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MeToauka nccnegoBaHMA Ha CXOAQUMOCTb HECOOGCTBEHHbIX UHTeErpanoB

AHHOmMauyus. Mamepuan cmambsu paccyumaH Ha cmyOeHmo8 mexHUYeCKUX crieyuasnbHo-
cmeli, 00Hako bydem nosie3eH 8cemM, Kmo UHmepecyemcs meopuel HecobCmeeHHbIX UHMe-
eparsnos. lNpedcmasrnsem cobou pekomeHdayuu 8 sude 3aday u rpumepos Os1s1 Mod20moesKuU
K 3K3aMeHaM, rpakmu4eckuM 3aHsamusiM, KOHMPOsibHbIM U py6exxHbiM pabomam, 8bInosiHe-
Husi domawHux 3adaHud. NpednoxeHbl 3a0ayu 0511 CaMOCMOsMEesIbHO20 peweHUs C Uesbio
3aKperineHusi nosy4yeHHbIx 3HaHul. Mamepuan pabomsi Moxem 6bimb UCMOIb308aH rperio-
Oasamensamu, 8eQywumMmu rpakmu4yeckue 3aHsamusi. Aemop ripednonazaem, 4mo Yumamersib
erradeem OCHOBHbIMU MOHAMUSIMU meopuu 6eCKOHEYHO MarlbiX U B60buwux 8€sUYUH, UX
CpasHeHuUs1, pasuyHbIMU criocobamu ebiHucieHust npedesos.

Knroyeenble croea: Hecob6CcmeeHHbIe uHmMezparsbl 1-20 U 2-20 poda, npu3HaKku CPasHeHUs,
npedesibHbIl Npu3HaK cpasHeHusl, abconomHas u ycroeHasi cXoOUMOCMb UHMez2pasios,
uHmeezpan Jupuxre.

Pa3den: (01) nedacoauka; ucmopusi nedazoc2uku u obpa3zosaHusi; meopusi U MemoouKa
oby4yeHusi u eocriumaHus (o npedmemHbiM obriacmsm).

B uensx nosbllWeHNA YpOBHA MaTeMaTU4eCKOW NOAroTOBKN CTYAEHTOB MatemMaTtuye-
CKMX U TEXHUYECKUX cneumanbHOCTEN ocoboe BHUMaHWE yaensieTcss TEM BONpocam BbiC-
Lwen matemaTmkm, 6€3 NPOYHOro 3HaHUSI KOTOPbIX HEBO3MOXKHO CTaTb XOPOLUMM crneuumanu-
cToM B cBOen obnactu. K Taknm BaKHbIM TEMaM OTHOCUTCS TeMa HECOOCTBEHHbIX MHTErpa-
NOB, KOTOPbIE YacTO BCTPEYalTCH B 3aa4ax Mo MexXaHUKe N 3NeKTpoCTaTuKe.

MpepnoxeHHas B cTatbe MeToauka NO3BONMUT LOCTATOYHO BbICTPO chopMUpOBaTbL
NPOYHble HaBbIKM pelleHnsa 3agady no aton Teme. Llenb paboTbl — HayuYnTb BbIYMCNATL U
nccnegoBaTb Ha CXOANMMOCTb M PacXogMMOCTb HECOOCTBEHHLIE MHTErpansbl.

[MoHATMe onpedeneHHoro uHTerpana BBOAMUMNOCh NpU ABYX YCNoBUAX: 1) KOHEYHOCTb
oTpeska UHTerpmpoBaHus [a,b]; 2) HempepbIBHOCTL (a cTano GbiTb, OrPaHNYEHHOCTb) OYHK-

LMK Ha OTPEe3Ke UHTerpupoBaHusi. PaccMoTpum ectecTBeHHoe 0606LLeHMe onpeaeneHHoro
WHTEerpana B criyqyae HapyLUieHWUsi TOro UK MHOTO YCroBusi. B aTom criydae Mbl NpUxoamm K
MOHSATMIO HECOBCTBEHHbLIX MHTEerpanoB 1- ro poga u 2-ro poga. Mpaeaa, vHTerpan — 310
nrowiaab, a nnowanb HeorpaHUYEHHO NPOTSKEHHOW OUIYPbI BbIFMAAUT HEMPUBBLIYHO.
Heco6cTBeHHbIe uHTerpansbl 1-ro poga. 3710 UHTErparnbl OT HEMPEPbIBHbIX PYHKLNIA
no 6eckoHe4dHOMyY nHTepBany. MycTb dyHkuma f(X) onpeaeneHa Ha MHOXeCTBE X € [a;w).

