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MeToaun4yeckne oco6eHHOCTU TeMbI «BbluncneHue nnowaaen nnockux duryp
B Clly4yae napamMeTpuyeckoro 3agaHus (pyHKUMU U B NOMAPHbIX KOOpAMHaTaX»

AHHOMauyus. Paboma npednazaem mMemoduKy U3NOXeHUss meMbl « PeweHue 3aday Ha 6bi-
yucneHue nnowadel MIocKux ueyp» 8 Kypce «MHmeeparnbHoe ucqucrieHue». Cmambsi
HarucaHa Ha OCHO8e Oribima rpernodasaHusi MameMamu4yecKo20 aHasu3a 80 emy3se u bydem
ronesHa Kak rperodasamersisim rpu nposedeHuU rpakmu4eckux 3aHamut, mak u cmydeHmam
0rs camocmosimeribHoU pabomel ro yka3aHHoU meme. Llernb pabombl — noMoyb cmydeHmam
fpuobpecmu u pa3sumb HaebIKU MPUMeHEeHUsI Memodo8 UHMe2puposaHUsi K peweHuro pas-
JIUYHbIX 3adad. [Npu peweHuu 3aday Ha ebl4ucrieHue nowadel cmyOeHmMbl, KaK rnpasurio,
ucribimeligarom 3ampyOHeHUs rpu pabome ¢ nonspHbIMU KOOpOUHamamu U byHKUUSMU, 3a-
OaHHbIMU napamempuyecku. B amom criyyae nonesHo paccmompems peweHue 3adaqu pas-
HbIMU criocobamu. B pabome Kpamko Uu3/oxeHbl OCHOBHbIE mMeopemuyeckue ceedeHusl, pac-
CMOMPEHbI NMPUMEPLI U murosbkie 3ada4yu, He06x00uMble Oris CO8EPLUIEHCMB0BAHUST HaBbIKO8
UHMeapupoBaHUs, a makxe rpueodsmcsi ceedeHus U3 ucmopuu MamemMamuKu € Uesbto pas-
8UMUS ro3HasamesibHO20 UHMepeca K u3y4aeMomy 80rpocy.

Knroyeenbie cnoea: ceomempuyeckue rpurioxeHusi onpedeneHHo20 uHmezparna, ebl4uc-
JnieHue nnowadu gueypbl, Memodu4eckue 0cobeHHocmu.

Pa3den: (01) nedacoauka; ucmopusi nedazoc2uku u obpa3zosaHusi; meopusi U MemoouKa
obyyeHusi u eocriumaHus (o npedmemHbiM obriacmsm).

. y 0<y<f(x),

I'Inow,ap,b KpnBOJIMHEMHON Tpaneuun, 3agaHHOW YCIoBUAMU BUOA a<x<bh
pasHa S = [ f(x)dx (1) (puc. 1).
g
A
y=f)
0] B pe > x
Puc. 1
x = x(b),

Ecnu dyHkums y = y(x) 3agaHa napameTpuyeckMMy ypaBHEHUAMU v = y(0) npmyem

ty Nt, TakoBsbl, 4YTO X(t;) = a, X(t,) = b, TO HYXHO B hopmyne (1) nepenTn K NnepemMeHHom t.
S= fab y(x)dx = ftfz y(t) - X'(t)dt. 3ameTum, 4YTO 13 HEpaBeHCTBa a < b He crnedyeT, YTo

t; <t,.
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H3Y4HO-METOANHEeCKIIA
SAEKTPOHHBIN dKyPHaA
PaccmoTpum npumep pelueHnsa 3afjayv Ha BbluMcrieHMe niowaan pasHbIMU ChoCco-
B6amu. B kauecTBe Takon purypbl paccmoTpum annunc. MNpu 3ToM oTMETUM psg ncTopuye-
CKMX (paKTOB, KacarLMXCa UCTOPUN OTKPLITUA N N3YyYEeHUSI CBOMCTB yKa3aHHOMW KPUBOMW.

