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FeomeTpuyecknn n pmsanyeckuin acnekTbl NOHATUA HeNpepbIBHOCTU (hYyHKLMUMK
B Kypce maTemaTU4ecKoro aHanusa

AHHOmMauyus. lNoHsmus npedena yHKUUU U HernpepbisHOCMU OYHKUUU OMHOCSIMCS K
yucny cambiX CIOXHbIX Ofi1 YC80EHUS MOHAMUU WKO/IbHO20 Kypca MamemMamuKku U He-
pedKo 8bI3bigarom 3ampyOHeHUsT y cmyOeHmMos-nep8oKypcHUKo8. [JaHHass paboma rpeo-
Jlazaem MemoOUKY U3roxxeHusi membi «[ToHsmue HenpepbiBHOCMU (hyHKUUU» 8 Kypcax ar-
2ebpbl U HaYasl aHa/u3a 8 cmapuwux Krnaccax cpedHel WKOosbl U MameMamu4yecKoz20 aHa-
nu3a mexHu4eckux crieyuanbHocmel rnepeo2o cemecmpa obyyeHusi. Llenbs pabombi —
obocHoBamb yKa3aHHOE MoHsIMuUe Ha rnpumepax u3 ¢usuku, obecreqyums rPOYHoe yceoe-
HUe cmapuwekiaccHuUKamu u cmyOeHmamu roHSIMUsI HerpepbI8HOCMU, 8bISICHUMb ¢huU3U-
yeckuli U eeoMempuyeckul cMbicsi 0aHHO20 rMoHsmus. B pabome Kpamko U3/10XXeHbl OC-
HOBHble meopemuyecKkue ceedeHusi, pacCCMOMpeHbl MUrosbie npumepsbl U 3adaqyu Ha 0o-
Kkaszamesis.cmeo. Cmambsi HarucaHa Ha OCHO8e Orbima riperiodasaHusi MamemMamu4eckKo20
aHanu3a 8o emyse u 6ydem rnone3Ha Kak riperiodasamersisiM rpu rposeodeHuU rnpakmuye-
CKUX 3aHsamul, maK U cmapuweknaccHuUkam u cmydeHmam Orii camMocmosimesibHou pa-
6ombi 1o ykaszaHHoOU meme.

Knroyeenle crioea: rnoHsamue HernpepbisHOCMU ByHKUUU, memodudeckue ocobeHHocmu
membi «HernpepbisHoCMb hyHKUUU», CO8EpLUEHCM808aHUe MemoOUKU rperodasaHusi om-
OesibHbIX MeM.

Pa3den: (01) omodernbHblie 8orpockl cchepbl 06pa3osaHus.

Bo MHOrmx y4ebHbix Nocobusax npu BBeAEHUN NOHATUIA Npedena u HenpepbIBHOCTU B
TOW U1 MHOW (bOpME MCNOSb3YKTCA CBEAEHMUS N3 NPUONMKEHHbIX Bbl4McneHui. Ho ycBo-
€Hne NOHATUI, CBA3AaHHbIX C NPUBNAMXEHHBIMU BbIYUCIIEHUAMU, B LLKOSIbBHOM Kypce He BCe-
roa 4oCTuraeT YPOBHS, KOTOPbIN NO3BOSISIET HA X OCHOBE YCMNELHO OCBOUTL MOHATUS npe-
Aena n HenpepbIBHOCTH.

PaccmoTpum noaxod, B KOTOPOM MoAroToButesnibHas paboTta Ha yCBOEHWE MOHATUS
HenpepbIBHOCTU (DYHKLMKN NPOUCXOAUT HA OCHOBE HECSTOXHbIX NPUMEPOB 13 (PU3NKK, a ero
AanbHenwee yCBOEHME onmpaeTca Ha reoMeTpmuyeckum cMblicn onpeaeneHns. Npu packpol-
TUM TeMbI NpegnonaraeTcs, YTo NOHATUE Npeena siIBNsieTca OCHOBOM AN hopMUpOBaHNS
MOHATMSA HENPEPLIBHOCTM.

Mpu hopmynmpoBke onpeaeneHnn yqammMmcs noHagobaTcs xopowo chopMmMpoBaHHbIEe
HaBbIKWN peLleHns HepaBeHCTB ¢ MoaynsamMu. Mpu paboTte co cTapLleknacCHUKamMmn Takyro noa-
rOTOBUTENBHYO paboTy MOXHO MPOBECTM C MOMOLLIbIO TAKOW NOCNEe0BaTENIbHOCTU 3a4aHNN:

1) 3anucaTb C NOMOLLbIO 3HaKa MOAynsA NPeasioKeHUs: a) pacCTosaHne Mexay Toud-

Kamu, nsobpaxarwLlmmmn Ha KoopaMHATHON NpsSIMOM Ynucna 2 u 7, paBHo 5; 6) paccTosHne
MeXIy TOYKaMmm X 1 a paBHoO J;

