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Bywmerneea Hamanbsi AnekcaHOpo8Ha,

KaHOudam reda2o2udecKux Hayk, ooueHm Kaghedpbl rnpuknadHoU mMamemMamuKku U UH-
gopmamuku O®FEOY BlNO «Bsamckuli eocydapcmeeHHbIl 2yMaHuUmapHbIlU yHU8epCu-
mem», e. Kupos

nat@vshu.kirov.ru

WHTerpauus reomeTpmm, NporpaMmMmMpoBaHnA U MHPOPMALIMOHHbIX TEXHOJOIMMN
npu n3y4YeHnm reoMeTpUYECKuX cnriamHoB

AHHOmMayus. Cmambs rocssuwjeHa 8orpocy UHmezpauyuu y4ebHbix OucuurniuH 8 rpak-
muke 8y308CK020 rpernodasaHusi. Ee uenbio senssemcss deMoHcmpauusi 03MOXHocmeu
UCrosib308aHUs pPasudHbIX UHGPOPMaUUOHHbIX MEeXHOo102ul npu u3y4YeHuu Knaccudyeckoul
oucyunuHsbl.

Knroyeesble crioea: uHmezpayusi, 2e0Mempusi, Kpueasi, arnrnpokcumauyus, crinadH, besse.

Ha 3aHaTusX reomeTpumn Ha HanpasneHusx Puanko-matemaTnyeckoro npodouna gocra-
TOYHO MOAPOOHO M3y4alTCA Kraccudeckue BuAabl KpUBbLIX: annunc, runepbony, napabony m
Ap. N UX CBOWCTBA, KOTOPbIE YAacTO BCTPEYaloTCA B NPAKTUYECKON XU3HU U AeATENbHOCTU.
Hactosiwas pabota nocesweHa KpvBbIM, 6e3 KOTOpbIX HEMbICITMMA HWKakas COBPeEMEHHas
rpadumyeckas cuctema, gake BCEM U3BECTHbIV CTaHAAPTHbIN rpadhmnyecknin pegaktop Paint.

3agagumMcsa cnegylowmyM BOMPOCOM: Kak M300pasnTb B rpadouyeckoM pefaktope Kpu-
Bble pasnuyHon opmbl N ybeamTbes, YTO AN1A TOro, YTobbl co3aaTth HyXHY opMy, Hago
3HaTb NPUHLUMIMbI MOCTPOEHNSA MPOU3BOSTbHBIX KPUBBIX, @ TAKKE UX aHaNUTUYeCKne onnucaHuns.

[MpakTnyeckn HEBO3MOXHO AaTb TOYHOE OnmncaHne NPou3BoSIbHON KPUBOW, HO MOXHO
nogobpatb (OYHKUUIO, annpOKCUMUPYIOLLYIO UMEIOLLYIOCS KPUBYIKO, TO €CTb TaKyl (yHK-
uunio, KoTopasa Obl 3aaBarna Apyrylo KpMBYH, HO NPOXOASLLYIO Yepe3 3adaHHble TOYKN U
MakCUMarnbHO 6IM3KYH0 K HEN. 3aMeTUM, YTO TakuX PYHKLMIA MOXET BbITb U HECKOSTLKO.

®yHKUMM, ncnonb3yemble ANA annpoKCMMauun NPOU3BOSbHbLIX FNagKNX KpUBbIX,
Ha3bIBalOTCA MamemMamu4yeckumMu crsiaiHamu. TepMUH «ChfanH» MpPouUCXOAMT OT aH-
rnumnckoro spline, 4To o3Ha4vaeT rMBKy NOSIOCKY CTann, KOTOPYI MPUMEHSIU YEPTEXHUKN
ANS NpoBeAeHNd NNaBHbIX KPUBLIX, HANpUMep, Ans NOCTpoeHns 06Bo40B UK CaMOSeTOB.
CeonctBa Takux YHKUMA onucbiBaloTCca cnegylwmmm TpeboBaHuamun: 1) dyHKUMs
AOJDKHA NpoXoguTb Yyepes Bce 3afaHHble TOYKM; 2) (PyHKUUS OO0SMKHA MMeTb Hernpepbls-
HYIO BTOPYIO NMPOU3BOAHYIO Ha BCer obnacTtu onpeneneHus.

Kpome 3T1oro, 3Ha4yeHnsa MCKOMOW OYHKLMM OOMKHbI CPABHUTESTbHO NErko BbIYUCASATLCA.

