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Yyum pelsatb ypaBHEeHUs1 U HEpaBEeHCTBA C NapamMeTpPomMm

AHHOMauyus. B cmambe oceeweHb! arieMeHmbl MemoouKku obyyeHusi peweHuto 3aday ¢
napamempamu. Noka3zaH noOxod K 886e0eHUI0 MOHAMUS, cucmema yrpaxHeHul o5 ¢pop-
MuposaHusi Oelicmeul, ocywecmesnisieMbiX 8 NPoyecce peweHus, a makxe rnpueedéH ne-
peyeHb hopMynupoe8oK 3aday, 88e0EHHbIX 8 b6a3y 3adaHul 0ns NpoeedeHus umoa2o8ol
ammecmauuu (Er'3) e 11-m knacce obweobpaszosameribHOU WKOJbI, orucaHbl HEKOMO-
pbi€ 38PUCMUKU K UX PEWEHUIO.

Knro4veenle cnoea: obyyeHue mamemamuke, 3adaqu Cc napamempom, umoaoeasi amme-
cmauyusi, KOMIIEKC yrpaxHeHUU.

Pa3den: (01) nedacoauka; ucmopus nedazo2uku u obpaszoeaHusi; meopusi U MemoouKa
obyyeHusi u eocriumaHus (o npedmemHbiM obriacmsm).

B wkonbHOM MaTemMaTuKe eCTb Kracchl 3afad, Bbi3biBaloLLme 0cobbl MHTepec yunTe-
nen n MeToaucToB, TPAAULMOHHO cYnTarowmnecs TpyAHbIMU AN OCBOEHUS YYeHMKaMn: 3a-
Aayu Ha NOCTPOeHWe, peLleHre cucTem anrebpanyeckmx HepaBeHCTB, TEKCTOBbIE 3a4a4un C
ncnonb3oBaHneM APOBHbBIX W MPOLEHTHBIX COOTHOLIEHUI... 3afa4v C napaMeTpoM 3aHu-
MaloT B 3TOM MepeyHe He rnocrnegHee mMecTto. BbidaBaHO 3TO psaoM 0BCTOATENLCTB.

Bo-nepBbIx, TPYAHOCTU BbI3bIBAET CAMO NOHSATME NapameTpa 1 Xxapakrep 3agadv c na-
pamMeTpoM. ITOT TEPMUH HE UMEeeT YETKO CPOPMYNMPOBaAHHOIO onpedeneHuns, nogobHoro
onpeaeneHnam Apyrnx MateMmatmyeckmx TepMuHoB. Ero nepsuyHoe BocnpusiTue yyaiim-
MUCS YCINOXHEHO TEM, YTO B UX CYObEKTHOM OMbITE CMOXHO BbIAENUTL NPUMEpPbI UCNOSb30-
BaHUA napameTpoB. PelweHve 3agadn ¢ napametpamu TpebyeT BMeCTO OOQHO3HA4YHO 3a-
AaHHOro obbekTa paccMOTpPEeTb MHOXECTBO 0ObEKTOB, A06aBNAET B paccmaTprBaemyto cu-
Tyauuio AUHaMuKK, B OTNnYMe OT nodasnsioLlero 60nbWNHCTBA «CTaTUYHBIX» 3adad, pe-
LIaeMbIX B LLUKONBLHOM Kypce.

Bo-BTOpbIX, 3a0a4m ¢ napameTpamMmmn OTHOCATCA K 3agadvyamM 6onee BbICOKOro YPOBHS
CMOXHOCTU, HE UMEIOT OJHO3HAYHbIX anropuTMOB peLleHus, TpebyloT yBepeHHOoro Briaje-
HUSA pa3HOPOAHLIMKN hparMeHTamm LLKONBHOro Kypca MatemMaTuku, NpuMeHeHnst pa3Hoob-
pa3sHbIX 3BPUCTUK.

HakoHeu, HecMOTpsi Ha BonbLIOE KONNMYECTBO cTaten U y4ebHbIX Nnocobuin, meToauka
obydeHuns pelleHuto 3agay ¢ napameTpamu Ans 6onblIMHCTBA yymTenen octaérca Hefo-
CTaTOYHO pa3paboTaHHOWN.

MNepeuncneHHble obcTosiTenbCcTBa CO3[aloT onpefenéHHble TpyaHoCcTM B paboTte ¢
AEeTbMW, UCNbITLIBAIOLLMMU MHTEPEC K MaTeMaTUKe, OPUEHTUPOBAHHLIMU Ha BbICOKME pe3yrib-
TaTbl UTOrOBOIO 3K3aMeHa no npeameTy. Mbl npegnaraem Konneram marepwvari, KOTopbii MoO-
XEeT oka3aTbCs NOmMe3HbIM B NPeodoneHnn aTux TpygHocTen. [ins aToro cuntaem Lenecoob-
pa3HbIM PacCMOTPETb HECKOSIbKO METOAMYECKMX aCreKToB: BBEAEHME MOHATUSA napameTpa v
3HAKOMCTBO C 3afayamu C napameTpoMm, (POpMMPOBaHNE crieumarnbHbIX YMEHU, onpeaerne-
HVe Kpyra TUNoBbIX 3aAa4y, POPMYNMPOBKa 3BPUCTUK K PELLEHWNIO 3TUX 3a4ad.
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l. Beogum noHaTne napametpa.

