ax.

Ha puc. 11 y6biBaHne dyHkumMn (f (x) = k; < 0) cmeHsieTca Ha Bo3pacTaHue
(f'(x) = ks > 0). Pewwenue ypasHeHus f (x) = k, = 0 onpeaensieT TO4Ky MUHUMYMA Xpip .-

Ha puc. 12 pelieHune ypasHeHus f (x) = k, = 0 onpeaensieT ToUKy, Npu KOTOPON He
MEeHSIeTCs XapakTep MOHOTOHHOCTU, (PyHKLMA BO3pacTaeT, Tak kak f (x) > 0 Bo Bcel obna-
CTu onpefeneHus. B aTom cnyyae Kputnyeckas Touka SBNAeTcsa TOYKon nepermba.

/|70

/S ~Ta>0
i

. =0
I'. - K X
V = -1': / -

/5= 5
PuG. 12 Puc. 13

Ha puc. 13 pelueHune ypasHeHus f (x) = k, = 0 onpeaensieT TOUKy, NPy KOTOPON He
MEeHSIeTCA XxapakTep MOHOTOHHOCTU, OYHKUMA yObiBaeT, Tak Kak f (x) < 0 Bo Bcen obnactu
onpegeneHus. B aTom cniyyae Kputnyeckas Touka ABNAeTCa TOYKoW nepermoba.


http://e-koncept.ru/2016/

lunes B. I'. UccnedosaHue pyHKYul Ha MOHOMOHHOCMb // Hay4yHo-memoduyec-

o
Kuli anekmpoHHolIl ycypHan «KoHyenm». —2016. — Ne 7 (utonb). — 0,4 n. 1. — URL:
http.//e-koncept.ru/2016/16146.htm.

H3Y4HO-METOANHEeCKIIA
SAEKTPOHHBINA >KYPH3A

OcobeHHOCTBIO hyHKUMI Ha puc. 14 n 15 aBnseTcsa To, YTO OHU MOHOTOHHbI Ha BCEN
obnactu onpegenexus u f (x) # 0.

Bo Bcex cnyyasax Ha puc. 12—15 B Touykax nepernba MeHseTca xapakTep BbIMyKIOCTU
rpadovika pyHKLNN.

ANy =Hx)
\\1. Sx

Puc. 14 Puc. 15

3ameyvaHue. 1. [Ana paunoHanbHbIX yHKUMIA Teopema 1 1 Teopema 2 B3anmo3ame-
HSeMbl: (PYHKLMIO 0606LLEHNS §(X) MOXHO 3aMEHUTb NPOn3BoaHoN f (X), U Ha06oPOT.
Ha camom gene, nyctb aaHa pyHkums y = f(x).
Torpa A(xy;x;) = f(x2) — f(x1) = B(X4;%2) - A(Xy; %), TAe
B(x1;x%,) > 0,A(Xq;%x2) # 0.
[ns paumoHanbHbIX QYHKUMA MHOXUTENb B(X1;X,) =X, — X1 > 0,
A(xy;%2) = f(x2) — f(x1) = (X2 — x1) * A(X1;X2).
Nmeem: f(x;) — f(x1) = (X2 — x1) - A(Xq; X2)5 X, — Xq = Ax; f(x3) — f(x1) = Ay.
Taknm obpasom, Ay = Ax - A(Xq; X2). 3HAUUT, % = A(xq; x,).lNonyyaewm:

, . A . .
f'(x) = Al)l(r_r)loA—Z = lim A(x;%,) =AX) = 8(x), oTkyAa f (x) = 8(x).
Xy—X
A)z(—>0 ,
Wtak, ons paumoHanbHbiX YHKUMA YHKUMA 0606weHuns 6(x) n npomnssogHas f (x)
coBnagatoT. CyLLeCcTBYOT U HepauuoHanbHble (OYHKUUKW, ONS KOTOPbIX B PasfoXeHuu

A(X4; X3) MOXHO BblAenuTb MHOXUTENb B(x;;X,) = X, — X;. Hanpumep, f(x) = vx, Toraa

_ . 1
A(X1;X2):\/X_2—\/X_1:(\/X_2 \/\/)}((:12)+(\/\/Xi?+\/x_l)=(xz—X1)'m.
B(x1;x2) = (X2 —x1); A(Xq5X2) = \/Q*l-\/ﬂ

Hamgem 8(x): 8(x) = A(x) = %.S(X) = #
Haiigem f ():f (x) = (VX) = >
Ntak, 8(x) = f (x) = #

[nsa TpaHcueHAEHTHbIX PyHKUMIA Takoe npeacTaBrieHne BblpaxeHus A(X; Xx,) HEBO3-
MOXHO.

2. HecMmoTpsa Ha To 4TO dbyHKUMM §(X) 1 f (X) coBnagatoT, NOMy4aloTCs OHWU pasnny-
HbIMK cnocobamu: nepBas NonyyYaeTcs ¢ ucnonb3oBaHMeM metoaa o606LeHns, a BTopasi —
C MCNonb30BaHMEM Teopun NpeaenoB. Ho B OCHOBE MX NEXUT onepauusi NpeaernibHoro ne-
pexoaa.

Mpwn nccnegoBaHnn pyHkuMM y = f(x) HA MOHOTOHHOCTb C UCMONb30BAHNEM MEPBOW
NpPOM3BOAHOM NOCTYNaeM creayoLmm obpasom.
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HaYYHO-METOANHEeCKIIA
SAEKTPOHHBIN >KyYPH3A
Anzopumm uccnedoeaHusi pyHkyuu 'y = f(x) Ha MOHOMOHHOCMb
C ucnosib3o8aHueM rnepeoli NPou3eooHOU

1. Bbluncnsiem NpoussogHyto f (x) AaHHOM PyHKLUMN.

2. Haxooum ToukM, B KOTOPbIX NPou3BoaHas f (x) paBHa HymMo UMK He CyLLEeCTBYET.
OTM TOYKN Ha3bIBAKOTCA KpumudYeckumu ansa pyHkummn y = f(x).