OnpegeneHue 1. HecobCcTBEHHBIM MHTErpanom 1-ro poga HasblBaeTca Npeaen onpe-
+00 b b
nenewHoro wHterpana | f(x)dx = im | f(x)dx = lim F(x)| = lim (F(b)-F(a)), raeF(x)-

nepBoobpasHasa dyHkumn f(x), T.e. F'(x) = f(x).
OnpepeneHue 2. Ecnv npegen B npaBou YacTu nocrnegHen opmMyrbl CyLLeCTBYET U
b
KOHe4eH, T. e. lim | f(x)dx=c, TO HeCOBCTBEHHbIN UHTErpan HasblBaeTCs CXOOALMMCS.

b—+o0
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Ecnn aTOT Npegen He cyllecTByeT (B YaCTHOCTU, paBeH GECKOHEYHOCTU), TO HECOBCTBEH-

HbI MHTErparn J. f (x)dx HasbiBaeTcsa pacxogsawmmes [1].

N3 aTnx onpeneneHun crnenyeT, 4TO €Cnv A1l HEKOTOPOro OeNCTBUTENbHOIoO Yncna

a +00
a cxoamTcs Kaxabli U3 HeCOBCTBEHHbIX NHTErpanos J'f(x)dxm If(x)dx, TO cxoauTcsa U

bt a
400
HEeCOBCTBEHHbIN MHTErpan J' f (x)dx, npuyem cnpaBeannBo PaBEHCTBO:

+00
jf(@dx_jf(@dx+jf(mdx
|-|pl/l nccnegoBaHUn HecoOCTBEHHOIo MHTEerpana Ha cXoguMMmocCTb nepeoe, 41o Hagao cae-
naTtb, — 3TO I'IOI'IpO6OBaTb BbIYNCIINTb NUHTErpart, T. €. BOCMNOJ1b30BaTbCA ornpenefnieHneM.

+00

Mpumep 1. Bblumcnutb nHTerpan je‘”dx.
0

+o0 b
Ie dx = I|m je‘”dx = lim (—le‘sxj
5 b—+oo 3

b— -+

b 1. g 1) 1
= _§b||m e —(— §j =3 NHTerpan cxogutcs
0 —>+40

no onpeaeneHnto.

+00 dX
Mpumep 2. Bbluncnutb MHTErpan J 5
_w1+x
~+00
dx . T T
I > = lim > = lim arctgx I|m arctgb— lim arctga==+==x. WHTerpan
1+ x5 ao=s 14 X7 a>= b—>-4o0 a—>—o 2 2
-® b—>+o0 b—>+o0

cXoguTca no onpeaerieHnto.

Mpumep 3. BelumcnnTb uHTErpan I

xInx
todx ¢ odx
J‘ =lim J‘ =liminin x|, = = lim 1(Ininb-Inin2)=co. WnTterpan pacxoputcs no
> XInn  boes xin x b
onpeaeneHuio.
dx
Mpumep 4. BelumcnnTb uHTErpan J'ﬂ B 3aBMCUMOCTUN OT K .
n X
b
odx b dx _In**x
.[—k = lim I—k = lim , (k #1). BugHo, 4TO 3TOT Npeaen 3aBucuUT oT K :
X(In x) oo x(In ) o 1k |,

In"" x _ (Ih**p In**2) In**
Ecrm k >1, 10 I|m = lim - = , T. €. MHTerpan cxoauTcs.
ool ] — bo+ol 1=k  1-K k-1

Ecrim k<1, 10 I|m

b— 40

In**b ~ In**2
1-k 1-k

]: 400, T. €. UHTEerparn pacxoaunTtcsa.

b

Ecrm k =1, 10 lim = lim (INInb—Inn 2)=+cw, T. €. UHTErPaN pacxoauTcs.
b—>+0 2 Xln X bo+e



http://e-koncept.ru/2017/

KaHdayposa U. E. Memoduka ucciedo8aHuUsA HA cXo0UMOCMb HecobcmaeHHbIX

uHmezpasnoe // HayyHo-memooduueckuli 31eKmpoHHbIl *ypHana «KoHuenmy». —
2017. - Ne 5 (mati). — 0,3 n. n. — URL: http://e-koncept.ru/2017/170111.htm.