OgHuM 13 dyHAaMeHTanbHbIX MOHATUA MaTeMaTUKU U €€ MNPUITOXEHUA B LPYrnx
Haykax, Hanpumep B o13unKe, SBMSETCSH MOHATUE BENUYMHbLI, KOTOPOe He onpenensieTcs.
Cnepyet 06cyauThb € yqalwmmmucs ToT bakT, YTo MaTemMaTuka cpeau apyrmx BU4oB gesaTernb-
HOCTM 3aHMMaeTCHa nsmepeHmeM BenudnH. Tak, cnosapb C. . Oxerosa [1] TpakTyeT maTte-
MaTUKy KakK COBOKYMHOCTb HayK, U3yyaloLnX BENMYUHbI, KOSIMYECTBEHHbIE OTHOLLUEHUS, a
TakxKe NPOCTpaHCTBEHHbIe hopmbl. Cpean BENUYNH BblAENNUM NOCTOSAHHbIE U NepPeMEHHbIE.

Hanpumep, B dopmynax paboTbl, coBepliaeMon npu nogbeéMe Tena BepTUKasrbHO

.. 4 3
BBepx A =mgh, n obbéma wapa VzgnR Hapagy C nepemMeHHbIMU BenuynHamm

A,m, h,V, R ncnonb3yrTCcHa NOCTOSIHHbIE BENUYMHBI g (YCKOpEHNE CBOOOAHOMO NageHus) n
(OTHOLLIEHME ONVHBI OKPY>XHOCTU K €€ anameTpy).

Ho nHorga, ecnu mMmbl NPOBOAUM 3KCMEPUMEHT, N3yvaeM nosegeHne kakon-nnbo senu-
YMHbI NMPU HEKOTOPbIX YCAOBUAX, TO HEKOTOPbIE NEPEMEHHbBIE YAaCTO CHUTAEM HE UBMEHSIHO-

LLIMMNCA B TeHEHUE BCErO IKCNepnmMmeHTa.

. . t2
Hanpumep, nyTb, NPOMAEHHbIN TENOM NPU PAaBHOYCKOPEHHOM ABMXEHUN S = vyt + aT

3aBUCUT B TOM YuCle OT NepeMeHHON a, KoTopas o6o3HayaeT ycKopeHue, 3aJaHHOe U He
MEHSIIOLLLEECs B paMKax pacCMaTpmBaeMoro ABUKEHUS.

Wnun B ycrnosusx agmabatndeckoro npouecca npu NocTosiHHOM TemnepaTtype umeet
MECTO COOTHOLLEHUE Mexay 06bLEMOM naeansHOro rasa u ero gasneHnem pV = const, Ko-
Topoe nony4yaetcs 3 ypaBHeHns Mengeneesa — KnanenpoHa pV = vRT. O4eBMAHO, 4TO
3HayeHue KOHCTaHThbI, CBA3blBaloLWen faBreHne n 06bEM, 3aBUCUT OT 3HAYEHNA TeMmnepa-
TYpbl, KOTOpas B YCNOBUSIX N30TEPMUYECKOIO NpoLecca CHUTAEeTCs NOCTOSHHOWN.

KonunyecTBo KOpHel KBaapaTHOro ypasHeHus x2 + kx + 1 = 0, onpeaensieMoe 3Hakom
ero AUCKpUMUHaHTa D = k? — 4, 3aBUCUT OT TOrO, Kakoe 3Ha4YeHune npuMmeT nepemeHHas k.
OueBnagHo, NoacTaBnss BMECTO k TO UNN MHOE YMCHO, KaXabl pa3 Nnosly4MM HOBOE ypaB-
HEeHMe CO CBOUM MHOXXECTBOM KOPHEMN.

Eweé npumep. MNMNocTpouM OKPYXHOCTb, MPOBEAEM €€ AnamMeTp N NOCTPOUM Ha HEM Bce-
BO3MOXHble TpeyronbHUKN. Toraa obpasoBaBLUMEeCcs OTPE3KM a U b CBA3aHbl COOTHOLLE-
HMeM a’ + b% = d?, a BenuumMHa NnoLLaan TpeyronbHUKa 3aBUCUT OT ANMHbI NeprneHanKy-

dh
ngapa, onyLweHHOro Ha guameTp S = - (pnc. 1).

Puc. 1

Taknm 06p830M, NOHATUE NapamMeTpa BMnoJiHe onpe,u,enéHHo, XOTA OaTb emy l-IéTKyPO
,D,Gd)VIHI/ILI,VII-O AOCTaTOYHO CNoXHO. Mbl Bblaensiem cneaywwie npmu3Hakm 3T1oro noHATUA.
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MapameTp — 3TO NepemMeHHasi BENMYMHA, NO3BONAIOLLAA PACCMOTPETb MHOXECTBO OObEkK-
ToB. OTAEenNbHbIE 3HAYEHNSA NapameTpa 3a4aloT OTAENbHbIN O6BEKT MHOXECTBA, HEKOTOPbIE
ero 3HayeHus NPUBOLSAT K YaCTHbIM Crly4asiM CBA3€M U OTHOLLEHUIA.

