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nOCTpoeHMe 9CKU30B MIMOCKUX KPUBbIX, 3adaHHbIX B NONAPHbLIX KOOpAUHaTaXx

AHHOMauyus. Paccmampugaemcsi NocCmpoeHuUe (3CKU3uposaHue) Kpusbix, 3ad0aHHbIX 8 ro-
JIspHOU cucmeme KoopduHam Ha niiockocmu. [NpugedeHb! npuMepb! MOCMPOEHUST KpUBbIX,
3adaHHbIX 8 rosispHoU cucmeme koopOuHam. [TpedcmasrneHbl eapuaHmel 3adaHus Orisl ca-
MocmosimernibHoU pabomsi. Mamepuan docmyrneH WKOMbHUKaM cmapuiux Kraccoe U Mo-
Xem bbimb npeodrioxeH 015l UX 3HaKkoMcmea ¢ rofsipHOU cucmemMol KoopOuHam, a makxe
onsi pabomel co cmyOeHmamu rnepeoao cemecmpa.

Krnrodeesnble cnioga: epachuku, aCKU3bI, QPyHKUYUS, MOMspHas cucmema, 0ekapmosa cucmema.
Pa3den: (01) omodernbHble 8orpockl cchepbl 06pa3osaHusl.

B HekoTOpbIX criyqasx, Hanpumep npu nccnegoBaHuy BpallaTenbHbIX ABVKEHUA, ANg
3aaHnsA KpMBbIX Ha NSIOCKOCTU YAOOHO MCNnonb3oBaTh MNOMNSPHYO cUCTeMy KoopauHart [1].
[MoaTomy, Kak U Npn pacCMOTPEHUN rpadnKoB OYHKUMI, 3alaHHbIX B EKAPTOBOW CUCTEME
KoopauHaT, BO3HUKaeT 3aaqa 3CKU3MPOBaHUS KPUBbIX, 3aaHHbIX B MOASPHON CUCTEME KO-
opavHart. [oa ackm3mpoBaHMeM rpadmka OyHKUNN (KPUBOW Ha NNOCKOCTWU) NOHMMAOT Mo-
CTPOeHUe ackmsa (Habpocka) rpadumka pyHKUuUKM (KpMBOM Ha nnockoctn) 6e3 npoBeaeHus
NoJsIHOro uccrnegoBaHns yHKLMK (PYyHKUUIA NN ypaBHEHWIA, 3a4at0LLNX KPUBYHO) C NpUBIE-
YeHneM NepBon 1 BTOPOW Npon3sogHou [2]. OgHaKo Takon 3CKM3 JOIMKEH JOCTAaTOYHO TOYHO
OoTpaxaTb OCHOBHblE OCOBEHHOCTM nNoBeaeHNa pyHKUUKM (KpnBon).

M3BeCTHO, YTO NonoxeHue NOOM TOYKM Ha NIIOCKOCTM MOXHO 3agaTtb Mpu NMOMOLLU
pasnu4YHbIX CMCTEM KoopauHaT. [ns onpeaeneHnsa nonspHbIX KOOpANHAT 3agagvMM nNpous-
BONbHYO ToYKy O, HasbiBaeMyto nomntocoM, u nydy Op, Ha3biBaeMbl MOASPHON OCbHO (CM.

puc. 1). Bbibepem Ha nonsipHOM Ocu TOYKY E Tak, 4To AnmMHa oTpeska |OE| 3agaeT Benn4nHy
MacwTtaba ons naMepeHnsa AnuH OTPe3KoB. Torga NnosnioXXeHne npou3BofbHOM TOYkM M Ha
NMOCKOCTU XapakTepuayeTcs NonsipHbIM pagnycoM p, paBHbIM PacCTosiHUIO OT nostoca O
[0 TOYKN M, BblpakeHHOMY B efuHULax BbibpaHHOro macwrtaba, 1 nonsipHbIM Yyriom ¢ —

YrnoM, BblpaXeHHbIM B paguaHax, Mexay rnosiapHoM OCbio U pagnycom Bektopom OM .
Uucna p n ¢ HasbiBalOT NONAPHbLIMU KOOpAuHaTaMun Todkn M. [Npu aTom ecnu yron ¢ oT-