HaY4YHO-METOANHEeCKIA
SAEKTPOHHBIA >KyPH3A

+00 dX
Mpumep 5. Bbluncnutb nHTErpan I—
5 XIn xIn In x
T dx 5 dx _tdlininx
I— lim I— im I—— lim In In In x| =+o0. WHTerpan pacxo-
XInxIninx  b>+d xInxINInx  b>=s InNlnx b+

ANTCS No onpeaeneHunto [2].

+o0

. dx

Mpumep 6. NccnepoBaTb Ha CXOAMMOCTb WMHTErpasn OT CTeneHHOW (PyHKuMn I—p
a

(a>0,p>0), p— gencreutenbHoe Ymcno (MHTerpan Qupuxne).
NHTepeceH Tonbko cnyyan p >0, Tak kak npy p <0 nogblHTerpansHas OyHKUMS cTpe-
MUTCS K GECKOHEYHOCTU MPU X — oo U UHTErpan pacxoguTcs.
' dx Sdx . x7Pt

=lim | — = lim
Xp b—os+od Y P b—>+oo_p+1
a a

b _jim P at®
Im + -1’ .
boie]l—p  p-— 1 pool 1-p>0, p<1

PaccMoTpum oTaenbHo cnyyvan, korga p=1.

dx % dx
=lim | —=Iim In x) I|m Inb—Ina=-+w. HTErpan pacxogurcs no onpeaene-

X bo+od X b—>+o0 b—+o0
a

HWUIO.

+°°dx cxooumess npu p >1.
CnepoBaTenbHO, MHTerpan Aupuxne j

pacxooumcsa npu P <1.

Cxopsilumecs HecobCTBEHHbIe UHTerparnbl 1-ro paga uMeroT onpeaesieHHbI reoMeT-
puyecknii cmbicn. Mpaduk dyHkumm Y= f(X) orpaHnymBaeT Tpaneumto ¢ 6eCKkoOHeYHbIM OCHO-

BaHNEM.
L4

Ecnu HecoGCTBEHHbIN UHTErpan J'f(x)dx cxoguTcd, To nnowanb ourypbl, orpaHu-
a

YeHHasn yHkumen y=f(x), npambiMn x=a n y =0, nmeeT nnowaab, paBHyt 3TOMY UHTE-
rpany.

3amMeTuM, YTO Ha cxoasLmecss HeCOBCTBEHHbIE UHTErparbl pacnpoCTPaHsTCs BCe
CBOWCTBa ONpeaeneHHoro NHTerpana n Bcs TEXHMKa BblMUCNEHUN (MMHENHOCTL, hopMyrna
HbtoToHa— JlenbHnuya, 3ameHa nepeMeHHOn, MHTErpUpoBaHME No YacTsaMm, UHTErpupoBaHme
HepaBeHCTB). Pacxogawmeca nHterpanbsl TpebyroT HEKOTOPOW akKypaTHOCTU B 3anucsx, B
YAaCTHOCTW, HEBEPHbI (I'IpOCTO He I/IMePOT CMbICJ‘Ia) 3anuvcu:

+0 +00
dx dx
_o j =1+ j -2(=.
X
-1 0

BOI'IpOC O CXOOMMOCTUN UHTEerpana peUJaeTCFI OTHOCUTEJIbHO MPOCTO, eClln HaﬂueHa
nepsoobpasHasa. Yacto, ogHako, HaMTU ee 3aTpPyAHWUTENbHO, TorAa BbIACHUTb CXOAU-
MOCTb/paCXOD,I/IMOCTb MHTErpana nblTatoTCA KOCBEHHbIM NMyTEM — C NOMOLLBLIO TEX UJTU UHbIX
NPU3HaKoB.

X
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MpusHak cpaBHeHusi. Ecnu ansa Bcex xela+o) BLINOMHAETCS HEPaBEHCTBO
~+00

0< f(x)<g(x), TO N3 CXOAMMOCTM MHTEerpana I g(x)dx cnegyeTt cxoOMMOCTb WHTerpana

I f (x)dx, U3 pacxoanmMocCTu I f (x)dx cneayeT pacxoAMMOCTb Jg(x)dx.