PaccmoTpum pasHble noaxoabl K onpeaeneHuo TepMmnHa «napameTp» (0T rpedeckoro
TTOPAPETPOU — OTMEPMBAIOLLUN):

— BeNnU4YMHa, 3Ha4YeHUs KOTOPOW crnyxaT AN pasfMyeHUs 9NeMeHTOB HEKOTOPOro
MHOXeCTBa Mexay cobon [2];

—  BenuuMHa, Bxogswas B popMyribl U BbIPaXXEHUS, 3HAYEHNE KOTOPOU ABMSieTCs Mo-
CTOSIHHbIM B Npeaenax paccMaTpmBaeMon 3agaym, HO B APYroln MeHSAET CBOW 3HaYeHus [3];

— HesaBuUcMMas NepeMeHHasi, 3Ha4yeHne KOTOPOW B JaHHOW 3aJaye cumTaeTca pouk-
CMPOBaHHbIM [4];

— MOCTOsIHHas Benun4yMHa, ABNSALANCS XapakTepUCTUKOW Kakoro-nnbo npouecca
nUnn npegmeTa, MOXeT NPU pasHbIX aHanorMyHbIX PacCMOTPEHUSX NPUHMMATL pasfnyHble
3HaveHus 1 gaxe 6bITb NnepemeHHon [5].

[MpuBeaEHHbIE NPUMEPLI NOKa3blBalOT, YTO MapaMempoM CHNTaAETCA NepeMeHHasi Be-
NN4YMHa, 3Ha4YeHne KOTOPOM 3adoUKCMPOBAHO B paMKax AaHHOW CUTyauumn UM 4aHHOro npo-
Luecca, U USMEHeHMe e€ 3HaYeHUs BEOET K UBMEHEHMIO CBA3EN Mexay OPYrMMu Benuyu-
HaMW, XapakTepuUCTUK NPOTEKaloLero npouecca, NPUBOAUT K USMEHEHUIO CUTYyaLuun.

B maTemaTuke ansa peweHusi 3ada4vyu ¢ napamempom TpedyeTcs BbINONHUTL Creay-
loLe AencTBuUA:

1. PaccmoTpeTb cuTyaumto Tak, Kak ecrnm 6bl BMECTO NapameTpa 6bino 3a4aHo KOH-
KpeTHOe 4ncno.

2. [lokasaTb, Kak MeHsieTCsl cuTyaunsd, ecrnm 3MeHUTb 3TO YUCTIO.

3. 3adwmkcmpoBaTtb ocobbie criydanm, HauTU, NPU Kakux 3HAYEHUSX napamMeTpa OHU
nosiyyatoTcs.

4. CocTaBUTb CMUCOK BCEX BO3MOXHbIX CIly4aeB C YKa3aHMEM TOro, Kakum 3Hade-
HUAM napameTpa OHU COOTBETCTBYIOT.

I. dopmMmnpyem HeobxoanMble YMEHUS.

[nsa ycnewHoro peLleHnsa ypaBHEHNSA UM HEpaBEHCTBa C NapamMeTpoM Heobxoaumo
yBEpPEHHOE BnageHne crneayowmmm KOMMnoHeHmamu:

— BfageTb MOHATUEM KOOPAMHATHOW MPSMON; yMETb NEPEXOANTb OT COOTHOLLIEHWN
MexXay Ymcnamm (CpaBHEHUE) K COOTHOLLEHUAM MeXay ToYKamu (pacnonoxeHue) n Haobo-
pOT; 3anuncbiBaTb NPOMEXYTKM, COOTBETCTBYIOLLME 3a4aHHOMY HEpPaBEHCTBY M HaobopoT,
Npon3BoaAnTbL OObeaMHEHUE NN NepecedeHe NPOMEXYTKOB B NPOLECCe peLleHns 3a4a4u;

— BrageTb MNOHATMEM AEKapTOBOW CUCTEMbl KOOPAMHAT Ha NMOCKOCTU; YMETb Onu-
CbiBaTb NOSOXEHUe rpaduka dyHKLMM (pacnosioXXeHne, nepeceyeHme, npeobpasoBaHme);

— BrageTb anropMTMamm pelleHUs OCHOBHbIX KIacCoB YpPaBHEHUA N HEPABEHCTB;
BNageTb rpadouyecknm METOLAOM pELLEHUS ypaBHEHUIA, HEPABEHCTB N X CUCTEM;

—  YMeTb CTPOUTb rpachmkn OCHOBHbIX KNaccoB OYHKLMIA N HEKOTOPLIX YPaBHEHWI C
ABYMS MepeMeHHbIMU, 3HaTb X OCOBEHHOCTH, a TaKkke BnageTb anroputMammn npeobpaso-
BaHWs rpadUnKoOB;

— BageTb uccnegoBaTenbCKMMWN HaBblKaMKU, YMETb NepevncnaTb BO3MOXHbIE Ba-
pUaHTbl U BbISIBMATb YCMNOBMKS, CNOCOOCTBYOLLNE TOMY UM MHOMY PELLEHMIO.