AY
b M
Fi ) 3
~-a -C 0 c a "
-b
Puc. 2

annunc — urypa (kpmsasi), obpasoBaHHasi TO4KaMM, Y KOTOPbIX CyMMa pPacCTOsIHUMN
OT OBYX 3a[aHHbIX TOYEK prKCcnpoBaHa (1 BonblLue pacCTOAHNA MexXay ABYMSA YKa3aHHbIMU
Toukamun). MHeimmn cnosamu, ecnun F1, F2 — gaHHbIe TOYKKU, TO annunc obpasoBaH ToYKamMu
M, ons kotopbix F1IM + F2M = const > F1 F2. CBOMCTBO annunca, BoblpaXeHHOE YCITOBUEM
F1M+ F2M = const, Ha3biBalOT (pokanbHbIM CBOMCTBOM annunca (puc. 2). bnarogapa go-
KanbHOMY CBONCTBY MOXHO ObICTPO 1 MPOCTO HAYEPTUTb SNSNMC: JOCTAaTOYHO 3aKpenuTb B
dokycax annunca Ha nucte bymarn ase GynaBku, NPUKPENUTb K HUM HUTKY OJIMHON B ABE
fonbliMe Nonyocu, 3ateM, OTTArMBas HUTb OCTPMEM KapaHaalua, 06BecTy oaHy NOMOBUHY
annunca, notom — BTopyto (puc. 3 [1]).

Puc. 3

3HameHnTbIN yyeHbl gpeBHocTn MeHexm (IV B. oo H. 3.), yueHuk EBaokca, npocna-
BUNca paboTamm No acTPOHOMUM M MaTeMaTUKe, N Npexae BCEro pelleHnemM AenoCcCKon
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H3Y4HO-METOANHECKA

SAEKTPOHHbBIZ XKYPHaA
3agaun 06 yasoeHumn kyba. N3yyeHne koHyca npmBeno MeHexma K OTKPbITUIO KOHUYECKNX
CEYEHUN — KPMBbIX, MOSTYYEHHbIX MyTEM MNepecedYeHnss KOHyCa CeKyLlen MrOCKOCTbIO.
MeHexm paccmaTpuBarn UCKNKYUTENBHO KOHYCbl BpalleHus. KoHyCbl BpalleHusi B 3aBUCK-
MOCTM OT BEMWYUHBI Yrra npu sepLunHe (yrna, CocTaBfieHHOro AByMsi o06pasyoLwmmu, pac-
NOJSIOXXEHHbIMU B MIIOCKOCTN OCEBOro ceyveHus) MeHexm aenun Ha npsiMoyrosibHble, Tyrno-
yrofnibHble MU OCTPOYrofibHble. [ns nosiydeHus KOHWYECKMX CeYeHWn paccmaTpuBanachb
NNOCKOCTb, NeprneHankynsapHas obpasytowien. KoHmyeckoe ceyeHne npsamoyrosibHOro Ko-
Hyca gaeT napabosy, TynoyrofnibHoro KoHyca — runep6osny, ocTpoyrofnbHOro KoHyca — an-
nunc. Camun Ha3BaHMA KpUBbIX, KOTOpble Obin BBegeHbl Anonnonunem Meprckmum (111 B. oo
H. 9.), CBA3aHbl KaKk pa3 C YNOMSAHYTbIM BbllLe YrfIOM Mpu BepLUnHe KOHyca. Tak, annunc
(EMeiic — n3bsaH, HeQOCTATOK yriia KoHyca 4o NpsiMoro), runepbona (UmépBwAn — npeyse-
nnyeHune, npeobnagaHue yrna KoHyca Hag npsiMmbiM), napabona (mapaBoAn — npnbnuxe-
HWe, TO eCTb PaBEHCTBO yrria KoHyca npsamomy yrny). MNoaxe 6bino ycTaHOBMNEHO, YTO BCE
AaHHbIE KPUBbIE MOXXHO MOMYYNTb HA OOHOM KOHYCE, U3MEHSASA HaKIMOH CeKyLLen NocKoCTy,
He3aBUCMMO OT yrra npu BeplunHe. Npn aToM cnegyeT 6paTb KOHYC, COCTOSALMUN U3 OBYX
NnosIoCTeN, U nonaratb, YTO OHM NpOCTUparTCca B 6eckoHeYHOCTb [2, 3] (CM. puc. 4).