PasymHee unckaTb onucaHue KpuBOW B MapameTpuye-
ckom Buge. lNpeumyulectsa napamMeTpuyecKkoro onucaHus
3aKS4aTCa B TOM, YTO C MX MOMOLLbIO NIErko OMUCLIBAKOT-
CSl KpuBble U MOBEPXHOCTW, OTBeYawLwme Heo4HO3HAYHbIM
dyHKuMaM. OnmcaHne MOXHO caenaTtb Takmm obpasom, YTo
dopmyna He BygeT CyLeCTBEHHO M3MEHSTLCS NPU NOBOPO-
Tax 1 macwtabupoBaHuu.

OaHum 13 cnocoboB 3agaHus CNianHOBOW KPUBOW S1B-
ngeTcsa ykasaHue KoopauHaT K4veBblX ToyveKk. Ero npuay-
Man gpaHuy3 lNbep besbe. OH Npeanoxun pasbuTsb KpuByH
Ha 4YacTW, KaXKayl M3 KOTOPbIX 3a4aBaTb YETbIPbMS KOH- Puc. 1. Kpusasi ¢ koH-
TPOJSIbHLIMW TOYKAMWU. Takme cepun No YeTbipe KOHTPOSIbHbIE MPOJIbHbIMU MOYKamu
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TOYKM B pasHOM Mepe onpeaensalT HanpasneHme AaHHOW KpMBOK. [1pn 3TOM COBEpPLUEHHO
Heobs3aTeNbHO YCIIOBME NPOXOXAEHUST KPUBOW Yepe3 BCe KOHTPOSIbHblE TOYKKM (puc. 1).
Ha HeMm: Py, P3 — Ha4YanbHasa n koHe4yHasa Touku, P1, P, — KnoyeBble TOYKKU, onpenensio-
Lne HanpaBrieHne KpMBOM (BO3MOXEH cnyyan, korga Pi = P»).

Takne kpuBble NONy4YMnu Ha3BaHue cnnanHoB besbe. PaccmoTpum nx nogpobHee.

KesappaTtnyHasa kpuBasa besbe [1].

3agaHbl TPU KOHTPOSbHbIE TOYKK Py, P1 1 P, (puc. 2). R
MpuMeHnM nNpoueaypy OerneHus OTpes3KoB, MUCMOonb3ys na-
pameTp t —uncno ot 0 go 1 (Hanpumep, t = 0,75):

1) Bbiuvcnium Touky P Ha oTpeske PoP: no creay-
toweit popmyne: P1Y=(1-1t) - Po+t- Py.

2) Bbluvcnivm Touky P, Ha oTpeske P1P, no dopmy-
ne: P,Y=(1-1) - Py +t-Pa.

3) Boluncnium Touky P.? Ha otpeske PP, no
dopmyne: P,?=(1-1t)- P,V +t. p,Y,

4) OBo3sHaumm P(t) = P2, Puc. 2. KeadpamuyHasi

PaccmoTpum aTy npouenypy ¢ TO‘-IK(I/I)SpeH;/IFI I/IC(I'ZI)OJ'Ib3O- Kkpueasi besbe
BaHuA napameTpoB. Kaxgasa ua todek P17, P2 n P, 3aBu-
cUT OT napameTpa t, u P, npuH1MaeT 3HaueHMe, COOTBETCTBYIOLLIEE 3HAYEHMIO MapameTpa t.
Takum obpasom, P(t) aBnaetca pyHKUMOHanNbHLIM NpeacTasneHnemM Kpnson besbe.

3anuwwem aTo anrebpanyecku: P(t) = P,A(t) = (1 —t) - PLO() +t - P,O(),
rme P V=1 -t)-Po+t-Py, P,Y=(1=1)-P,+t P,

3amMeTm, YTO Mbl 0003HAYUNK Pl(l), Pz(l) Kak (pyHKLUMUK OT t.

MoacTaBmB 3TM ABa BbIPaXXEHUSA B UCXOOHOE, NOYYUM

PH)=(1-1t) -((1-t) -Pot+t-P))+t-((1-t)-P1+t-Py)=
=(1-t)-((1-t)-Po+t-P)+t-((1-1)-P1+t-Py)=
=(1-t)2 - Po+(L—-t)-t-Pi+t-(1—t) - Pi+t?- Py=

=(1-1t)% Po+2-t-(L—t) P+ Ps.