KnagbiBaeTcs NPOTUB YaCOBOW CTPESNKM OT MONAPHOM OCU, TO OH CYMTAETCS NONOXUTESb-
HbIM 1 MOXET U3mMeHATbes oT 0 4o +%, a ecriv No YacoBOW CTperike — TO OTpuLUaTeNbHbIM U
MOXeT U3MeHATbCA oT - o 0. [Ans nontoca (p = 0) yron ¢ He uMeeT onpeneneHHoro

3Ha4veHus. [Ina octanbHbIX TOYEK MIOCKOCTU I'IOJ'IFIprIIZ paanyc Bcerga npuHMMaeT Mnoro-

XUTEnbHble 3HAYEHUS, TaK KakK OH SABMSIeTCA OANUHOW paauyc-Bektopa OM , a NonsipHbIN
yron umeeTt GECKOHEYHO MHOMO BO3MOXHbIX 3HAYEHWIA, OTNMYaOLMXCA ApYr OT Apyra Ha
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BENWYMHYy 21N, rae n e Z . Takum ob6pasom, Kaxaon nape nonspHblx koopanHat (p, ), 3a
ncknrodeHnem (0, ¢ ), 0QHO3HAYHO COOTBETCTBYET TOdka Ha nnockoctn. ObpaTtHoe e

yTBEPXOEHNE HEBEPHO.

Prc.
Puc. | Puc. 2

Ecnn Ha nnockocTu BBECTU MOMSIPHYIO CUCTEMY KOOPAMHAT TakK, Y4To nonsipHas ocb Op
COBMagaeT C NoMoXnTenbHOM ocbto OX AEeKapTOBOM CUCTEMbI KOOPAUHAT U AN1S U3MEPEHNs
£, X 'Y BblOpaHbl paBHble eanHuLbl Maclwitaba (puc. 2), To Toraa U3 o4eBUaHbIX reomeTpu-
YEeCKNX COOTHOLLIEHMI B NPSIMOYrOfIbHOM TPeyrorbHUKE AeKapToBbl KOOpAuHaThI (X, ) Npouns-
BOJIbHOM TOYKM M CBSi3aHbI C €€ NoNApHbIMKU KoopanHatamun (p, @) PopMynamu:

X = pCos@
y=psing,
1, HaobopoT,
N o
W¢=X,
X

npu4em yron ¢ B nocrnegHen opmyne BbibnpaeTcsi B COOTBETCTBUM CO 3HAKaMU AeKapTo-
BbIX KOOPAMHAT X U Y paccMaTpMBaEMOMN TOYKMU.
PaccmaTtpuBas pyHKUMOHANbHY0 3aBUCUMOCTb p = p(p), 3a4aHHY0 HA HEKOTOPOM

MHOXeCTBE 3Ha4YeHWn @, MOXHO MOCTPOUTL rpadouk 3agaHHoW yHKumn. [pu aTom pac-
cMaTtpuBaeMble PYHKLMM MOTYT BbITb Kak OAHO3HAYHble, Tak U MHOrO3Ha4YHble (O4HOMY 3Ha-
YEHWUI0 apryMmeHTa COOTBETCTBYET ABa unu 6onee 3HayeHun pyHkuumn). Mel He Bygem pas-
AensiTb UX, Ha3biBas rpadnkm 3TUX PYHKLUA KPUBLIMU HA MIIOCKOCTH.

lMocTpoeHve KpuBOW, 3aaBaeMor ypaBHEHUEM p = p(p), MOXHO OCYLLECTBMATL MO
ToykaM. 3agaBas 3HadeHne ¢ 13 obnacTu onpegeneHns paccmaTpuBaemon yHKUUK, Npo-
BOAMM Nyd 13 nontoca O noA yrrioM ¢ K NOSIIPHOM OCK U 3aTEM Ha 3TOM Jflyde OTMeYaem
TOYKY M( @, p(¢) ) NICKOMOW KPMBOM, HAXOOALLYIOCA Ha PacCTOSAHUN p = p(¢) C Yy4E€TOM Bbl-
OpaHHoro macwTaba ot To4ku O.