Ocob60 oTMEeTMM, YTO AN YCMNELHOro peleHns 3agay ¢ napaMmeTpoM, BXOOALMNX B
6aHk 3aganun EIM9, HeobxoamMmo ewé 1 BnageHne noHATMEM MOAYNS Ynucna, yMeHue npe-
06pa3oBbiBaTb BblpaXXEHWs, pellaTtb YpaBHEHUA U HEPABEHCTBA, CTPOUTb rpadomkn oyHK-
LMIn, cogepxalmx 3Hak Moayns.
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[na doopMmpoBaHua crneumanbHbIX YMEHUN, HEOOXOOUMBIX B peLUEHUN YpaBHEHUN U
HepaBeHCTB C NapaMeTpoM, crielyeT BbINONHUTL KOMI/IEKC yripaXKHeHUU.
1) CpasHeHue Yucen u 3Ha4YeHul eblpaxkeHul

YnpaxHeHue 1. Yto Gonbwe: a) aunu2a, 6) aunu—a, B) aunulal, r)aunu %

n) a unu a?, ) a unu~a, x) 2% unu 2%, 3) a? unu a=?, n) log,2 nnn log,3?
PekomeHOayuu K 8bIMOMIHEHUIO YIPaXXHeHUs

[Mpy BLINONHEHUN 3TOrO YNPaXXHEHUSI PeKOMeHOyeM NpuaepXmBaTbCs crieayoLlen
cxembl: 1) BbISsBUTb «0COBbIe» 3HaYeHNa napameTpa; 2) 06bsACHUTL CBON BbIGOpP; 3) pa3butb
MHOXECTBO BCEX AENCTBUTENBHbIX YACEN Ha NPOMEXYTKM U peLunTb 3aaady Ha Kaxaom us
NOMYyYEeHHbIX MPOMEXYTKOB.

Hanpumep, npu BbINOMHEHUN YNPaXHEHUS ) HETPYAHO 3aMETUTb, YTO «OCOBObIMUNY
3HayeHusamun napameTpa asnaTcs 0, 1 u —1. Mpn a = 0 cpaBHeHNE He UMeeT cMmbicna. NMpu
a =11 a = —1 3Ha4yeHNss CpaBHMBaEMbIX BblpaXXeHU coBnagatoT. Pazobbem 4ncnosyto
NPAMYIO Ha NPOMEXYTKN U onpefennM 3Hak HepaBeHCTBa Ha KaXKAOM U3 HUX, BbiOMpasi B
KayecTBe 3Ha4yeHus a Kakoe-rnmbo uncno (puc. 2).

1
a=-
a
—1, 0 1
1 1 1 1 a
a < — a> — a< — a>= —
a a a a
Hanpumep, Hanpumep, Hanpumep, Hanpumep,
b L 11 1.1 2%
B 271 27 1 2
-3 -
Puc. 2
1
Takum obpasom, npy a = —1 unu 1 nmeem a = —;

a
npua € (—1;0) U (1; +=) umeem a > %;
npu a € (—<; —1) U (0; 1) umeem a < %

2) OnpederneHue peweHul cucmeMsl JIUHEUHbIX HepageHcms

x <2, .
YnpaxHeHune 2. MoxeT nu cuctema >a HE UMETb pPeLLUEHNN?

YnpaxHeHune 3. M1306pasnte 4McnoBble NMPOMEXYTKA, COOTBETCTBYHOLLME PELLUEHUAM

x <2,
cucTemsl {x > Takue, B KOTOpbIX 6bino Obl @) poBHO ABa Lenbix Yncna; 6) poBHO 04HO

)

uenoe 4mcro. BbliCHUTE, NPy Kakux a OHU Nosy4vatoTCs.
OtBeT:a)npu a € [0;1); 6) npn a € [1;2) .
x <2,
YnpaxHeHue 4. [1pn Kaknx 3Ha4YeHnax a peLleHnemM CUCTEMbI {x <a sBNAeTCH npo-

MeXyTOoK @) (—;1]; 6)(—=; 2); B) (—;al; 1) (—=;a)?
PekomeHOayuu K 8bIMOIHEHUIO YPaXKHEeHUS
N306pa3mm Tpebyemble pelleHns Ha KOOPAUHATHOW NPSMOK 1 onpeaenMm CooTBET-
CTBYIOLLME 3HAYEHUs napameTpa (cMm. puc. 3).
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. 2
Rt OTteeT:a = 1.
6) _% I - i oo
I & - OTBeT:a € [2; +).
") L ittty Ot (=3 2),
r) _% o —
T —k: > OTBeT:a = 2.
Puc. 3

[Mpn BLINOSTHEHMM 3TOFO YNPaXXHEHUSI PEKOMEHAYEM CTPOro nNpuaepXxusaTbcs creay-
oLero npaeuna: X — 310 NepeMeHHas, a — 310 YMCIo.
3) HaxoxdeHue KopHel ripocmedwea0 ypasHeHUsl, codepxxaw,e2o napamemp
YnpaxHeHune 5. BoibpaB HEKOTOpPbIE 3HAaYeHMs NapaMeTpa a, PELUNTE YPaBHEHUS:
a)2a(a—2)x =a—2[6];
) (x —a)(x —3) = 0;

