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MeToaun4yeckune acnekTbl N3NOXEHUSA TEMbI
«lMpeobpasoBaHue Jlannaca. HaxoxaeHne n3odbpaxxeHUsa No opurmMHany»

AHHOmMauyus. B cmamsbe npednazaemcs eapuaHm U3JIOXeHUs Mamepuasia rno meme
«lpeobpasosaHue [lannaca. HaxoxdeHue u30b6paxeHusi o opuauHary» 8 cxamou
gopme. PaccMompeHbl OCHOB8HbIE MeopeMbl, C MOMOWbI0 KOMOPbIX Haxo0sim u3obpaxe-
Husi rno opuauHanam u Haobopom. [lpumepbl ModobpaHbl makum obpa3omMm, 4mobbi
Haeansi0HO NpounIrCmMpPUpPo8ame Kaxoyto meopemMy U OCHOBHbIE noHamus memsbi. Codep-
XXaHue cmambu rocrayxum mamepuarnom 0nsi Mo020mos8KU K 3aHSImMUsIM 8mMopo2o Kypca
npu usyvyeHuu pasdena «OrnepayUoHHoe ucyucrieHue» u bydem rnone3HbIM Kak rpernooda-
eamersisiM, maK u cmyoeHmam.

Knroueenle crnoea: rpeobpasosaHue flannaca, opuauHari, udobpaxeHue, ghopmyra Jurnepa.
Pa3den: (01) omodernbHble 8orpockl cghepbl 06pa3osaHus.

MeToabl OnepaunoHHOro UCYNCNEHNA NPeacTaBnNalT cobon cBoeobpasHbii cnocob
peLleHns pasnnyHbIX MaTeMaTU4ecKknx 3agad, B NepByo ovepeab CBSA3aHHbIX C peLlleHneMm
AnddepeHumanbHbiX ypaBHEHUW. B gaHHOM CcTaTbe Mbl paCCMOTPUM, KAaKOW MMEHHO Teo-
peTuyeckuin annapart, Kakue MetTogbl HeobXxoaMMO NPUMEHUTb AN peweHus guddepeH-
umnanbHbIX ypaBHEHMI 1 KaknM 0b6pa3om cBA3aHbl Mexay cobor Takme NOHATUSA, Kak Opurn-
Hanbl U n3obpaxeHus. [lagum oCHOBHblE onpefeneHns n tTeopemsl [1, 2], Heobxoanmble
AN19 U3NoXeHUa maTtepuana.

Onpepenenue 1. NpeobpasoBaHmem Jlannaca QyHKUMM OENCTBUTENBHOM NEPEMEHHOM

f (t) HasblBaeTCA hyHKLIWISI KOMMIIEKCHOM NepemMeHHol F (p), onpeaensiemMasi coopmyrioit

o
F(p)= j f(t)e "dt .
0
MHTerpan B npaBown YacTn paBeHCTBa Ha3blBaeTcda nHTerpanom Jlannaca, t — npencrem-

TeNbHOW NEPEMEHHON, P — KOMMJIEKCHOW NEPEMEHHOMN.
[nsa Ttoro ytobbl nHterpan Jlannaca 6bin cxoaswmmcs, pyHkumns f (t) OOJMKHa yao-

BNETBOPSATb HECKONBbKUM YCITOBUSIM.
Onpegenenue 2. OpurmHanom (Mnn npoobpasomM) Ha3bIBAETCA KOMMNEKCHO3HAYHas

o . f (t) =0
yHKUMS felicTBuTenNbHOrO aprymeHTa f (t), ygosneTeopsiowas ycrosusm: 1)

1


http://e-koncept.ru/2018/
mailto:pdv62@mail.ru
mailto:talaskovy@mail.ru
mailto:pdv62@mail.ru
https://e-koncept.ru/area/1

lMenesuHa Y. H., /lackosas T. A., Axmemosa ®. X. Memooduyeckue acrieKkmel Uu3so-

HeHus memsl «[IpeobpasosaHue Jlannaca. HaxoxcoeHue u3obpaxceHus rno opu-
euHany» // Hay4Ho-memoduyecKuli 31ekmpoHHbIl ypHan «KoHuyenm». —
2019. — Ne V1. -0,2 n. n. — URL: http://e-koncept.ru/2019/196001.htm.