3. HanmpeHHbIMK ToukaMu obnacTb onpeaeneHns PyHKuun y = f(x) pasbusaetcs Ha
NPOMEXYTKU, Ha KXKIOM M3 KOTOPbIX Npou3BoaHas f (x) coXxpaHsieT CBOW 3HaK.

4. Haxoamm npomexyTku Bo3pacTaHus yHKuumn y = f(x) pelleHnem HepaBeHCTBa
f'(x) > 0.

5. Haxogum npomexyTku yObiBaHWSA yHKUMKM y = f(x) pelueHMeM HepaBeHCTBa
f'(x) < 0.

6. Haxooum KpuUTMYEcKMe TOUKU pelueHnem ypaBHeHus f (x) = 0.

7. 3anucbiBaeM NPOMEXYTKM MOHOTOHHOCTU C Y4ETOM KPUTUYECKUX TOYEK.

3. MPUMEPHI

1. HaiiT npoMexyTK1 MOHOTOHHOCTYU rpadhunka dyHKuMK f(x) = —x3 — 3: a) ¢ ucnonsb-
30BaHNeM oyHKUMKM 0600LweHms 6 (x); 6) ¢ ncnonb3oBaHWeM NeEPBOV Npom3BogHoON f'(x).

PeweHune
a) f(x)—x3- 3.
A ) = f() = f(xq) = —x3 + x5 = —(x - x)(XF +x1%, + x5) =

= B(x1; %) - A(x1; x2), 20€B(x1; x2) = xp — x1 > 0,A(x;%5) = —(xF +x1%, + x3).
Hangem yHkuuto 0606LweHuns:
8(x) = AX) = —(x? + x? + x?) = —3x%. Utak, §(x) = —3x2.
8(x) = 0 npn x = 0 — KpUTMYECKAA TOYKa.
8(x) < 0npn x € (—oo0; 0) U (0; +00).dyHKUMA f(x) = —x> — 3 yBbIBaET Npux € R. B Touke
X = 0 HET CMEHbl MOHOTOHHOCTU: X = 0 — To4ka nepermba.
6) Onpenenvm nepsyko NPOM3BOAHYIO PYHKUMK f(x) = —x3 — 3:
f'(x) = —3x? < 0.®yHKuMs y6bIBaAET Ha BCeit o6nacTu onpeaeneHus x € R.
2. WccnepoBaTb Ha MOHOTOHHOCTb (DYHKUMIO Y = SINX: @) C UCNOsfb30BaHNEM (DYHK-
unmn 0606LWweHnsa 6(x); 6) ¢ ucnonb3oBaHMem nepeon npounssoaHom f'(x).
PeweHue
a) [lycTb, C y4eTOM NepruoamMyHOCTUN PYHKUNN y = sinx,
—2Sx <X SEMHMESX1<X2S37H.
B cuny cBOWCTB YMCNOBbIX HEPABEHCTB B MEPBOM M BO BTOPOM CIlyyasX:

Q<X T
2 2

Nwveewm:
Xy — X X, + X
A(Xq;%x5) = f(x,) — f(x1) = sinx, — sinx, = 25in( 2 > 1) COS( 2 > 1)

= B(x4;X,) - A(Xq; X)), raeB(x4;x,) = 2sin (?) > 0,A(x4;X,) = cos (%)
Hargem dyHkumo 0606LwweHns:6(x) = A(x) = cos (XTH) = cos (%) = COSX.
Nmeem, 8(x) = cosx.
8(x) = 0; cosx = 0;x = g + 1tn, n € Z — KpUTHUYECKME TOYUKN.
8(x) > 0; cosx > 0; —g +2mn<x< g + 2 mn, n € Z - pyHKUUA y = sinx Bo3pacTaerT.

8(x) < 0; cosx < 0;; +2mn<x< 37“ + 2 1n,n € Z — PyHKUMNA y = sinx yObiBaeT.
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H3Y4HO-METOANHEeCKIIA
SAEKTPOHHBINA >KYPH3A

Tak Kak KpUTUYECKME TOYKMN SIBMISIIOTCS TOYKaMM SKCTPEMYMa, MMeeM: PYHKLUMS CUHYC
BO3pacTaeT Ha KaXKaoM M3 NPOMEXXYTKOB

[—g + 2 1tn; g +21m],r1€Z
n y6bIBaeT Ha KaXXoM U3 NpomMexyTkoB
3
E + 2 1in; 7“ +21'm], n e Z.

6) Onpegenvm nepByto NPoM3BoaHY dYHKUMK f(x) = sinx: f'(x) = cosx.
[Nanee pelueHne cMoTpuTe Bbille, Tak Kak f (x) = 8(x).

SAKINOYEHNE

B cTtatbe npenctaBneH HOBbI METOL MCCNeAoBaHUSA PYHKUUIN HA MOHOTOHHOCTb —
meToq 0606weHms. C nomoubio meToaa 0606LLEeHNA MOXHO nccnegoBaTb (OYHKUUKU B MOS-
HOM oGbeme [0 U3yyYeHuns npom3sBogHon. O BO3MOXHOCTM MCMOMb30BaHUs MeTtoda 0606-
LeHnsa B 0by4yeHMn maTeMaTUKe B LLKOSIE FOBOPUTCS B cTaTtbe [2].
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