OTO MHOrouYSIeH BTOPOW CTENEHN (MNun nNuHenHas KoMOGMHaUna KBagpaTUyHbIX MHOTO-
4YfeHoB), criegoBaTenbHO, OH 3agaeT napabonuyeckyo Kpuyto. OHa M nony4duna Hasea-
HWe KBagpaTu4yHom Kpusoun besbe.

CBoucTBa KBagpaTU4HOU KPUBOMW.

1) P(0) = Po n P(1) = P», KpnBasi NpoxXoguT Yyepes3 KOHTPOsIbHble TOYKN Po 1 Pa.

2) ®dyHkuma P(t) sBnseTca HENpepbIBHOW, U BCE €€ NPOM3BOAHbIE TakK e HENpPepbIB-
Hbl (3TO cnefyeT u3 CBOMCTB MHOIOYIIEHOB).

3) MNpoanddepeHumnpyem P(t) no t n nonyymm:

Pt)=—2-(1-t) - Po+(-2-t+2-(L-t))-P1+2-t-P=2-(1-t)-+t-(P2-P1)).

Takum obpasom, P’(0) =2 - (P1 —Po),nput=0mnP(1)=2 - (P, —P1)nput=1.

OTO 03HaA4aeT, YTO HaKMOH KpuBon npu t = 0 Takom xe, Kak n y sektopa 2 - (P1 — Po) ,
a HaKIOH KpMBOW Mpu t = 1 Takou Xxe, Kak u'y Bektopa 2 - (P2 — Py).

4) dyHkumm (1 — 1% 2 - t- (1 — t) 1 % aBnaoTCs NonMHoMamun BepHLTeiiHa 2-i cTe-
neHn. Camn yHKLMM 1 UX CyMMa HeoTpuLaTenbHbl:

L=t +2-t-L-t)+tP=1-2-t+t?+2 -t—2 -2+ t°=1.

5) KpmBasi nexxuT BHYTpu TpeyronbHuka PoP1Ps.
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P(t) aBnaeTca adppuHHON KOMOMHaumnen Touek Py, P1 n P,. Takum obpasom, P(t) 6y-
AeT nexaTb B BbiNyKon 06nactn KOHTPONbHbIX Tovek npu Beex t e [0; 1], a Bbinyknasa o6-
NacTb TPEYronbHUKa N eCTb Cam TPeYrosibHUK.

6) Ecnun Toukm Py, Py, P, KONNMHeapHbl, TO KpMBasi €CTb NpsiMas NUHUSA. Ecnmn Touku
nexart Ha Of4HOM NPSAMOWN, TO BbINyKNon obnacTbio ABnseTca npsamas, U, cnegosaTenbHO,
KBagpaTuyHaga kpueasa bygeTt npsamMon NiMHuen.

Bbigo0.

1. leomempuyeckuti Memod nocmpoeHuUsi keadpamu4Hol Kpugol be3sbe:

P(t) = P22(1),

. _t).pl-D .pU-D i
Pl’ J = O

2. AHanumu4eckuti Memod nocmpoeHusi keadpamu4Hou Kpugol be3sbe:
PO =(1—-1)% Po+2-t-(1—1)-Py+t*Pa.

Kybunyeckas kpuBas besbe [2].

3apaHbl YeTblpe KOHTPOSbHbIE TOYKN Pg, Py,
P2, P3 (puc. 3).

Mycts Py(1) =t Py+(1 —t) - Py,

POt =t- P+ (1-1t) - Py,

PsY(t) =t- Ps+ (1-1) - Py,

P21 =t PO + (1 - 1) - P1Y(),

Pa(t) =t- P + (1 —1) - PYD),

POt =t -Ps®? D+(1-1- P.2A1).