CxemaTtunyeckasi 3anuncb NPpU3HaKa cpaBHEHNA BbIMNMAAUT TakK:

+00

j f (x)dx < Tg(x)dx

a

cXoanTCcA «—— CXOoauTCA

pacxoonTCcA————» PaCXoaunTCA.
MpeaenbHbIN NpU3HaK cpaBHeHus. Ecnn ans Bcex x efa,+o) f(X)>0 1 g(x)>0 u

CyLleCcTBYeT KOHe4yHbln npegen lim )

=c,(c#0,c#o), TO mHTerpanbl | f(x)dx wu
X—> 40 g(x) J.

a

+00
jg(x)dx nnbo oba cxogatcs, nnbo oba pacxogatcs [3].
a

YToObl C NOMOLLBIO 3TUX NMPU3HAKOB UCCMeaoBaTbh UHTErparnbl Ha CXOAUMOCTb, Hado
UMEeTb Takne MHTerpanbl-3TanoHbl, CXOOUMOCTb UMM PACXOANUMOCTb KOTOPbLIX Obina 6bl 13-
BEeCTHa 3apaHee. B kayecTBe aTanoHa o6bIYHO UCMONb3YHT UHTerpan OQupuxne.

[na ero nogbopa nonesHo BCMNOMHUTbL HEPaBEHCTBA, KOTOPbIMW MPU 3TOM MOMb3y-

. T
emcs: In x<x, sin x <x<tgx (0<x <E ), |sin X| <1, |cos X| <1, 1 HeKOTOpbIE SKBUBANEHTHOCTH,

~
~

X | =
> | =

, €

1 1 .1 1
KOTopble cnpaBeanvBbl npu  X—oo:INj1+=|x=, sin—~=, g
X) X X X

.1 1 1 2
arcsin —~=-, —=——
X X shx e*—e™”

"eomMeTpryecKnin CMbICI CUTYaUnmn O4eBUAEH: YeM Bnvke KpnBasa NPUXMMaETCH K OCU
abcuuce, TeM nyyuwe ansg CXoguMocTMu.

OtmeTunM, 4To 06€e hopMbl NpU3HaKa CpaBHEHMWS, HEMOCPEACTBEHHAs 1 NpeaerbHas, Xo-
POLLO OOMOMHAKT ogHa apyryto. MNpegensHaa dopma BbIrMSAWT, KOHEYHO, MOLLHEE: 34eCb
OXBaTbIBAETCH CaMOe BaXXHOE — NOPSA0K BECKOHEYHO Marnon nogsiHTerpansHon pyHkumMn. Ho
BEAb Nnopsiaka MOXeT U He BbITb, TOrga NoMoXeT HENOCPEeACTBEHHOE CPaBHEHME.

MpusHak abconoTHOM cxogmmocTu. Ecnn f(x) — 3HakonepemeHHas pyHKUMA Ha

z% arctgx ~+ X
e 2

+00
[a,+00) 1 I |f (x)dx cxopmuTes, TO cxoAMTCS aBCOMIOTHO.
a
N3 aBConoTHOM CXOAMMOCTM MHTerpana criefyeT ero cXoaMMocTb, HO obpaTHoe He-
BEPHO. VIHTerpan MoXeT CXoauTbCs, HO He abcomoTHO. Takas CXOAMMOCTb Ha3blBaeTCs
YCITIOBHOWM CXOAMMOCTbI0 [4]. PaccMoTpyM crieaytoLme npumeps..

"Tsin xdx
Mpumep 8. NccnenosaTtb cXoAMMOCTb UHTErpana J'—
1
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Tsinxdx 71 1 +o "7Ccos xdx ‘fcos xdx “Fcos xdx
I—:—j—dcosx:——cosx —I > J. WHTerpan j—z
X X X 1 X X
1 1 1 1 1
[cos x| SXI
cxoamTca abconioTHO U3 CpaBHEHUs ¢ MHTerpanomM Jupuxne, Tak Kak . 3HauuT,

X

400 _ =
sin xdx
nHTerpan J— CXOOUTCS Kak CyMMa KOHCTaHTbl U CXOAALLErocs uHrerpana.
X
“¢sin? xdx
Mpumep 9. NccnepoBaTb CXOAMMOCTb MHTErparna J.— .
R
sin®x 1 cosx

OueBunaHo, 4To = o [Mpwn HTErpupoBaHnM 3TOro paBeHcTBa oT 1 40 «©
X X X

Cdx “t'cos xdx
J.Z_ pacxoauTca Kak uHterpan [upuxne ¢ p=1, a uHTerpan IZ— cxoautes (Mbl
X X

+00 =2
- sin © xdx
TONbKO YTO paccMaTpmuBasnu Takom e, TOSTIbKO C CUHYCOM). 3HauuT, U uHTerpan _[—