H3Y4HO-METOANHEeCKIIA
SAEKTPOHHBIN >KYPH3A

npu t<0;2) f(t) —KycouHo-HenpepbIBHas OYHKLMS; 3) NpY BO3pacTaHWUM apryMeHTa |f (t)|
MOXeT Bo3pacTaTb, HO He BbICTpee HEKOTOPOM NokasaTenbHON (PyHKUMK, T. €. ‘f (t)‘ < Me™
,rae M,s, —nocTtosiHHble 1 M >0,s, >0.

Ycroeuto 3 B onpefeneHun 2 yaoBneTBOPSOT BCe orpaHnyeHHble (Sin wt; coswt ) n Bce
crenenHble t“(k > 0) byHKLMM, KOTOPbIE BCTPEUAIOTCA NPU U3yYeHMN (PM3MYECKMX MPOLIECCOB.

3amevaHue. B ganbHenwem npyu paccMoTpeHun oyHKLMIN-opurnHanos bygem noa-
pasymeBaThb, 4to f(t)=0 npmn t<0.

Onpepenenue 3. N3obpaxeHnem (unu o6pa3om) HasbiBaeTcst oyHKUWs F (p), onpe-

agendemMas npeo6pa3OBaH|/|eM Jlannaca.
CooTBeTCTBME mMexay opurmHariom u M306pa)l(eHVIeM 3anncbliBaetcaA B Buae

f(t)a F(p) unnF(p)a f(t).

MonyyeHune n3obpaxxeHnst yMECTHO CpaBHUTbL C npoLeccom goTtorpadumpoBaHus. No-
A06HO TOMy Kak hoToKamepa NO3BoSIAET NONY4YMTb U3 OpUrnHana n3obpaxeHue, Tak u npe-
obpasoBaHue Jlannaca nepeBoguT yHKUMO-OpurnHan f (t) B oyHKLMIO-U306paxkeHne

F(p).
PaccmoTpum TeopeMbl, Mo KOTOPbIM Mbl ByaeM Haxo4uTb N300paXKeHUs N0 OpUrHa-
nam, n HaobopoT.

Teopema 1 (o cBoiicTBe U306paxeHus). [ins no6oro opurrHana f (t) nsobpaxeHue

F(p) onpeaeneHo B NomynnockocT! Re p>s, W SIBMSIETCS B 3TOW MOMYNIOCKOCTM aHanw-
TUYECKOWN (PYHKLMEN.

lMoavepkHeM, 4TO pyHKUMS F(p) aHanuTnyeckasd. 3TO 3HAYMT, YTO €e MOXHO And-
depeHUnpoBaTh MU MPUMEHSATb K HEN U3BECTHblE METOAbl TEOPUM KOMIIEKCHOro NepemMeH-
Horo B obnactm Rep>s,.

PaccmoTpum npumMmepbl HAXOXAeHUs n300paKeHnn yHKLUMIA MO UX OpuUrnMHanam ¢ no-
MOLLLIO onpeaenenns 3.

Mpumep 1. Haitn F (p)ansa doyHkumm f (t)=t.

PeweHune. OyeBnaHoO, YTO AaHHasa PYHKLMS YOOBETBOPSET YCNOBUSM onpeaeneHuns
2, MOCKOSbKY |t| < Me™ ans Vs, >0n M >1. CnepoBaTtenbHO, OHA MOXET ABMATLCS OPUTrn-
Hanom. Bbluncnmm nsobpaxeHue:

s u=t
F(p)=|te™dt=
() ! dv =e "dt

+o0 +o0

+00 t
+=|ePdt=——e"| ==

o Po P o P

:—leipt

p

N

OTBeT: t& iz

Mpumep 2. Haittu F (p)ansa dyHkumm f (t)=a'.

tina

Pelwenve. 3anvwem Hawy dyHkumio B Buge f (t)=e""*, ncnonb3ys ocHoBHoe mnora-

tina

pucpmmyeckoe ToxaecTso. Mockomeky [a'| = |e'"*|<Me™ ans vM >1 us,=Ina, cneaosa-

TenbHO, BCE YCMNOBUS onpeaeneHns 2 BbIMOMHEHbl U OHA MOXET SIBNSATLCS OpPUTMHANOM.
OyHKUMS-U306pakeHne F (p) OydeT onpedeneHa W aHanUTU4Ha B MOMYMIOCKOCTU

Rep>Ina . Hangewm ee.
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40 +o0