B) =0,

a+x
) 5——=0.
x“—5x+6
BbisiBUTE «0CObObIE» 3HAYEHUS napamMeTpa. I'IepeqmchTe BCE BO3MOXHble Cl1y4au pe-

LLUEHMS, YKa3aB, NPU KaKNX 3HAYEHUAX a OHW MOMy4atoTCs.
PekomeHdayuu K 8bIMOSIHEHUK YPaxXHEHUs

PelleHne npeanoXxeHHbIX ypaBHEHUN NpegnonaraeT CrneayoLwy nocrnefoBaTenb-
HOCTb paccyxaeHui: 1) BbibpaTb HEKOTOPOE YNCIIO — 3HAaYEeHNe napameTpa — U NoACTaBUTb
€ro B 3aflaHHOE ypaBHeHMeE; 2) onpeaenuTb TUM NoslyYeHHOro ypaBHEHUS; 3) peLumnTb nony-
YeHHOEe YpaBHEHNEe B COOTBETCTBUN C anroputMoM peLLeHUst ONpeaenéHHoro Knacca ypas-
HeHuK; 4) NOBTOPMUTL NPOLIEeaYypPY HECKONbKO pas. Nocne npoBeaéHHbIX NPo6 MOXHO 06006-
LWNTb peLLEeHne 1 NPOBECTU NOSTHOE UCCreaoBaHne ero kKopHen. Hanpumep, pelieHve ypas-
HEeHUs a) MOXeT BbITb OPOPMIIEHO B CrieayoLLeEM BUAE.

Myctb a = 5. Toraa nmeem ypasHeHue 30x = 3, oTKyaa x = 1—10

Myctba = —3. Toraa umeem ypaBHeHne —30x = —5, oTKyaa x = —%.

Ecnu a = 0, To nonyyum ypaBHeHue 0 - x = —2, KOTOPOE KOPHEN HE UMEET.
Ecnun a = 2, To nony4yum paseHcTBo 0 - x = 0, BepHoe npu nobom x.
OtBeT: npn a = 0 ypaBHEHNE KOPHEN HE UMEET;

npuv a = 2 KOPHEM YpaBHeEHNS aBngeTcs noboe Yncno;

1
B OCTalibHbIX Clly4adax ypaBHeHUe nMmeeTt O4MH KOPEeHb x = >a

lMpumeyaHue. B npouecce pelleHnsa ypaBHeHWU C napameTpoMm cnegyet obpaiiatb
BHMMaHWe Ha popMynumpoBKy 3adaHus. B ogHnx cnyyaax TpebyeTcsa ykasaTb KONMYeCTBO
KOPHEN ypaBHEHWS1 B 3aBMCUMOCTM OT napameTpa, B APYIMX — PeLUTb YpaBHEHUe, T. €.
HanTN PopMyIibl, BbipaxatoLme KOPHN 3TOro ypaBHEHWS.
4) BeinonHeHue ycriosusi 05 Kosiudecmeaa KopHel ypagHeHUs
YnpaxHeHne 6. CKONbKO KOpHEN MOXET MMeTb yYpaBHeHue [7]:
a)(a+4)x*+6x—1=0;
6) (2a+8)x?—(a+4)x+3=0?
PekomeHOayuu K 8bIMOMIHEHUIO YrpaX HeHUsl
BaxkHO 06cyanTb € yqawmmucs cnegyowmnn gakT: paumoHansHoe ypaBHEHNE MOXET
NpY HEKOTOPbIX 3HAYEHUAX NapamMeTpa NPUBECTU K ypaBHEHUIO CTEMNEHN HUXE, YeM CTeNeHb

5
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3aflaHHOro ypaBHeHus. Tak, pellas ypaBHeHue a), pu a = —4 Nony4Ynm NMHENHoe ypaBHe-
HWe, umetoLLiee oauH KopeHb. B apyrux cnydasax nony4ymm kBagpaTHoe ypaBHeHUe, ANCKPU-
MUHaHT KoToporo paBeH D = 40 + 4a. Torga npu a = —10 ypaBHeHWe TaKxe MMeeT OOuH
KOpeHb, Npn a > —10,a # —4 ypaBHeHNe MeeT ABa KOPHS, Npu a < —10 genCTBUTESbHbIX
KOPHEN HeT.
lMocnepoBaTenbHble pacCyXOeHUsa B pelleHun ypaBHeHust 6) NpuBOAAT K crieayto-
Lemy oTBeTy: Npu a € [—4;20) ypaBHEHME He UMeEeT (OeNCTBUTENbHbLIX) KOPHEN;
npu a = 20 ypaBHEHNE UMEET OANH KOPEHb;
B OCTarlbHbIX Crydasax ypaBHeHNe UMeeT ABa KOPHS.
YnpaxHeHune 7. Hangute Bce 3Ha4YeHUs a, NpU KOTOPbIX YypaBHEHNE UMEET €aUHCTBEHHbIN
KopeHb [8]:
a) (x — 3)log,a = 0; otBeT: npn a € (0; 1) U (1; +=).
6) (x — 1)arccosa = 0; oTBeT: npu ae[—1;1).
B) (x — a)log,x = 0; oTBET: Npn ae(—=; 0] U {1}.
r) (x —a)(vx — 9) = 0; otBET: NpM ae(—oo; 0) U {81}
5) PeweHue HepaseHcmes npocmetiweao euda, codepxawjux napamemp
YnpaxHeHune 8. [Nepedncnute Bce BO3MOXHbIE Crlydau peLUEeHUs HepaBEeHCTBa, YKa-
3aB, MPU KakuxX 3Ha4YEeHUsIX a OHW MONyYaloTCA:
a)ax > 1.

o 1 1
OtBeT: npn a = 0 HeT peLieHnn; ecnma > 0, TO x > o ecrmma<0,Tox < P

6) (x —a)(x—2)<0.