X

1

+o0
dx
pacxoantcs — nHade Obl j oy CcXoOuncs Kak cymMma cxogswmxcs uHterpanos. Octanocbh
X
1

NPUMEHNTb MPU3HaK CpaBHEHUA, UCMNOJIb3yA Oo4YeBMOAHOE HepaBEHCTBO |sin x|23in2x, ",

jsin x|dx Tsin? xdx
cTano 6bITb, UHTerpan J'— pacxoauTcs, T. €. uHTerpan I > 727 cxoOuTcsl, HO He
X X
1

abCconoTHO, a YCNOBHO.

dx
Mpumep 9. NccnepoBaTb CXOAMMOCTb MHTErpana IT—)
x“(1+e*

+00

dx
Mpn X — 400 f(x) = . Ho nHTerpan f— CXOOMTCA Kak nHTerpan Qupuxne
X il+ e }
c p=2>1. CnegoBaTtenbHO, NO NPU3HAKy CPaBHEHWSI UCXOOHbIN UHTErpan CXOAnTCS.

T4 +sin x
Mpumep 10. UccrienoBaTth CXOAMMOCTb MHTErpana I —
X
4 +sin x

OueHM Npu X — 400 NoAbIHTErpanbHy0 PyHKUM f(x) = ——— Ho wnHTe-

CUx J_

¢ 3dx 1
rpan I =3 I pacxoauTcs Kak uHTerpan OQupuxne ¢ p = 5 <1. KoHcTaHTa Ha cxoaum-

dx

MOCTb He BrnugderT. I/choquM MHTEerparsn pacxoguTcs no npmsHaKy CpaBHEHMA.
¢ sin xdx
Mpumep 11. VccnepgoBaTb CXOAMMOCTb MHTErpana J'—

1+x

Mpn X — +oo nogpliHTErpansHas pyHKUUs 3HakonepemeHHasi. OLeHUM ee No Moayrto.
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sin x sin x 1 rdx
| 2| = | | <— . WHTerpan j—z cxoamnTcd Kak nHterpan dupuxnec p=2>1. Torga
1+ X x2(1+1] X | X
2

X

40|~
sin x|dx -
J'|1—|zcxo,u,mc;| MO NPU3HaKy cpaBHeHUs. IcxoaHbIN MHTerpan cxoguTcs abcomntoTHO No
+ X

1
npu3Haky abconTHoM cxoanmocTy [5].

+00

Mpumep 12. NccnepoBaTb CXOAUMOCTb MHTErpana I

1 1 1
In [1+ ] In (1+ j —
‘/; — ‘/; ~ ‘/; ~ 1 l/IHTerpan OT 3KBUBANeHTHON

(ﬁ+5) _\/;(1+\/5_)~\/; X

X

Mpn x —> 400 f(X)=

+00
dx -
dyHKUUK J'— pacxoauTtca Kak uHterpan Oupuxne ¢ p=1. MicxogHbin nHTErpan pacxo-
X
1
ANTCSA No NpeaenbHOMY NPU3HaKy CpaBHEHMS.

1
+o SIN = dX
Mpumep 13. ViccnenoBaTth CX0AMMOCTb MHTerpana _[ —X .
1 X+/X +3
Mpu X — +oo NoAblHTErpanbHas YHKLMS 3HaKonepeMeHHasi, No3aToMy Uccreayem ee
sin !
X 1 1 Fdx 3
Mo MoAynio: < == . WHTerpan j—3 CXOAMTCA Kak UHTerpan upuxne c p=—
xWx+3 xx 2 12 2
X X
.1
o [SIN —{dX
X

. CnepoBatenbHo, J CXOAUTCS MO MpU3HAKy cpaBHEHWUS. Toraa UCXOAHbIN MHTe-

XA/X +3

rpan cxoantcsa abcornoTHO No NpU3Haky abcontoTHON CXOANMOCTMU.

HecobcTBeHHbIe nHTerpanbl 2-ro poga. 310 MHTErpasnbl OT pa3pbiBHON PYHKLMM NO
KOHEYHOMY OTpes3kKy [a,b].