F(p)=[e"e™dt= +jzoe‘('”e“")dt S e (| R
0

0 Ina—p , Pb-Ina

OteeT: 2’1 ————.
p-Ina

Becb npouecc npeobpasoBaHus Jlannaca MoXHO npeactaButb cebe kak nepeBos C
OZHOro fA3blka Ha Apyron. [Npu Takom nepesode KaXaoMy CrioBY OLHOrO A3blka COOTBET-
CTBYET onpeaeneHHoe crnoBo Apyroro. TOYHO Tak Xe npu npeobpasoBaHun Jlannaca kax-
A0N PYHKLMM NPOCTPaHCTBA OPUrMHANOB COOTBETCTBYET onpeferieHHas (OyHKUMA B Npo-
CTpaHcTBe u3obpaxeHnn. Ponb cnoBaps urpaet Tabnuua cooTBETCTBUN MEXOY OpuUrMHa-
namun n nsobpaxeHnAMuN.

3agymMmaemMmcs: Kak nepeBecTu C OQHOMo s3blka Ha Apyron uenoe npeanoxenune? Ans
3TOro HeJOCTAaTOYHO 3HATb NepeBo OTAENbHbIX CMOB, HYXXHO elle 3HaTb, Kak rpaMmmaTuye-
CKMe KOHCTPYKUUM OOHOrO s3blka nepeparoTcs Ha gpyroMm. B Hawem cnydae Heobxoanumo
3HaTb, YTO MPOMUCXOANUT C N300paxKeHNAMU, ecrnv Hag PYHKLMEN B NPOCTPAHCTBE OpUrnHa-
NOB NPOU3BOANTCA Kakaa-nMbo maTemaTudeckasi onepauus: CrioxXeHme, yMHOXeHue, nHTe-
rpupoBaHue, anddepeHumposaHme. Takum obpa3om, HeoBXo0aMMO 3HATb HE TOSTbKO N300-
paXkeHnsa oTAeNbHbIX PYHKLMIA, HO U NpaBuia Nony4YeHns n3obpakeHUn B 3TUX Cry4dasx.
OTBeTbl Ha 3TW BONPOCHI A4al0T OCHOBHbIE TEOPEMbI ONepaLOHHOrO UCHNCHEHNS.

Teopema 2 (cBOWCTBO nuHeHocTH). Ecnn f (t)= F(p) n g(t)= G(p), To npu nio-
BbIX NOCTOSAHHBLIX A 1 B (0eNCTBUTENbHBIX UMW KOMIMMEKCHbIX) CpaBeanBo COOTHOLLIEHNE
Af (t)+Bg(t)a AF(p)+BG(p).

NHbIMU crioBamu, NMMHERHON KOMBMHAaLMW OPUrMHANoB COOTBETCTBYET Takas e nu-
HenHas KoMbuHaums N306pakeHn.

Mpumep 3. HaiiTn nsobpaxenue dyHkummn f (t)=cosawt n f(t)=sinot.

—iwt

e +e

PeweHune. Mo dopmyne dnnepa nmeem: cos wt:T' MpuMeHUM K pyHKUNAM
e n e npeobpasosaHue Jlannaca, HageHHoe B npumepe 2:
iot 1 —imt 1
e’n ——;en —,
p—im p+iw
Torga no Teopeme 2 MMeeM: coswtzl(ei“’%e‘i‘”t)a 1 1_ + 1_ =— P ~.
2 2\ p-io p+iw P+

AHanornyHbIM 06pasomM nomny4nm nobpaxenme Ans dyHkuumn f (t)=sinwt . Mo dop-
Myne dunepa

. et —e™ 1 . 11 1 1 2w ®
sinpt=——+——=—(e""-e"")o — — ==
2i 2i 21l p—iw p+iw) 2 p"+0° p +o
OTBeT: coswt & % sinwt & 2(0 >
P+ P+
OTNM xe cnocobom MOXHO HarUTK M30BpaKeHUsa Ans PyHKLNA
Cha)tﬁ%msha)tﬁ > >
p*—w p*—w

Teopema 3 (Teopema nopo6wus). Ecnn f (t)a F(p) ma>0, 7o f(at)m 1 F (Bj
a la
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3 aTon Teopemsbl crieqyeT, YTO YMHOXEHUE apryMeHTa opurnHana Ha nosioXuTenb-
HOE YNCIO a NPUBOAMT K AENEHU0 apryMeHTa N3obpaxxeHnsa n caMmoro n3obpaxeHus Ha To
Ke Yncrno a.