OTBeT: Npn a = 2 HET peLleHn; ecnn a > 2, Tox € (2;a); ecnn a < 2, Tox € (a; 2).
B) =l <o,
x+a
OtBeT: npu a = 1 HeT pelleHnin; ecnn a € (—oo; 1), Tox € (—1; —a); ecnu a € (1; +),
Tox € (—a; —1).

= 0.

) a+x
x2-5x+6

OtBeT: ecnima = —2, TO x € (3; +=);
ecnma = —3,T0x € (2;3) U (3; +);
ecnna € (—=; =3), T0x € (2; 3) U [—a; +=);
ecnna € (—3; —2), T0x € (2;—a] U (3; +«);
ecnma € (—2; +=), Tox € [—a; 2) U (3; +«).
6) [MocmpoeHue cemelicmea KpuBbiX U 8bisi8NIEHUE 0CObBbIX Crlydaes pacriofnoXeHus
epagukos
YnpaxHeHue 9. MocTpoiite rpadukm QyHKUMA: y =a —x?%; y = |x + a|; y = Va — x;
y =log,(a —x); y = e* + a. Kakne n3 atnx rpagpukos npoxoadart vyepes Touky (0; 1)?
YnpaxHenune 10. MNocTporite reoMeTpnyeckoe Mecto TOYeK C koopauHaTamn (x;y),
YyAOBMNETBOPSAIOLNMUN YPABHEHUIO:
a) lx| + |yl = a;
6) (x —a)®> + (y —a)? = a?;
B) x| + |yl < q;
r) x% +y?% > a.
7) OnpedeneHue Konudecmea KopHel ypasHeHus f(x) = a npu 3a0aHHOM epachuke
yHKkyuU f(x)
YnpaxHeHune 11. 3agaH rpacuk dyHkumm f(x) (cm. puc. 4 a, 6). Kak onpegenutb Ko-
NMYeCcTBO KOpHEW ypaBHeHus f(x) = a?
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y y=f(x) Y

/

y=f{x)

\/ X X

a) 6)
Puc. 4

YnpaxHeHune 12. NMocTponTb 4epTex aAnsa rpadmnveckoro peLleHnss HepaBeHCTBa ax =
|x + 1|. NMepeuncnmTtb BCE Criy4anm B3aMMHOIO pacrosioXXeHns rpacuKkos.

8) HaxoxdeHue 3HayeHuUs rnapamempa, coomeemcmayruwe2o KacaHu Kpueou u
npsmou

YnpaxHeHune 13. Kakme ycnoBust AOSMKHbI BbINOSTHATLCS AN TOro, YTobbl npsaMasa y =
ax — 1 aBNAnack KacatenbHoln K napabone y = x2? Kak HalTU COOTBETCTBYHOLLME 3HaYe-
HUA a?

PexkomeHOayuu K 8bINMOSTHEHUI YrpaXKHeHUs
B Touke kKacaHusa NpsAMOn N KpUBOW BbIMOMHATCS YCIOBUS, ONMUCbIBAaEMbIE CUCTEMOWN

ax —1 = x? . y
{(ax D = () [MoaToMy KacaHMe MOXeT NPON3OUTU B TOYKe ¢ abcumnccon x = 1 npu a =
2 unu B Touke ¢ abcumccon x = =1 npua = —2.

Il Onpepensiem Kpyr 3agad ¢ TMnoBbiMn doopmMynuposkammn. PopMmmpyem 3BpUCTUKN.

lMpoananuanpoBas 6aHk 3agay ang nogrotoeku kK EM3 no matematuke [9], Mbl Bblge-
NN HECKONBbKO TUMNOB 3a4ay C NapaMeTpoM.

1. [na gaHHOro ypaBHeHUs1 TpebyeTcs HalTU 3HaAYeHUs napameTpa, Npu KOTOpbIX
BbINOSTHAETCA 3aaHHOe YCroBMeE.

1.1. 3apaHo TpeboBaHMe Ha KONMUYECTBO KOPHEN yYpaBHEHUS (MMeeT eAMHCTBEHHbIN
KOpEeHb, nMeeT Bonee OBYX KOPHEWN, HE UMEET KOPHEN U T. .).

1.2. 3apaH NpoMeXyTOoK, KOTOPOMY NpUHaAnexaTt KOpHN ypaBHEHUS (BCe, HECKOSbKO,
X0TH 6bl O4VH).