OnpegeneHune. HecobCTBEHHLIM MHTErPANioM 2-ro poga oT YHKLUMN, UMEIOLLIEN pa3-
pbiB f(a+&)=o0Ha NeBoM KoHUe oTpeska [a,b], HasbiBaeTcs Npeaen onpeaeneHHoro nH-

b b
Terpana | f(x)dx = lim [ f()dx= im F

a a+e

b :IimO(F(b)—F(a+g)), rae F(x) — nepsoobpas-

Hasa pyHKumm f(X).
OnpepgeneHune. HecoGCTBEHHBIM MHTErpanom 2-ro poga oT yHKLNN, UMEoLLLEN pas-
pbiB f(b—¢) =0 Ha NpaBom KoHLe oTpeska [a,b], HasbiBaeTcs Npeaen onpeneneHHoro yH-

b-¢

=Iim0(F(b—g)—F(a)), rane F(x) — nepsoo6pas-

b b-&
Terpana | f(x)dx = lim | f (x)dx = lim F

Hasa dyHkumm f(X).
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OnpepneneHue. Ecnu cyecTByOT U KOHEYHbI NPeaesbl B NpaBbiX YacTsx opMyr, TO
HeCOOCTBEHHbIN MHTerpan HasblBaeTcs cxogsawmnmcs. Ecnun atn npefenesl He CyLecTBYHOT
nnun paBHbl 6€CKOHEYHOCTUN, TO HECOBCTBEHHBIV MHTErpan Ha3biBaeTCs PacxogsLLMMCS.
Onpepnenenune. Ecnn dyHkuna f(x) nvmeet paspbiB f(C)=w,a<c<b BHyTpU OT-

b c b b
peska [a,b], Toraa I f (x)dx =J' f (x)dx +j f (x)dx .Toraa HeCOBCTBEHHbIN MHTErparn I f (x)dx
a a C a
CXOAMTCA, €CNU CX0AATcA oba UHTerpana B NpaBoil YacT OPMYyIbI, M PACXOANTCA, €CIu
pacxoamuTcs XoTs 6bl OAMH U3 3TUX UHTErparnos [6].
Takke MCCneaoBaHne Ha CXOAMMOCTb HauMHaeM C TOro, YTo Npobyem MHTerpan Bbi-
YUCTUTb.

1
Mpumep 14. Belumcnutb nHTErpan J.X—dx

0 (x2 —1)

IS

OyHKUMA nmeet paspbIB B TOYKe x=1.
1 1 2 1l-¢ 1 1
J' xdx = %I dx s = %Iimo(x2 —1)3 = %Iimo((l— gf —1)3 - %(— 1) = %0 + % = % . Mpepen
0 (x2 —1)5 0 (x2 —1)5 ’ o e
KOHEYeH, MHTerpan CXoauTCA Mo onpeaeneHunio.
Mpumep 15. Bbluncnute HTErpan J'd—)é
1 XIn“x

®yHKLMSA MMeeT paspbiB B TOUKE X =1, T. €. Ha JIEBOM KOHLE OTpe3ka.

¢ dx . tdhx 1 \e

J.I—Zzhm J. T:hm(——j

L xInTx a0 InTx o eo00 In X s
HbIW MHTErpan pacxoauTca No onpeaeneHuto.

Cxopswmmncsa HecobCTBEHHbIN MHTErpan 2-ro poga UMeeT reoMeTpu4ecknin cmoicn. B
cnyyae f(x)>0 oH paBeH nnowaan 6eCKOHEYHON KPUBONIMHENHOW TpaneLumm, orpaHnyeH-

How kpmBon f(X), NnpAMbIMU NUHUAMU X =a,Xx=b,x=c n y=0.

=—Iim o1 =-1+00=0. HecobcTBeH-
ol Ine In(l+¢)

gl e gf\’a[a, B

M B aTOM criyyae BONpOC O CXOAMMOCTU UHTErpana peLlaeTcsi OTHOCUTENbHO NpOCTO,
ecnun HangeHa nepsoobpasHasa. Ecnv HanTu ee 3aTpyaHUTENIbHO, CXOAUMOCTb/pacxoan-
MOCTb UHTEerpana uccnegyroT ¢ NOMOLLbIO NPU3HAKOB.

MpusHak cpaBHeHusA. Ecnn yHkumn f(X) n g(x) HenpepbiBHbI 1 3HAKONOCTOSIHHbI
0< f(x)<g(x) Ha (a,b] n f(a+0)=w, g(a+0)=00 ans scex x < (a,b], Toraa ns cxoammo-

b b
CTW UHTerpana J'g(x)dx cnegyeTt CXOOMMOCTb MHTerpana I f (x)dx, a U3 pacxoguMocCTu UH-

a a
b b

Terpana If(x)dx cnegyeT pacxogMMOCTb MHTerpana Ig(x)dx.