0O603Haumm P3(t) kak P(t).

q)OpMyJ:IbI aHanUTU4eCcKoro npeacraBneHus Puc. 3. Ky6udeckas kpueas Besbe
TOYeK KpnBon besbe:

P(t)= 3P, -B(t),
i=0

roe By(t)=(1-1)°, Bt)=3-t-(1-t)?, B,(t)=3-t2-(1-t), Bs(t)=t>.
Kybuuyeckas kpnBas nmeeT CBOMCTBA, CXOXMe CO CBOMCTBAMM KBaApaTUYHOM KPUBOMW.
Bbi1800.
1.l'eomempuyeckuli Memo0d rnocmpoeHusi keadpamu4Hol Kpusol be3sbe:
3apaB Toukm Py, P1, P2, P3 1 BbibpaB 3HauveHue t n3 [0,1] creHepupoBaTtb TouKy P(t)

a-t)-P_9Pt)+t-PU ), j>0
R, j=0 |
2.AHanumu4yeckul memoO0 rnocmpoeHus keadpamu4Hou Kpueou be3sbe:

P()= YP B,

roe  By(t)=(1-t)%, By(t)=3-t-(1-t)%, B,(t)=3-t*-(1-t), Bs(t)=t>~ nonnHombl BepH-

LWTENHA TpeTben cteneHu, a te[0; 1].
Kybunueckne cnnamHbl HaXoaaT camoe BonbLLoe NpuMeHeHne B npakTuke [3], Tak Kak
TpeTbs CTeneHb — HauMeHbluasi U3 CTeneHeun, NO3BONALWMX onucaTb opmy nobon

Ha kpuBeon Besbe P(t) = Ps(t) , rae PU(t) :{
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CMOXHOCTW, N MPU CTbIKOBKE PAa3fIMYHbIX CMSIANHOB MOXHO obecnedntb HenpepbiBHYHO
nepByH NPOM3BOAHYHO (KpuBas UM NOBEPXHOCTL ByaeT 6e3 N3NoMOB B MecTax CTbika).

MoXXHO Ans annpokcumauumn MCnonb3oBaTh M KBagpaTudHble Kpueble. OHM ropasgo
npoLue, YeM Kybudeckme cnrnamrHbl, HO Torga Ans annpokCUMaumMym NPOU3BOJIbHbBIX JIMHUN
Takux KpuBbIX NoHagobutca 6onbLue.

Tak, HanpyumMmep, ANs NOCTPOEHUS AMUMca C XOpoLUen TOYHOCTbIO A0CTaTOYHO YeThbl-
pex Kybnyecknx cnnamHoB, a KBagpaTUyHbIX Hago Kak MuHumym 10-12 (puc. 4).

Ha pucyHke annunc — ceeTno-cepas
KpvBasi — MpakTM4yeckn HEBO3MOXHO OT-
nMYnTb OT Kybmyeckoro cnnamHa (TOHKas
YyepHas KpuBasi), NMOCTPOEHHOro Mo TOY-
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kKam A, A1, B1 n B. KOHTpOnbHble TOYKM Az A
n B1 nogbupannce Tak, Ytobbl B TOUKax A - T - o 5|
n B coBnaganu paguycbl KpUBU3HDI b, |
cnnamHa n UCXO4HOW KpMBOW (3nnunca). l '
KBagpatnyHbin cnnamH (kpuBas be- AE : 4

3be BTOPOro nopsiaka, NOCTPOEHHasa mno
Toukam A, C n B), kak BUOHO Ha PUCYHKE,
B TOYkax A n B kacaeTcsa UCXOQHOW Kpu-
BOW, HO B MPOMEXYTKE MeXAy 3TUMWN TOu-
KaMu CyLLLeCTBEHHO OT Hee OTKIMOHSEeTCS.

3apaHue Ans npakTM4yeckon paboTbl CTYAEHTOB.

1. Hanucatb nporpamMmy nocTpoeHus Kpusoi Besbe Ha akpaHe KomnbioTepa. Mpu
3TOM HeobxoanMo npeaycMoTpeTb paboTy NporpaMmbl B CreayoLWnX pexmmax:

— MOCTPOeHne Kybnyeckon KpnBom no 3agaHHbIM NapamMeTpam;

— annpokcumaums 3agaHHOW KpMBOKM C Kybuyeckon nytem nogbopa napameTpos.

2. MonyunTb OpMyribl aHaNUTUYECKOro NpeacTaBneHns Tovek Kpmeoi beabe B 06-
LLeM B1ae 1 4YacTHOM crydae:

— Po(=30; 10), P1(—30; —20), P»(20; 30), P3(-20; —10);

— Po(=30; 10), P1(0; —20), P»(20; 30), P3(20; —10).