Apyrve BapmaHTbl (hOpMYNMpOBOK:

—  rpadumk pyHKUMM nepecekaeT ocb abcumcc B TPEX TOYKAX;

—  dyHKUMA umeeT Bonee ABYX TOYEK SKCTPEMyMa U T. M.

2. [nsa paHHOro HepaBeHCTBa TpebyeTcs HanUTK 3HaYeHus napameTpa, Npu KOTopbIX
BbIMOMHAETCS 3a4aHHOe YCIioBMe.

2.1. PeweHnamMu HepaBeHCTBa ABNSAIOTCS BCe OENCTBUTESbHbIE YMCHa.

2.2. HepaBeHCTBO He MMeeT peLueHUNn.

2.3. MHOXeCTBO peLleHUn HepaBEeHCTBA 3a4aHO UM OrpaHNYEHO OOMOSTHUTENbHbBIM
yCrioBueM.

[pyrvne BapmaHTbl (pOpMYNMpPOBOK:

— HepaBEeHCTBO MMeEET TpU LenNbIX peLleHuns;

—  pelleHneM HepaBeHCTBa SABNAETCS OTPE3OK,;
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— Hanbornbluee 3HaYeHNe PYHKLUM MeHbLLE 3a4aHHOMo Yynucna u T. M.

3. [ns gaHHOWM cUCTEMbl ypaBHEHUI (HEpPaBEHCTB) TpebyeTcs HanWTK 3HAYeHus na-
pameTpa, Npu KOTOPbIX BbIMNOMHAETCS 3a4aHHOe YCNoBue.

3.1. Cucrema umeet 6ECKOHEYHO MHOIO PELLIEHNIA.

3.2. Cuctema He UMeeT peLleHUn.

3.3. Cucrema umeeT peLUeHuns.

3.4. Cuctema umeeT 3afaHHOE KOMMYECTBO peLUeHUn (eQUHCTBEHHOE, OBa wUnu,
Hanpumep, YeTbipe).

4. [pyrve 3agauu:

4.1. PewwnTb ypaBHEHNE, HEPABEHCTBO UMM CUCTEMY MPU KaXKOOM 3HAYEHMU napa-
mMeTpa.

4.2. HanTtu 3Ha4yeHus napameTpa, Npu KOTOPbIX YpaBHEHMS (HEpaBEHCTBA WM CU-
CTEMbl) PaBHOCUSbHbI.

4.3. PewwuTb 3agadvy ¢ LONONHUTENbHBIMW OFPaHMYEHMSIMUN Ha NapaMeTp (Hanpumep,
pPeLnTb NPU BCEX MONOXUTENbHbBIX 3HAYEHUAX NapameTpa).

PelueHne 3agay c napaMeTpom He MMeET OAHO3HAYHOTrO anropmMTMa, OAHAKO eCTb psia
coobpaxeHui, KOTopble TakK UM MHa4Ye BO3HWKAKOT BMECTe C npuobpeTaembiM OMbITOM.
Cchopmynmpyem psifi 3BPUCTUK, BNageHMe KOTOPbIMW CyLLECTBEHHO 0bGnerynT pelueHune
ypaBHEHUIN, HEPABEHCTB C NapaMeTPOM N NX CUCTEM.

1. BonblWKHCTBO anrebpanyeckmx ypaBHEHN, HEPABEHCTB C MApamMeTPOM M UX CUCTEM
yCreLLHO peLuaeTcs rpadonyecku.

2. B HekoTOpbIX 3agavax CroXHOE M MHOrO3TanHoe NccrnegoBaHne MOXHO CBECTU K pe-
LLUEHMIO pauMOHanbHOrO HEPaBEHCTBA UITN CUCTEMbI pauMOHarnbHbIX HepaBeHcTs [10, 11].

— Hanpumep, BmecTo HepaBeHcTBa vx —+va > 0 MOXHO pelunTb HEPaBEHCTBO X —
a > 0 npn JONONHUTENbHbBIX OrPaHUYEHNSAX.

— Pewas HepaBeHcTBa a* — a™ > 0, MOXHO paccMOTpeTb criydan x —n > 0, rae a >
Inx—nm<0,rpeld<a<1.

— HepaBeHcTBO [f(x)| > |g(x)| B HEKOTOPBLIX Cry4yasx LenecoobpasHO 3aMeHUTb
HepaBeHcTBOM [f(x)]? > [g(x)]?.

— Ecnu HepaBeHCTBO MOXHO NpuBECTM K BUAY logyx[f (x)] > 0, TO ero pelenus

MOXHO HanTu, pewms HepaBeHCTBO (g(x) — 1)(f(x) — 1) > 0.

3. PelleHne MHOMMX ypaBHEHUN N HEPABEHCTB C NapamMeTpoM, coaepalumx KBaa-
paTHbLIN TPEXYIIEH, MOXHO CBECTU K MCMOMb30BaHUIO COOTHOLUEHUI, aHaNOrn4yHbIX crieayto-
e Teopeme. [Ina Toro 4tobbl 06a KOPHA KBaApaTHOro TpéxuneHa f(x) = ax? + bx + ¢ ne-
Xanwu no pasHble CTOPOHbI OT 3afaHHoro yncna M, Heo6xoanMMOo 1 AOCTaTOYHO BbINONTHEHNS
ycnosus a - f(M) < 0 [12].