A 11 1
, MIMeeMm e” 8 —— =

p-1 aP_, p-a
a
Teopema 4 (o auddepeHuumpoBaHMn opuruHana). Ecnm  dyHKumm

f(t), f'(t), f"(t),...f " (t) sensawoTca opuruHanamm u f (t)a F(p), To
f'(t)a pF (p)- f(0);

t7(t)=(F'(t)) = [ pF (p)— f(0)]- £'(0)= p?F (p)- pf (0)— f'(0);

Hanpumep, 3Has, yto e' o

fO(t)ap"F(p)—p"*f(0)—p"?f'(0)—...— pf "?(0)- £V (0).

Takum obpasom, anddepeHUMpoBaHNE, KOTOPOE B NPOCTPaHCTBE OPUrMHANOB npea-
cTaBnsieT coboin TPaHCLEHAEHTHbIN NPOLECC, B NMPOCTPaHCTBE 1300paXKeHuii 3aMmeHseTcs
YMHOXEHMEM M306paXeHns Ha CTerneHb apryMeHTa p C OAHOBPEeMeHHbIM Ao6aBrneHvem
MHOrouneHa, KoaduLmMeHTaMmm KOTOPOro ABMATCA HaYarnbHbIe 3Ha4YeHUs opurMHana.

Bo MHoOrvx 3afavax Touka t =0 ABNAETCS TOYKOW paspbiBa OpUrMHana, noaToMy npu-
HATO cunTaTh, yto f(0)= Iimof(t) (r.e.f(0) — npaBbIt Npeden yHKLUMM-opUruHana),

t—>+
f'(0)=lim f'(t) n 1. A.

t—>+0

Mpumep 4. Haiitn nsoGpaxerue dyHkumm f (t)=cos’t, f (0)=1.

PewweHue. Haiigem npoussoaHyto f'(t)=2cost(-sint) = —sin2t. PaHee B npumepe 3

6bIn0 AOKa3aHo, YTo sin 2t — 5 CnepoBsatensHo f'(t)a — . C Opyrou CTOpPOHBI,

p* +
cornacHo Teopeme 4, umeem f'(t)a pF (p)- f (0)= pF(p)—1. Takum o6pasom, Anst OQHOI

p’+4

N TOW e (PyHKUMM Mbl NONYYUnu ABa U3obpakeHusi, 3anMcaHHble no-pasHomy. Mpupae-
HSIeM MX 1 13 MOJTy4eHHOro anreGpanyeckoro ypaBHeHus Haliaem F (p).

2 1 2 p?+2
- —pF(p)-1 = F(p)=—|1- - .
L bR(p)L = F(p) p[ p2+4j A
2
OTBeT: cos’ta pf+2
p(p°+4)
. 2
AHaMOrN4YHO MOXHO MOMYy4nTb Sin“ta ————.
p(p”+4)

Teopema 5 (o aucddepeHumpoBaHumn unsobpaxeHus). Ecnu f(t)n F(p), TO

—tf (t)= F'(p).

Mbl BNWAOUM, 4YTO ,D,M(b(*)epeHUMpOBaHVIe |/|306pa>|<eH|/1$| CBOOANTCA K YMHOXEHUIO OpUrn-
Hana Ha —t.

MocnenosaTensbHOe NPUMEHEHME 3TOI TeopeMbl AaeT crieaytolme hopMynbi:

2 f ()= F"(p); —t°f (t)a F"(p); .. ((D)"t"f (t)= F(p).
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Mpumep 5. C nomoLLbo TeopeMbl 0 AnddepeHUMpoBaHNM N300paKEHNA HANTK N306-

paxeHune dyHkuun f(t)=t", 3Has, yTo 1x 1
p
|
PelueHue: 1o i to i t? o %; o r:;l.
p’ p’° p p
Mpumep 6. Haiitn nobpaxenune dyHkumm f (t)=t(e' +cht).
PelueHne. Micnonb3ysa pesynbTaTthl NPUMeEpPoB 2 1 3, nonydynmMe’ o ! 1; chtxo Zp
p- P -
Torpa e' +cht & p
_1 p
2_1_9p? 2(p°+p+1
t(e' +cht) & [_ . jz_ 1 2+p 1 22p __ (p p2 )
Lopo- (P-1)°  (p*-1) (p*-1)
(p + p+1)