2) pewwnTb ypaBHEHUE C UNMIOCTPaLMelt pelueHus Ha YepTexe | x—4| =3; | x +4| =
3, [3-x| =7ut.n;

3) pewwuTb HEpaBEHCTBO C MAMIOCTpaUMen pelleHusi Ha depTexe |x — 4|<3;
|x+4]<3, |3-x|<7unT g [1-3]
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SAEKTPOHHbBIA XXYPH3A
MprBegem npumepbl NaBHbIX U CKaYKOOBPa3HbIX UBMEHEHUI BENUYUH, KOTOPbIE NOA-
roTaBnMBaloT yyalMXCs K NMOHUMAHWUIO TEKCTA onpeaeneHnss HenpepbiBHOCTU OYHKLUMN.
Hanpumep, o6bem ogHoro V kunorpaMmma BoAbl 3aBUCUT OT ee TemnepaTtypsbl t. Ecnu
TemnepaTypa Boabl HaxoanTcs B npomexyTtke ot 0 go 100 °C, To npn Manom n3amMeHeHun
Temnepatypbl 06beM nameHseTca mano. Ho ecnn Temnepatypa Bogpbl pasHa 0 °C, To npu
caMoOM HebOormbLIOM MOHWXEHUU TeMnepaTypbl Boga nepexoauT B Apyroe arperatHoe Co-
CTOsIHMEe — npeBpalaeTcs B nea. M3aBectHo, 4to obbem 1 kr nbaa npu 0 °C 3HaYnTENBHO
bonblie, yem obbem 1 kr BoAbl Npu Ton xe Temnepatype. 3HaunT, npu 0 °C 3aBMCMMOCTb
obbema OT TeMnepaTypbl He ABMSIeTCA HenpepbiBHON, pyHKuunsa V = f(t) nmeet nput =0 °
paspbiB.
PaccmoTpum rpys, BUCALLMIA HA HUTW, OTHOCUTENBHO NOBEPXHOCTM 3emnu. Nog aen-
CTBMEM rpy3a HUTb pacTarmBaeTcd. PacctosiHmne rpysa | oT nepBoHa4yanbHOro NosioXXeHus B
Touke A (Npu HepPaCTAHYTON HUTK) sBNsieTcs oyHKUMen maccol rpysa | = f(m) (puc. 1).

Puc. 1

[Mpy Manom M3MeHeHMn macchl rpysa m grnvHa HUTu | umeeT marnble nameHeHus. Ho
npu macce rpysa, 6nmskon K npegeny NPO4YHOCTU Mo HUTKU, HEGONbLLOE YBENMYEHNE MacChl
rpy3a MOXeT Bbl3BaTb pa3pbiB HATU — pacCTOsiHWE rpy3a | OT NOBEPXHOCTU 3eMIiM U3Me-
HUTCA ckadykoobpasHo n ByaeT paBHO BennumMHe L — paccTtosiHue oT ToYkM A OO NOBEPXHO-
ctn 3emnu. Mpaduk doyHkumm | = f(m) cxemaTtuyeckn nsobpaxeH Ha puc. 2 (cM. puc. 2). Ha
yyacTke 0; mo rpadumk npeacraBnaetT cobon HenpepbiBHYO (CNOLLHYO) NIMHUIO, @ B TOYKE
Mo OH pBeTcA. [oBOpAT, 4TO PyHKUMS | = f(M) BOo Bcex Touykax, KpOMe TOYKU Mo, Henpe-
PbIBHA, @ B TOUYKE Mo OHa UMEET pa3pbiB.
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Puc. 2

B maTemaTuke pasnuune mexay nraBHbIMU U CKa4KooGpasHbIMU N3MEHEHUAMW BEMW-
YMH OMUCLIBAETCS C MOMOLLBIO HeMnpepbIBHLIX U paspbiBHbIX YHKUMA. Takum obpasom,
ecnu B6NM3M OT 3HaAYeHUst X = a BENUYMHBI X 1 Yy = f(X) cBsi3aHbl Apyr C APYrom Tak, 4To
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Marsioe U3MeHeHuUe 3TOro 3Ha4yeHns BneYveT 3a cobon masioe usmMeHeHuUe 'y, TO Y HenpepbIBHO
3aBUCUT OT X MpU X = a UnNu, apyrumn criosamu, y = f(X) HenpepbiBHa B TOYKE X = a.