OKpY:KHOCTh
DJIIHIIC

IIapado.a

Puc. 4

3apava. Hantn nnowaab, orpaHUYEHHYO SMSTUMCOM.
PeweHue
PaccmoTpum B gaHHOM cnyyae aBa cnocoba BbluMcneHus nnowaan durypoi.
1. TlycTb annunc 3agaH KAHOHUYECKUM YPaBHEHNEM:
xZ yZ

?-Fﬁ: 1.

2
Bbluncnvm yeTBepTylo YacTb nnowagun: y =b fl - z—z X€E [0; a].

b b a 2 . a b a2 . .
S= 4—fa\/a2 —x2%dx = 4—(§Va2 — x2| + Zarcsin - | ) = 4-Z (arcsinl — arcsin0) =
av’0 a\2 0 2 al0 a2
T
= Zabz = mab.
OTmeTnM, 4TO MHTErpan foax/a2 — x%2dx BblYMCNSAETCA METOOOM WHTErPUPOBAHUS MO

YyacTsaMm.
OTBeT: tab.
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X = acost,

2. PaccmoTpym napameTpuyeckoe 3agaHue annunca — {y — bsint

Onpegenvm 3HayeHus t1 u ta. t1 — pelueHne cucTemsl {g i ng;; t2 — Hangewm, pens
a = acost, '
cneTeMy {O = bsint

= 17ab.

T
fE 1-cos2t
0

1 .
. dt = 2ab(t _ESant) |

S = 4ab [z sint(—sint)dt = 4ab JEsin®tdt = 4ab
2

onNd

OrtBerT: mab.
Cniegyet Takke pacCMOTPETb peLleHne 3agayu, B KOTopon TpebyeTcsa HanTu nnowanb -
rypbl, KOTOpasi He SBMSIeTCA KPUBONIMHENHOW Tpaneunen.
3 Hai y —qplx= V3cos3t,
apava. Hantu nnowaab dourypbl, orpaHUYEeHHON KpuBbIMU Y= 1 1 _ gsin®
y = 8sin°t.
PeweHue

Cpoenaem yeptex (puc. 5).

Y

-8

Puc. 5

3anvwem opmMyny Ans HaxoXAeHUs nnowaan 3To purypbl B 4eKapToBO cucteme
KoopAuHar:

s=2(J) y(x)dx — f; 1 dx),

roe y = y;(x) — ypaBHeHue actponibl B 4EKAPTOBOW CUCTEME KOOPAMHAT.
Noa 3HakoM nepBoro MHTerpana nepengemM K HoBov nepeMeHHon — napameTpy t. Toraa:

S=2 fttlz 8sin3t - (\/§ - 3cos?t - (—sint)) dt —2 fob 1 dx.
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Hangem 3HaveHus tq, t, n b.

x = /3cos3t,
. s T
M3 cuctembl §{ y = 8sin3t, nonyuum 8sin’t =1, Torpa t, = pe MoactaBum t, = - B
y=1
nepBoe ypaBHeHWE U Hanaem b=\/§cos3% = Z
0 = +/3cos3t

N3 cuctemsl { ’ HAaWOeMm t; = %

8 = 8sin3t

Takum obpasom,

T 9

S=2 f6(—24\/§sin4t . coszt)dt -2 fs dx =
g 0
2 9
= 48\/§f sin*t - cos?*tdt — i
6

1 9
= 48\/§fZZSin22t - sin’tdt 2=

1 — cos2t
2

6
z 9
=12\/§fzsin22t- t— o =
6

=3V3(JF =" dt — S [Zsin®2t - d(sin2t)) — 2 =
6 6

s
- gsin32t |2y - %: /3.
6

=3V3(G - 3) - = sin4t |

oalan|]

OTBeT: V3.

BbluncneHue nnowaamn nnockon purypbl B NONSIPHON CUCTEMe KoopauHaT

KpusonuHelHbiM cekKmopoM Ha3blBaeTca ourypa, orpaHU4YeHHas rpaomkom pyHKUnm
p =p(P) M nydamm @ =a un @ =3 (puc. 6).