OtBer: t(e' +cht)a —
(p*-1)
Teopema 6 (06 wuHTerpupoBaHum opuruHana). Ecnm f(t)= F(p), To

t < F(P)
If(r)dr 0

WNHTerpmpoBaHue opurvHana B npeaernax ot 0 4o t NpyBoAUT K AeNeHNo N300paXkeHust Ha p.

o

t
Mpumep 7. Haitn nsobpaxkeHne yHKLMM j(r +1)cos wrdr .
0

PeweHune. 3anuwem nsobpaxeHue ana yHKLMM
2 2
_ p-—o P
(7 +1)cos w7z =7 COS W7 +COS WT B =+ —— .
2 2
(p +w ) p-+o

MpumeHnm TeopeMy 6 K NONTy4YEHHOMY N306paKeHMIO:

¢ 2 2 2 2
_[r+1 )coswrdr o 1 pz_“’z o — P = p*(1+ p)2+a)2(2p 1).
0 Pl (p*+0?) P +o p(p*+o)
t 2 2 _
Orger: [(r+1)coswrdrn pE(L+p)+ae (f 1)
p(p*+o°)

Teopema 7 (06 uHTerpupoBaHuM u3o6paxeHus). Mycte f(t)a F(p). Ecnm

iy f(t f(t iy

I F ( p)dp CXOOUTCS, TO OH CIYXUT n3obpaxeHnem gyHKLUM ¥ T. €. ¥ﬁ _[ F(p)dp.

p p
Heobxoanmo caoenatb BaXXHOE 3aMeyvaHne K 3TOW TEOPEME: €€ MOXHO NMPUMEHSTb

+00
TONMbKO B TOM criyyae, Koraa jF(p)dp cxoautcsl. IMeHHO noaTomy TeopeMy 7 Henb3s
p

e d
NMPUMEHATb AN HaXoXaeHNs n3obpaxeHus - Tak Kak I _p pacxoauTcs.
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Mpumep 8. Haritn nsobpaxeHmne yHKLMM

PelueHne. B npegpblaywmnx npumepax 6bino HangeHo e' —1a 1 . Mo Teopeme 7

p-1 p
¢ o +o0
umeem: &L n J[L—ljdpﬁnp—_ — lim In|2= | |:—In ‘
t p-1 p pll, == o] |pl
t
Otser: & ln —In ppl

B 3akntoueHne xotenocb 6bl OTMETUTE OPUIMHANBHOCTb METOANYECKOrO NoAxXoAa U3-
noxeHust Tembl «lMpeobpasoBanHne Jlannaca. HaxoxaeHne n3obpaxeHus No OpurmHany»:
n3noxme 6a3oBble TEOPEMBbI, ONUCHIBAIOLLME CBOMCTBA M306paXKeHNn, CBOMCTBA NMNHENHO-
CTn, nogobus, gudpdepeHUnpoBaHns, UHTENPUPOBaAHUSA OpurnHana n n3obpaxeHus, Mol
TEM CaMbIM NMPOUNIIOCTPUPOBANN TECHYHO B3aUMOCBA3b MEXAY 3TUMU OBYMS NMOHATUSMM.
OTa cBA3b NpocnexmBaeTcs 1 B (hopMynax HaxoXO4eHUs opurnHana n n3obpaxeHus, 1 B
pa300paHHbIX BbilLe NpuMepax, HarnsaHo AEMOHCTPUPYHOLNX paboTy OCHOBHLIX MOSOXe-
HU TeopeM. CopeprkaHne cTaTbu NOCAYXUT MaTepmanom ansa NoAroToBKM K 3aHATUSIM BTO-
poro Kypca npu nsyveHmm pasgena «OnepaumoHHOE UCYUCTIEHNEY .
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Methodological aspects of the presentation of the subject “Laplace transform. Finding the image by
the original”

Abstract. This article proposes a version of presenting material on the subject “Laplace transform. Finding the
image by the original” in a concise form. The main theorems are examined with the help of which images are found
by originals and vice versa. Examples are chosen in such a way as to clearly illustrate each theorem and the basic
concepts of the subject. The content of the article will serve as a material for the second year students’ classes
preparation when they study the section “Operational Calculus” and will be useful to both teachers and students.
Key words: Laplace transform, original, image, Euler formula.
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