Takoe onpepgerneHne HeNpPepbiBHOCTU He ABNAETCA CTPOrMM B MaTteMaTuyeckoMm
CMbICIie: CrioBa «Marsioe U3MeHeHMe» He UMEOT MaTeMaTnyecKkoro cmolcna. Ecnv paccmar-
puBaeTca 3agadya 06 namepeHum pagmyca 3emnu, To nameHeHune Ha 0,1 cm oyeHb marno. B
TO Xe BpeMsa usMmeHeHve Ha 0,1 cM Benuko, ecnun peyb MaeT O paguyce LapuKonoawmn-
Huka. 100000 kM BecbMa 3HauMTeNbHAa BENMYMHa AN pacctosaHnsa ot 3emnu o JlyHbl, HO
BeCbMa Maras Benu4ymHa no cpaBHeHuto ¢ pacctosiHueM ot ConHua go Cupuyca.

B maTemaTtuyeckom cMmbicrne crioBa «manoe mameHeHue» O3HavaroT, YTo Npyu Manown
oLwmnbKe B M3MEPEHUM X NOrPELLUHOCTb 3HAYeHUs Yy Mana.

Ecnu BennymHa X namepeHa ¢ To4HoCTbI0 0 > 0, TO OTKITIOHEHME X OT TOYHOMO 3HaYeHu s
a MeHblle O, TO eCTb |x - a| < 0. BblpaxeHue «norpewwHoCcTb 3HayeHus y = f(x) ckonb
yrogHo Mana» o3HayaeT: Kakasi 6bl TO4HOCTb € > 0 HM Obina 3agaHa, Bcerga MOXHO O0-
BuTbCA TOro, 4Tobbl OTKNOHeHMe f(X) oT f(a) ObINO MeHbLLE €, TO ecTb | f(x) — f(a)| < &. Takon
TOYHOCTWN MOXHO 0OBUTBHCA Npu BbiIBOpe X AOCTAaTOYHO BNN3Ko K a. Taknm obpasom, n3 He-
paBeHcTBa | x — a| < & 6yneT creposath HepaseHcTBO | f(x) — f(a)| < €.

BepHemcs Kk npumepy € rpy3om, nogBelleHHbIM Ha HUTW. [ycTb macca rpy3a MHOro
MEHbLLE Macchl, Bbi3biBatoLlen obpbiB HATU. B Takom criyyae npu ykasaHuM HEKOTOPOro
3HaYeHUs yannuHeHns HUTN A | Bcerga MoxHO nogobpaTtb OONONHUTENBHYKO Harpysky Am,
YTOObI YONIMHEHNE HUTU HEe NPEBLICUINO YKa3aHHOro 3HadYeHus. Unu Ha asbike €-0: ans nto-
6oro 3apaHee yka3aHHOro yaSIMHEHUS HUTU € MOXHO nofobpaTb Takoe 3HadeHue O, 4To,
ecnv macca AOMNONHUTENbHOW Harpy3kn MeHbLUe O, HUTb YOSIMHUTCA MEHEe YeM Ha €.

Takve HarnagHble paccyxaeHusa enarT AN CTaplueKkracCHUKa U CTyaeHTa-nepso-
KypCHUKa criegytollee onpeaeneHne NoHATHbIM U onpaBaaHHbIM [4].

OnpedeneHue. OyHKkuma y = f(X) HasbiBaeTCsl HENPEPLIBHON B TOYKE a, ECMN BbINOSI-
HeHbl ABa YCNOBUS:

1) dyHKUMS onpeneneHa B HEKOTOPOM OKPECTHOCTU TOYKM &,;

2) ans mo6oro € > 0 cywwectayeT Takoe § > 0, 4To U3 | x — a| < & BbiTekaeT | f(x) —
fa)] < «.

Heobxogumo npounniocTpupoBaTb onpegeneHne reometpuyecku. Boibepem Ha rpa-
duke dyHkumn y = f(x) Touky M(a, f(a)), KoTopyto cnpoekTupyemM Ha ocu koopauHaT. Beibe-
peM g-okpecTHOCTb Touku f(a) Ha ocu Oy. Ecnu dyHKUMS HenpepbiBHa B TOYKE @, TO Ha OCK
OX MOXHO HanTN O-OKPECTHOCTb TOYKM a, obnagaroLlyo CBOMCTBOM: Kakyto Obl TOYKY X B
3TON G-OKPECTHOCTM Mbl HM B3sinn, Touka f(a) Ha ocn Oy (cooTBETCTBYHOLLEE X = A 3HAYEHME
dyHKUMKN) ByaeT HaxXoAUTbCS B 3aaHHON €-OKpeCcTHoCTU Toukm f(a) (puc. 3).
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OnpedeneHue. PyHkuua y = f(X), onpegeneHHas Ha NpoMexyTKke X, Ha3blBaeTcs Hernpe-
PbIBHOW Ha JAHHOM NPOMEXYTKE, €CNN OHA HENpPepbIBHA B KaXXO0W TOYKE NpoMexyTka X.