4. Bo MHOrmMx 3agayax, kak MOXXHO BUOETb Bbille, TpebyeTcs HauTK Te 3HaYeHus na-
pameTpa, Npu KOTOPbIX YNCNO KOPHEW ypaBHEHUA Hanepén 3agaHo. Toraa MoryT NoMoYb
cnegyrowmne coobpaxeHus (CM. ynpaxHeHue 7):

— ecnn TpebyeTcs, 4TObbI pauMoHasnibHOe ypaBHEHWE UMENO eOUVHCTBEHHbLIA KO-
peHb, HEOBXOAMMO pPacCMOTPETb T€ 3HAYEHUSI NapameTpa, NPy KOTOPbIX OHO CTaHOBUTCSA
NMNHEWHbIM;

— ecnu TpebyeTcs, YTOObI ypaBHEHME MMENO €OUHCTBEHHbIN KOPEHb, TO HEODX0ANMO
paccMOTpeTb Te 3HaYeHWs1 NnapameTpa, NPy KOTOPbIX BCE KOPHU ypaBHEHUS COBMagatoT;

— ecnun TpebyeTcs, 4TOObI ypaBHEHME UMESNO €OUHCTBEHHbBIM KOpEeHb, HEOBXOANMO
paccMOTpeTb Te 3Ha4YeHUs NnapamMeTpa, NPU KOTOPbIX BCe HanAeHHbIe KOPHU, KpOMe OHOTO,
ABMISAOTCA NOCTOPOHHUMU;
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— B YpPaBHEHMUSX, coaepXallmx YETHble PYHKUUKN, MOXHO OTAENbHO PacCMOTPeETb
crny4vau, Koraa nepemMeHHas npuHMMaeT 3Ha4YeHne paBHoe HYM; 9TO MNO3BOJSIUT BbIACHUTD,
MOXET 11 KONIMYECTBO pELLUEHNN BbITb YETHBIM NN HEYETHLIM.

5. TpeboBaHue paBHOCUNBHOCTU YpaBHEHUN, HEPABEHCTB UM CUCTEM MOXHO CBe-
CTM K uccnenoBaHunto obnactu onpegeneHms unm oénactn saHavyeHnsa pyHKUmK.

KoHe4Ho, npuBenEHHbIE 3BPUCTUMKM HE MCHEpPNbIBAOT pas3Hoobpasne npuémMoB, UcC-
nonb3yemblX B pelleHnn 3agad ¢ napameTpamu. Mbl He ocTaHaBnmMBaemcs nNogpobHO Ha
paccMOTpeHnn 3agad, TpebyoLwmx NPUMEHEHUS 3TUX IBPUCTUK, NPESOCTaBAs YntaTento
BO3MOXHOCTb 6onee getanbHO nopaboTaTb C KHUraMu, NOCBALEHHBIMU peLLIEHUIO 3a4ad C
napameTpom [13-16].

B ka4ecTBe pe3tome OTMETUM HECKOSIbKO MOMEHTOB:

1. 3apauu c napameTpammn OTHOCATCS K KaTeropum 4OCTaTOMHO CIOXHbIX 3a4aud, Tpe-
OyoLWMX NPUMEHEHNS pa3HOOOpasHbIX 3HAHWIA, CUHTE3a PasNNYHbIX PParMeEHTOB U3YyYeH-
HOro paHee matepuana.

2. OT0 3agayu, B KOTOPLIX NPOSBISIETCHA TBOPYECKasi CocTaBnstoLwas npowuecca oby-
YeHUsl, AeATENbHOCTb Y4aLLMXCA HOCUT 9BPUCTUYECKUI XapakTep.

3. CyuwecTtByeT psg MeTogMYEeCKUX COOBpaeHUn, Cnonb3oBaHMe KOTopbIX obner-
YaeT npoLecc NPUOBLLEHMS yHaALLIMXCA K pELLEHUIO 3a4a4 C NapaMeTpoM. AT coobparkeHus
YyYMTbIBAKOT cneumdurKky napameTpa Kak NoHATUA U cneumduky 3agady ¢ napameTpoM Kak
OTAEeNbHOro BMaa 3ajav.

4. [lpnobpeTeHne onbiTa pelleHns ykasaHHOro Buaa 3ajad [OSHKHO COMpPOBOX-
Aatbcs POPMYNUPOBKOM CrieumanbHbIX U YaCTHbIX 3BPUCTUK.

[MpnBeOeHHbIE pekoMeHO4aunn MOryT oka3aTbCsl Nosfie3HbIMU Ans yduTtenen, paboTa-
OLLMX Ha NOArOTOBKOM YYaLUMXCH K UTOrOBOW aTTecTaummn, a Takke Ans paboTbl B pamkax
3NEKTUBHbIX KypCOB U B ApYrnx oopmax paboTbl C y4aLMMUCA, NPOABNSAOLLMMN NHTEPEC K
N3y4eHUI0 MaTeMaTUKN.
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Training students to solve equations and inequalities with parameters

Abstract. The paper presents the elements of teaching problems with parameters. The approach to the intro-

duction of the concept «parameter» is discussed. The base of exercises, different types of problems and some

heuristics are described.
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