_108 -
S_Efap dQD

Puc. 6

Ecnn durypa He sIBNsSieTCs KPUBOSNMHEWHBIM CEKTOPOM, €€ MioLaab HaxoauTCst Kak
CYMMa UInu pasHOCTb NoLLaaen KpUBONIMHENHbIX CEKTOPOB.
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Hanpumep, nnowaap Si:
s1=2 [ p2(@)de -2 [F p3(p)de =2 [F (2 (9) — p3())do,

p = p1(@),

rae a u p — peweHnda CUCTeMbI aBHEHUN {
b-p P p = p2(9)

(pnc. 7).

p=p1(®)

Puc. 7

3apava. Hantu nnowaab dourypbl, 3agaHHON HEpaBEHCTBAMMU:

p=4
- 2
p= sing
PeweHne
MocTpoum Kkpusble p = 4, p = 2 (cm. puc. 8).

sing
Onpegenvm ny4yn, Nnpoxoasime Yyepes TOUKM NepecedeHns KpUBbIX, peLnB CUCTEMY:
p =4
2
sing’

p=

T 51
Monyunm ¢ ==, ¢ =—.

[MpoBeaem ykasaHHble ny4dn. MNMonyyum curypy, nnowiagb KOTOPON Hago0 HaNTKU, — Kpy-
roOBOW CErMeHT. YUYnTbiBad, 4To purypa CMMMeTpU4Ha OTHOCUTESTbHO @ = % COCTaBUM VHTEe-

rpan anda BblHMUCIeHnd nnowagn.
3

2
sing

S = 2-[F(42 — ()2)dg = 169 | % + 4ctge | 7 = 16C — T) + 4(ctg? — ctg?) = =~ — 4V/3.
" n

6

oalan|]

OTgerT: 167” — 44/3.
AHarnoruyHo, nnowags Sz = %ffpf((p)dgo+%fgp§(<p)d<p, B — pelueHne cucTemsl

p = p1(@),

p = p2(9),
CTBEHHO, NyYn @ = @, ¢ =Yy — KacaTenbHble Ny4n B nontoce (cM. puc. 9).

ypaBHEHUN { O W Yy HaxogaTcs u3 ypaBHeHun p;(¢p) = 0,p,(¢) = 0 cooTBeT-
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3apava. Hantu nnowaab durypbl, 3agaHHOM HeEpaBEHCTBaAMMU:

{ p < sing,
p = \/§cos<p.
PeweHue

MocTpouM KpmBble p = sing, p = V3cosg.
Onpeaenum nyyu, NPOXoAsiLLMe Yepes TOYKN NepeceyeHunsi KpUBbIX, PELLNB CUCTEMY:

{ p = sing,
p = \/§cos<p.

Monyuum @ :EH
[MpoBenem ykasaHHbI nyd. [Nonyynm dourypy, nnoLuazb Kotopon Hago Hantu (puc. 10).

120° ANC

/3

180° L 0°

(=)
£
[~ ]

o
s
=
&

Puc. 10

CocTtaBum MHTErpan anda BblMUCNEeHNA niowagn.
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f (\/_COS@ ) do +- fn’ (sing)?)de = —f —1+C"52"’d +1 fn 1- CZSZ(pd(p
3 - T 1
B Z<(p 0 8) Til?

1 .
3+ Est(p
7w 3
OrtBer: _Z+T
B 3aknioyeHune cnegyet nobaBuTb, YTO A1 CAMOCTOSATENbHON paboTbl NO AaHHOM
TeMe MOXHO pekoMeHAoBaTb 3a4aun U3 UCTOYHMKOB [4-8].

7
_m, V3

L sin2
2 4 24 4

wlan|a
wlan|[y
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Methodological features of the topic “Calculating of the plane figures area in case of functions para-

metrization and in polar coordinates”

Abstract. This work suggests a methodology for the presentation of the topic "Solution of plane figures areas

calculating problems " in the course "Integral calculus". The article is based on experience of mathematical

analysis teaching in technical university and it will be useful both to teachers in conducting practical classes

and to students in their independent work on the topic. The aim of this work is to help students to acquire and

develop skills of integration methods application for various problems solving. When solving tasks on the areas

calculation students have as a rule difficulties working with polar coordinates and functions defined parametri-

cally. In this case, it is useful to consider the problem solution in different ways. The basic theoretical infor-

mation is briefly stated in this article. The author gives examples and standard tasks that are necessary to

improve integrating skills and provides information from the history of mathematics which helps to develop

cognitive interest to the explored subject.

Key words: geometrical applications of definite integral, figures area calculation, the methodological features.
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