[na nocTpoeHnst KpMBOKM B NOMNSIPHbIX KoopAanHaTtax (o, @) LenecoobpasHo MCNOMb30-
BaTb BCMOMOraTesnbHbIN rpaduk, OTKNaabiBasd 3HAYEHUsT @ U p Kak 3HA4YeHUs X Uy B ae-
KapToBOM CUCTEMe KOOpAMHAT, Mo ABYM B3aMMHO NeprneHaUKyNapHbIM OCAM.

[Mpumep 1. [OCTPOUTL Ha MMOCKOCTU KPUBYIO, 3afaHHYK B MOMSAPHbLIX KOOpAUHATax
ypaBHeHueM p = |¢ | (cnupanb Apxumena).
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OcHoBbIBasACb Ha onpegerneHnn moayna 4Yncna, HeTpygHo 3aMeTuTb, 4YTO B 3aaHHOM
ypaBHEHUUN NPU NONTOXKUTESTbHbIX 3HAYEHUAX NONAPHOro yrna ¢ I'IOJ'IFIprII7I paanyc p coB-

nagaet Cc 3TUM 3Ha4YeHneM, a npun oTpuuaTtesibHbIX 3Ha4YeHNAX — NPUHUMAET NMPOTUBOMOJ10XK-
Hbl€ NO 3HaKy, HO paBHbIE MO abCconTHOM BENUYNHE NnoNApHOMY yriy ¢ 3HaYeHUA.

3n/2

Puc. 3
3apaBasi Ha NNOCKOCTM NOMAPHYH CUCTEMY KoopAamHaTt (puc. 3), NPOBOAMM M3 NONoca
O ny4yn, COOTBETCTBYHLUME HECKOSbKMM BblOPAHHBIM 3HA4YeHUAM MONAPHOro yrna ¢
(Hanpumep, 0, +n/6,+ /4, + /3, + /2, +7n,£31/2,+2x,...). OTKNnagbiBaeM B BbIOpaHHOM Mac-
wrabe Ha Kaxxgom nyye oTpe3ok OMi, paBHbIN abCoNOTHOMY 3Ha4YeHMIO (MOAYI0) COOTBET-
CTBYIOLLIEro eMy 3Ha4eHUIo NoNApPHOro yrna ¢, . CoeanHsAsA NonyyYeHHbIe To4Ykn Mi, nonyyaem
NCKOMYIO KpuBYHO (puc. 3). 3ameTum, 4TOo, BO-NEpPBbIX, NONy4YeHHasi KpuBasi COCTOUT U3 OBYX

GeckoHeuYHbIX BETBEW, OAHA U3 KOTOPbIX packpyyYnBaeTCcsa NpOTMB Xo4a YacoBOW CTpenku (
¢ >0), a gpyrasi — no xogy YacoBou cTpenku (¢ < 0); BO-BTOPbIX, OHA CUMMETPUYHA OTHO-
CUTENbHO NONSIPHOM OCK, HA KOTOPOK NeXaT TOYKM NepeceyeHns AByX ee BeTBEW U, B-Tpe-
TbWX, PACCTOSAHNE MexXay OBYMSI COCEAHMMU TOYKaMK nepeceyeHuns noboro nyya ¢ Hava-
nom B Touke O C 0QHOM M3 BETBEW PaBHO 27 .

lMpumep 2. NMOCTPONTbL Ha NITOCKOCTM KPUBYHO, 3adaHHYt0 B NOMSIPHBIX KOopAMHATax
ypaBHeHuemM p = 3(sing + 1) (kapguonga).

Mo 3agaHHOMY ypaBHEHMIO CTPOUM BCroOMoraTesbHbIn rpaduk (puc. 4), pacnonoxmse
OCU @ WU p KaK COOTBETCTBEHHO OCUM X W Yy [eKapTOBOW CUCTEMbI KOOpAMHAT U BblbpaB

HeobxoauMble macLliTabbl N0 3TUM ocam [3].

P A

Puc. 4
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3aMeTuM, YTO NOCTPOEHHbLIN rpaduk ABNSETCA NEPUOANYECKMM C NEPUOLOM, PaBHbIM
211. Takum o6pasom, 4OCTAaTOYHO HANTWN TOYKKU, NPUHaANEeXallme KpMBOW NnLlb B npeaenax
OlHOro nepuopaa, Hanpumep B AnanasoHe ¢ oT 0 oo 21 (puc. 5).