MpepenbHbIN NpU3HaK cpaBHeHuA. Ecnn yHkumn f(X) ng(x) HenpepbiBHbI U 3HA-
konocTosiHHbl 0 < f(X) < g(x) ansiBcex xe(a,b] n f(a+0)=ow, g(a+0)=0 U cywecrayer
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KOHeuYHbIn npegen lim ( )

b b
9(%) =C, TO MHTerpansbl J'f(x)dx n Jg(x)dx CXOAATCA UINK pacxo-
X—a X

a a
ASATCS OQHOBPEMEHHO.

YT00Obl C NOMOLLILIO 3TUX MPU3HAKOB MUCCNeaoBaTb MHTErpanbl Ha CXOAUMOCTb, HAao
UMeTb Takme UHTerpanbl-aTanoHbl, CXOAUMOCTb UMW PAcXOAMMOCTb KOTOPLIX Obina Obl 13-
BECTHa 3apaHee, 1 yMeTb 3TW 3TanoHbl noabupatb. B kayecTBe aTanoHa obbl4HO MCMOMb-

dx dx
3yI0T UHTerpansl upuxne j U j =, KOTOpbIe Cx0AATCs Npu p <1 n pacxoasTes
a(x=a)’ 5 (b-x)
npu p>1. MNpoBepUTb 3TO MOXXHO HEMOCPEACTBEHHO MO OMNpPeaeneHuo.
Ons noa6opa MHTerparnos Ans CpaBHEHUS MONE3HO BCMIOMHUTL HEKOTOPbIE HEPABEH-
CTBA, KOTOPbLIMM NPU 3TOM MOJb3yeMcsi: [sin X| <1,|cos X| <1, N HEKOTOPbIE SKBUBANEHTHOCTH,

KoTopble crpaseanmebl NMpu x — 0:IN(1+Xx)~x, sinx~x, tgx~x, € —1=X, arcsin x = X,
2
L, X X
arcthzx,l—cosx:ZstEz?.

MpusHak abcontoTHOM cxogaumocTu. Ecnn dyHkuma f(x) 3HakonepemeHHa Ha

b
c(a,b], f(a+0)=o 1 cxoonTca HECOBCTBEHHDII MHTerpanJ|f(x)|dx, TO HECOBCTBEHHbIV

a
b

nUHTerpan I f (x)dx cxogutcsa abcontoTHO [7].

a

dx

Mpumep 16. iccnegoBaTb CXOOUMOCTL UHTErpana f—

tgx — X

1
Ons vx e (01] f(x) =——— > ——. Bbl4MCNNM MO OMNpeaeneHnio HeCOBCTBEHHbIN UH-
tg X—X tgx
fcosxdx d sin x . . .
Terpan I J. I —— =lim Insin x| = Injsin x|— lim Insin &| = +oo..
|n X g—)O SIn X >0 >0

0

WHTerpan J—pacxo,u,mcn crnegoBaTeribHO, Mo NPU3HAKYy CPaBHEHMUS UCXOOHbIN UH-
tg X

Terpan pacxoauTcs.

T cos xdx
Mpumep 17. iccnepgoBaTb CXOOUMOCTb UHTErpana J'

T —x
MoapiHTerpansHas dyHKUMS 3HaKonepeMeHHas Ha otpeske [0,7]. Ans Vx e [0,7z] Bbl-
lcos X 1

Ji—x dr-x

1
ONTCA KaK UHTerparn ,D,I/IpI/IXJ'Ie C p=§<1. Mo NPpuU3HaKy CpaBHEHUA CXOOUTCA UHTEerparn

T
. dx
NONHAETCA HEepaBEHCTBO Ho HecoOCTBEHHbIN MHTerpan _fﬁ CXO-

cos xdx

% lcos x|dx
IQ Toraa NCXoaHbIi UHTErpan j — cxoauTcst aBCoNTHO MO Mpu3Haky abco-

s VT —X
IMIOTHOW CXOOUMOCTH.
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1
Mpumep 18. NccnepoBaTb CXOAMMOCTb MHTErpana J‘Mlt—\/;lﬁ
e’ —
0

MogbiHTErpanbHaa pyHKUNA nMmeeT paspbiB B Touke x=0. Npn x — 0+, ncnonesys

In !1+ \/_) Jxo1
9KBMBANEHTHOCTU, nogdepem aKBUBANEHTHYIO oyHKUMIO f(X) = ) —~—5=0(X).
2