MNMonb3ysack onpegeneHnemM, HeO6XxoAMMO NPOBECTN CTPOroe AoKa3aTenbCTBO Hernpe-
PbIBHOCTU HEKOTOPbIX 3neMeHTapHbIX yHKuun. Takyto paboTy cnegyeT NpoBeCTU Kak C
NepBOKYPCHMKaMK, TaK 1 CO CTapLUeKNacCHUKaMu, NOCKOMbKY Takne yHKUUM UM YXe XO-
POLLO 3HAKOMBI.

Mpumep 1. [lokaxkeM HENPEPLIBHOCTb NOCTOSAHHOM OYHKUMK Y = C, onpeaeneHHon npu
Bcex X € R.

Bbi6epem npouasonbHoe uncrio & > 0. Torga ans nwoboro x umeem | f(x) —f(a)| = |C -
C| = 0 < & Mbl gokasanu, 4To Ans BLIGPAHHOrO NMPOW3BOMBLHO € > 0 CyLLECTBYET Takoe
& >0, uto n3 | x— a| < & cnepyet HepaseHcTBo | f(x) — f(a)| < €. Takum oBpasom, fokasaHa
HenpepbIBHOCTb NOCTOSIHHOW (DYHKLUMW B NIOGON TOUKe a.

Mpumep 2. [JokaxkeM HENPEPLIBHOCTb JIMHENHOW OYHKUMK Y = KX + b, onpeaeneHHon
npu Bcex X € R. Boibepem npounssonbHoe yncro € > 0. Toraa ansa noboro X umeem | f(x) —
f(@)| = | (kx + b) - (ka + b)| = | k|-|x—a|. HepaseHncTso |f(x) —f(a)| < £ B naHHOM cnydae
paBHocunbHO | k| -|x-a| <€, To ecTb | x —a| <ﬁ. 3HaumMT, ecr NoNoKNTL & = ﬁ TO 13
HepaBeHcTBa | X — a| < & Bynet cneposath HepaseHCTBO | f(x) — f(a)| < €. HenpepbisHOCTb
NMHENHON OYHKUMK B N0OOM Touke a € R gokasaHa.

Mpumep 3. JokasaTb, 4TO PYHKUNA Y = COSX HenpepbiBHA B 10601 To4Ke a.

[okaxxem BcnoMoraTenbHoe yTBepXaeHune: Ans Nnobbix 3Ha4eHUn X cnpaBenimBo He-
paBeHCTBO |cosx — cosa|<|x — a|(1). Ana gokasaTenbCTBa PacCMOTPUM EAUHWUYHYIO
OKPY>XHOCTb (pucC. 4).

b
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Puc. 4
Wweem: |AB| = x,|AC| = a,|BC| = |x-a|,|BK| = cosx, |CL| = cosa, |BD| =
| cosx — cosa] .
Tak kak | BD| <| BC| <|BC|, To nonyuaem, uto | cosx —cosa| = |x—a| = 0. 3naunr,
| cosx — cosa| <| x — a| . BcnomoratenbHoe yTBepxaeH1e AokasaHo.

BepHemcs k Hawemy npumepy. Boibepem npoun3BonbHoe yncrno € > 0 u nonpobyem
HalTu Takoe & > 0, yToGbl U3 HepaBeHcTBa | X — a| < & cnegosano HepaBeHCTBO | cosx —
cosa| < €. 3 HepaBeHcTBa (1) crnegyeT, YTO MOXHO NONOXUTb O = €. [1eNCTBUTENBHO, ecnun
| x—a| <8, 10ectb | x—al <¢, 1o B cuny Toro, uto | cosx —cosa| < | x-a|, nonyunm | cosx —
cosa| < €. OTO 03HayvaeT, YTO PYHKLMS Y = COSX HenpepbiBHA B OO0 ToYKe a.
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3adayu 011 camocmosimeribHO20 peweHuUs

[lokasaTb No onpeaeneHntio HenpepbiBHOCTb PYHKLNMN:

1) y=x?
2) y=x"

1 . _ lal a’e
3) y=_npunx#0; ykasaHue: BblopaTe 6 <—— 10 <—;
4) y =sinx.

Takum obpasom, NnpueneveHne NpuMepoB U3 puUsnkn 1 HarnsaHo-rpaduyeckue npea-
CTaBeHns1 CNocoBCTBYOT MPOYHOMY YCBOEHUIO YYalLMMWUCA MOHATUSA HENpPepbIBHOCTU
YHKUMKN, @ TakKe COBEPLUEHCTBOBAHWIO METOAMKUA WU3NOXEHUS OTAEerNbHbIX pa3fenoB
Kypca anrebpbl 1 Ha4dan aHanusa B CpefHen LIKONe U MaTeMaTM4YecKoro aHanumsa B BbiC-
wem yyebHom 3aBegeHunn [5-7].
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