O T 7 3w T

16 8 16 4

Puc. 5

[ins aToro BbIbMpaem Ha 0cu ¢ HECKOSbKO TOYEK ¢, B npenenax BbIopaHHOro HTep-
Bana, Hanpumep 0; 11/16; 11/8; 311/16; 1/4; 1 T. A. [INS KaXXQoro 3HaveHns ¢, Haxoaum no
BCromoraTenibHoMy rpaguky COOTBETCTBYIOLLUMIA €My OTPe3oK p, . Bbluucnaem munu 3ame-

psiem ero anvHy. OTknaabiBaeM Ha ny4ve, obpasyloLeM yron ¢ nonspHom oceto Op, 0Tpe30okK
OMy annHon pasHon p, (puc. 6).

Puc. 6

Touka Mk BygoeT npuHagnexatb MCKOMOW KpyuBOW. [Ins paccmaTpuBaemoro ypaBHe-
HUA, Hanpumep, To4yke ¢, =0 COOTBETCTBYET OTPE30K o, ANIMHOW PaBHOW TpeM, Touke

@, =nl4 —O0Tpes3oK p, ANVHOW paBHON (3\/§/2+3 )=5,1, TOUKe @, =m/2 — OTPE3OK ANNHON

paBHOM WecTn 1 T. A. (puc. 5). CoegmHaa nnaBHOW KpuBon Toukn Mo, M1, M2, Mz v T. 4.,
nony4yaem UCKOMYIO KPMBYHO, KOTOPYHO Ha3biBatoT kapauounga (puc. 6).
[Mpumep 3. TTOCTPOUTL Ha MMOCKOCTU KPUBYHO, 3afaHHYK B MOMSAPHbLIX KOOpAUHATax

ypaBHeHueM p° =4cos2¢ (nemHuckarta bepHynnu).
3ameTum, YTo Yron ¢ He MOXET NPMHMMATb 3Ha4YeHUs B MHTepBanax ot m/4+7nk [o
3n/4+nk, KeZ, T. e. Te 3HAYEHUS, NPU KOTOPbIX COS2¢ MEHbLUE HYMs, TaK Kak npasas

4aCTb JaHHOro ypaBHEHUA OOJKHa ObITb HeoTpuuaTeribHa. Takum o6pa30M, B YKa3aHHbIX
MHTEepBanax To4ekK, npuHaanexawnx NCKOMOM Kpl/IBOIZ, He 6yueT. YuntblBag 31O, TaK Xe Kak

4
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N B Npumepe 2, CTPOMM BCrOMoraTesnbHbIN rpaduk (puc. 7), oTKnaabiBas 3HaAYeHUs ¢ U
COOTBETCTBYHOLLME UM 3HAYEHNSA o MO OBYM B3aMMHO MeprneHAnKYIspHbIM OCAM, KaK 3Ha-

YeHUa X U Yy B AeKapToBOoM cucteme koopauHat [4]. OTMeTuMm, 4To rpadomK NOCTPOEHHOW
YHKUMN SBRSETCA NEPUONYECKUM, C NEPUOAOM paBHbIM 21t. Takum obpasom, ¢ y4eToMm
BbISIBNIEHHbIX 0COBEHHOCTEN nuccneagyemoro rpaduka yHKUMK, 4OCTAaTOMHO HaWTU TOYKM,
npuHagnexawne KpuBou, TONbKO, HAaNpMMep, B UHTepBane 3HadYeHun ¢ ot —n/4 o n/4

not 3n/4 po 5rn/4 (puc. 8).