3. MNpoBepnTh TOYHOCTL anMnpPOKCUMaLIMK B paMKax peanu3oBaHHOro anroputma.

McxoaHbIMM AaHHBIMM Ha BbINONHEHWE paboThbl ABNAKTCA: MeToq annpokcumMaumm
n Bug Kpmeon (puc. 5, 6). Heobxoammo annpokcMMMpoBaTh 3a4aHHYH0 KPMBYHO C MOMOLLbHO
KyBu4eckom.

Puc. 4. lNocmpoeHue annurica ¢ MoOMoWbto
Kkeadpamud4Holi U Kybu4yeckoli Kpuebix besbe

YT BapuanT 1 Bapnanr 2
5
5
> 5/ 0 X
/ Xr /\
Puc. 5. Bud kpugoli Puc. 6. Bud kpusol
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Pe3ynbTaTbl paboThl: 3HAYEHUS Na- | it 515+
pamMeTpoB MOCTPOEHHOM KyOUYecKom Kpwu- =20 500 300 5 | 3
BOVi, rpacpuki MPOMEXKYTOUHBIX pe3yrbTa- ot 267 4rs 110
TOB U1 rpadnk KOHEYHOro pesyrnbTaTa. 5 R z_ V2

3ameyvaHue. [Ins BbINONHeHWUs Tpe- ! 05 odo oo | 0w
TbEro 3aJaHus MOXHO BOCMONb30BaTbCA o035 293 634

10 04| -354| 631

cpeacTtBamu TabnuyHoro npoueccopa MS " oas 421 s1s KyDuieckan kpusan Besbe
Excel (puc. 7). Heobxoammo 3aath KOOp- - —ge8-eire%
AVHATbl KOHTPOMbHBIX TOYeK. [Ins Kapgoro - 08 -5 sds (‘j /ﬂ'
3HayeHus napametpa t € [0; 1] BbIMUCIINTL s 07| 628 478 | = ]
3HAYEHUS] KOOPAMHAT TOYEK KPVBO (B AAH- 1 o8 cse «o8 251
HOM criyqae ux 19) U nocTpouTb KpuByto. =-—S3 23 573 S—
M3meHaa 3Ha4YeHUs KOOpaMHAT KOHTPOSib- 2085 068 319 AR S R
HbIX TOYeK, nogobpaTb NapameTpbl cnnam- = R

HOBOWN KpUBOW, Hanbonee TOYHO NpeacTaB-

N Puc. 7. Pe3ynibmambl 8bI4UCIEHUS
NsoWwen 3agaHHyo KPUBYIO.

KoopduHam moyek Kpueoli besbe

MCTOpI/I‘-IeCKaH cnpaBKa.

Mbep 3TbeH besbe poaunncs 1 ceHTabps 1910 r. B MNapwke B cembe NOTOM-
CTBEHHbIX MHXeHepoB. OKOHYMI KONNeaX TOYHbIX HayK W, rog CnycTs, Mony4un
cTeneHb MHXeHepa-anekTpuka. B Bospacte 23 net besbe noctynun Ha cnyx0by B
komnaHuio «PeHo», rae u npopaboTan NoYT! BCKO CBOI WU3Hb. HaunHan oH npo-
CTbIM TEXHUKOM, MOTOM MOCTEMNEHHO MOAHANCH, y4acTBys B paspaboTke u npoek-
TUPOBaHWMM NOTOYHBIX NIMHUIA aBTOMOGUIIBHOrO NPOM3BOACTBA.

B Havane 70-x roooB OH Bbl4ep4yMBarn Ha KOMMblOTEpe HOBble Kopnyca Oy-
AYWMX MalWH — 1 UIMEHHO Torga NPeanoXusn PyKOBOACTBY CBOWM ypaBHEHWS, OMnu-
CblBaloLLME ero «kpvsble». [PUHLMN NOCTPOEHUSA NIMHUIA, OCHOBaHHLIN Ha KpMBbIX Besbe, TyT e nogxsaTtu-
nv agpyrme asTomMobunbHble (hMpMbl, a Takke 1 Apyrme NHXeHepbl U3 caMbliX pasHbIX cadep.

K 80-t1 rogam lNbep besbe ctan npodeccopom M UFIEHOM MHOMMX MHXEHEPHbIX akageMui B pasHbIX
CTpaHax, Hamucarn HeCKONbKO KHWUF U maccy ctaTei. A B cBobogHOe BpeMs 3aHMMarncsi MaTtemMaTukon co
CBOMMW OAVHHAALATBIO BHYKamMu.

Ymep B 1999 r.
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