3
HecobcTBeHHbIN MHTerpan J pacxoauTtcsa Kak uHTerpan Oupuxne ¢ p = 3 >1. cxoaHbin
0 y2
X

. tIn !1+ Jx hx
HeCcOBCTBEHHbI MHTerpan I — TaKke pacxoaMTCs Mo NpeaenbHOMY MpU3HAKY.
e” -1
0

Mpumep 19. UccnepoBaTb CXOAUMOCTb MHTErpana I _
o v1—x*
OyHKUMA nmeeT paspbiB B Todke x=1. [pn x —>1-0 noabepem 3KBUBANEHTHYHO
cbyHKu,mo ans noablHTErpanbHON dYHKLMM
F(x) = 1 1 5 1

\/1 x* \/(1— X)L+ x)1+ x?) ) 2,L-x) 2(1- x)% .

t o dx 1¢ dx 1 .
== CXOAMUTCA KaK uHTerpan dupuxne ¢ p = > <1. NcxoaHbin nHTerpan

HecobCTBEHHbIN  MHTerpan

0201-x): 2o (1-x)
cxoamuTcsa No npeaenbHOMy npusHaky [8].

MoaBoas utor, copMynMpyemM OCHOBHbIE NOSIOXEHUS METOLAMKN UCCNefoBaHNS CXO-
ANMOCTW/PacxogmMMOCTN NHTErParnos:

1. CHavana oueHUTb HeCOBCTBEHHbIN MHTErpan Ha NpeaMeT ero BblYMCIEHNS, T. e.
nccnegosaTtb No onpegeneHnto. Bonpoc 0 cxoaMmocTy B 3TOM Cryvae peluaeTcs ferko,
€CI1 HangeHa npomnsBogHag.

2. Ecnn nepBoobpasHyto yHKUMIO HAUTK TPYOHO, TO NEPEXOOUM K MCMONb30BaHNIO
NPU3HaKoB cpaBHeHUS. [1ns1 aToro Hago nogobpartb UHTerpan-atanoH (MHterpan Qupuxne),
NpoBEpPUTb, NPUMEHUM 1N OH, yaobeH nn ona npumeHeHus. KayectBo npmsHaka cxogumo-
CTW onpefensieTcst ero NPUMEHUMOCTbBH, NPAKTUYHOCTBLIO N YYBCTBUTEIbHOCTbLIO.

[na camoctositTenbHON paboTbl M NOBTOPEHUSI MPaKTUYECKOro mMartepuana MOXHO
npeanoXxuTb cnegyowme 3agayum [9-11]:

Hecob6cTBeHHbIe nHTerpansl 1-ro poaa:

a) Bblumcnutb HeCOBCTBEHHLIE MHTErpansbl:

oo e f@ex)dx Foxdx F dx Tdx T, 'Farctgx dx
‘([xe o ! N -[x2+9’ _-[(x2+2x+2)’ -1[7’ '([e & { 1+x%)
jxsm xdx, j J.\/X +1)3

0) WccnepoBaTb CXOOUMOCTL/PacXoAMMOCTb C MOMOLLbIO NMPU3HAKOB CPaBHEHUS:
~+00
dx

I I +J‘f’sin dx +ji°(1+3sin X )dx *jf’ dx ‘rarctgx dx
V(3 +2x2+1)" 4 x S X S Ex+1) 1 Uxdex
'C(2x +1)dx wUxdx o T
‘([ 3x+9 J.\/_\/ﬁ Ie dx !m je sin xdx .
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Hecob6cTBeHHbIe MHTerpanbl 2-ro poaa:

a) Bblumcnntb Hecob6CTBEHHLIE VIHTeI'paJ'IbIZ

1
2

S dx exdx I xdx ¢ dx :
IJZ— '[ v ! I J.\/ ,Iﬂ/l_xz,_([ctgxdx,

-1 0

J'In xdx. .. I J-arccos xdx

dx
[ | g
0) |/|CCJ'Ie,£I,OBaTb CXO,D,VIMOCTb/paCXO,D,I/IMOCTb C MOMOLLbI0 NPU3HAKOB CPaBHEHUS:
J- \/_dx I x2dx Iln xdx J- jsin xdx Jl-d_x 1J9 dx
24— S J1-x* nx’ g v1-x " 9x* " R/x+54x+x2)’

'1[ dx ¢ 37dx JZ- dx jxe’ arcsin xdx J’f(l—cos X Jdx
\/1— x* ’ 0 X!

X

v’ —cosx ' gsin(V1-x) H(x—1x2-2
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