N

—Sn/4 n 3n/4 —n/4 o 4

Puc. 7

sy

3n/4 T Sn/d

Puc. 8

Bbibrpaem Ha ocuM ¢ HECKOMbKO TOYEK ¢, B YKasaHHOM WHTepBane, Hanpumep
—n/4,-3n/16,-3n/8, —n/8,—n/16,0, N T. A. [INA K&XXAO0ro 3Ha4eHns ¢, Haxoaum no BCNoMo-
raTenbHOMy rpaduKy COOTBETCTBYIOLLMA eMy OTPe3OoK p, . Bblumcnsem mnn 3amepsem ero
anvdy. OTknagbiBaemM Ha nyde, obpasytoem yron ¢, ¢ nonspHon ocbto Op, otpe3ok OMk
ANnHON paBHon p, (cM. puc. 9). Touka M« ByaeTt npuHaanexatb UCKOMOW KpuBOW. [1ns pac-
cMaTprBaeMoro ypaBHEHWS, Harnpumep, ToUke ¢, =—m/4 COOTBETCTBYET OTPE30K p, ANMHON
paBHOM HyMo, To4Ke ¢, =0 — OTPe3oK p, ANIMHON PaBHOW ABYM, TOYKE ¢, = /8 — OTPE3OK p
ANVHON paBHoii ~ 1,7(V/8), Touke @, =T/4 COOTBETCTBYET OTPE30K p, ANMMHON PaBHOW HYIO

n 1. a. (puc. 8). CoeamHas nnasHon Kpueon Toukn Mo, M1, M2, Ms n T. A., nony4aem NCKOMYHO
KPMBYHO, COCTOSILLIYIO M3 ABYX FIENECTKOB, KOTOPYHO HA3bIBAOT fIeMHMCKaTa bepHynnu.
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— 3n/4 @ = /4
@ ~ -

= Pl

Puc. 9

AHannanpysi NpoBeaeHHOE NOCTPOEHNE KPUBOW (B1A, BCOMOraTenbHOro rpaduka, nony-
YaloLLMECS 3HAYEHNSA @ U p ), MOXHO 3aKMOYnUTb, YTO OHA UMEET [ABE OCUM CUMMETPUK: NONAp-
Hasi OCb 1 NpsAMasi, npoxoadLLasn Yyepes Nosoc NeprneHanKyNApHO MOSIIPHON OCW.

Mpn HeobxogmMmocTn Bonee TOYHOro NOCTPOEHUS KPUBOW, 3a4aHHOM B NONSIPHON CU-
CTeMe KOOpAUHAT, MOXHO YBENUYUTL YNCIO TOYEK ¢, , @ B HEKOTOPbIX Criyvasix bbiBaeT Le-

necooGpasHo 3aaaBaTh 3HAYEHUS ¢, HEPABHOMEPHO, CryLLas UX Ha TeX MHTepBanax BCro-

MoraTenbHoro rpaduka yHKLMKN, HAa KOTOPbIX NPoM3BoAHast PYHKLUMN PE3KO U3MEHSIETCS,
T. €. PYHKUUS CUMbHO BO3pacTaeT UMK CUNbHO yobiBaeT.
MocTpOoUTb 3CKM3bl KPMBBLIX HA MIIOCKOCTU, 3aaHHbIX B MOSISIPHOM CUCTEME KoopaMHaT.

. T . T T
1 p =3sin| p+— 11 p=28in| p—— 21 p =arctgp+—
4 4 2
2 p= 2+2COS(¢—§) 12 p =2c083¢+3 22 p =sinp
_ 2 _ 1
3 p = Cos4p+2 13 p° =2c0s3¢p 23 p= COSZ(D—E
4 p° = 4c032(¢)+g] 14 p= ZSin((o—%tj 24 o= 3cos(¢+§j
5 p= cosZgo—% 15 p= 3+3cos((p+%j 25 L =arcctgp
6 p= 4sin2[(p—g) 16 p =4sinp+1,5 26 p =sin5p+1
7 p = |cosdo| 17 p= 2+23in((p—gj 27 p =2sin5¢
8 p= 1+sin(¢)+gj 18 p= Sin2¢+£ 28 p =cosdp+1
2
9 p =4cos3p 19 p =4sin3¢ 29 p= Sin(p+§
10 p = 3|cos2¢| 20 | p°= 40082(40—%} 30 n?p? +9¢° =n?
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CcCbINKM Ha UCTOYHUKU
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Plotting sketches of planar curves defined in polar coordinates

Abstract. The plotting (sketching) of curves defined in polar coordinate system on the plane is studied. Exam-

ples of plotting curves defined in polar coordinate system are given. The variants of the tasks for independent

work are presented. The material is available to high school students and can be suggested for their acquaint-

ance with the polar coordinate system, as well as for working with students of the first semester.
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