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×òî áûëî â÷åðàÈñòîðè÷åñêàÿ íåîáõîäèìîñòü âåðè�èêàöèè�åàêòèâíûå ñèñòåìûÂçàèìîäåéñòâóþò ñ îêðóæåíèåì íå çàâåðøàÿ ñâîåé ðàáîòûÍàïðèìåð, ñèñòåìû óïðàâëåíèÿ ïîëåòàìè, äðàéâåðû,ïðîòîêîëû,. . .Ñèñòåìû ïåðåõîäîâ êàê ìîäåëü ðåàêòèâíûõ ñèñòåìÏàðàëëåëüíàÿ (ñèíõðîíèçèðîâàííàÿ) êîìïîçèöèÿÀíàëèç äîñòèæèìîñòè äëÿ âåðè�èêàöèè ïðîñòûõ ñâîéñòâÑèñòåìà äîñòèãíåò æåëàåìîãî ñîñòîÿíèÿÑèñòåìà íå ïîïàäåò â íåæåëàòåëüíîå ñîñòîÿíèå



Ñèñòåìà ïåðåõîäîâ & àíàëèç äîñòèæèìîñòè
(Q,E ,T , q0,L)

Q � êîíå÷íîå ìíîæåñòâîñîñòîÿíèé
E � êîíå÷íîå ìíîæåñòâîìåòîê ïåðåõîäîâ
T ⊆ Q × E × Q �ìíîæåñòâî ïåðåõîäîâ
q0 � íà÷àëüíîå ñîñòîÿíèå
L : Q → Prop � ïîìåòêàïðîïîçèöèîíàëüíûìèïåðåìåííûìè

A

B C

D F

E

G



Îñíîâíûå âîïðîñû íà ñåãîäíÿ
Êàê îïèñàòü áîëåå ñëîæíûå ñâîéñòâà�Êàæäûé ïðîöåññ, êîòîðûé õî÷åò âîéòè â êðèòè÷åñêóþñåêöèÿ, ðàíî èëè ïîçäíî âîéäåò â íå¼��êàæäîå ïîñëàííîå ñîîáùåíèå áóäåò ïîëó÷åíî��óñòðîéñòâî ãîòîâî ê ðàáîòå áåñêîíå÷íî ÷àñòî�Êàê ïðîâåðèòü, ÷òî ìîäåëü îáëàäàåò ýòèìè ñâîéñòâàìè?



Ëîãè÷åñêèé �îðìàëèçì
Ñèíòàêñèñ×òî òàêîå ñèíòàêñè÷åñêè äîïóñòèìûå îáúåêòû (ïðàâèëüíîñ�îðìèðîâàííûå �îðìóëû)?ÑåìàíòèêàÑìûñë �îðìóëÄåäóêòèâíàÿ ñèñòåìàÏðàâèëà ïîëó÷åíèÿ �èñòèííûõ� �îðìóë



Ïðèìåð: ïðîïîçèöèîíàëüíàÿ ëîãèêà. Ñèíòàêñèñ(Ïîòåíöèàëüíî áåñêîíå÷íîå) ìíîæåñòâîïðîïîçèöèîíàëüíûõ ïåðåìåííûõ PropÑâÿçêè: ¬, ∧, ∨, →, ≡Ôîðìóëû (ìíîæåñòâî WFF ):Ïðîïîçèöèîíàëüíûå ïåðåìåííûå p, q, r ,. . .Åñëè ϕ è ψ � �îðìóëû, òî
¬ϕ

ϕ ∧ ψ

ϕ ∨ ψ

ϕ→ ψ

ϕ ≡ ψ
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�îðìóëûÍèêàêîé äðóãîé îáúåêò �îðìóëîé íå ÿâëÿåòñÿ



Ïðèìåð: ïðîïîçèöèîíàëüíàÿ ëîãèêà. ÑåìàíòèêàÈíòåðïðåòàöèÿ ïðîïîçèöèîíàëüíûõ ïåðåìåííûõ
I : Prop → {T,F}�àñøèðÿåòñÿ äî èíòåðïðåòàöèÿ �îðìóë

P Q ¬P P ∧ Q P ∨ Q P → Q P ≡ Q

T T F T T T T

T F F F T F F

F T T F T T F

F F T F F T T



Ïðèìåð: ïðîïîçèöèîíàëüíàÿ ëîãèêà. Äåäóêòèâíàÿ òåîðèÿ
�èëüáåðòîâñêàÿ ñèñòåìàÌåòîä ðåçîëþöèè



Âðåìåííûå ïðîïîçèöèîíàëüíûå ëîãèêèÂ êëàññè÷åñêîé ïðîïîçèöèîíàëüíîé ëîãèêå èíòåðïðåòàöèèñòàòè÷åñêèå. Êàæäàÿ �îðìóëà ìîæåò áûòü ëèáî èñòèííîé,ëèáî ëîæíî.Èíòåðïðåòàöèè âðåìåííûõ ëîãèê ïðåäñòàâëÿþò ñîáîéìíîæåñòâî �ìèðîâ�, ñâÿçàííûõ íåêèì îòíîøåíèåì.Ïðîïîçèöèîíàëüíàÿ ïåðåìåííàÿ ìîæåò áûòü èñòèííîé âîäíîì ìèðå è ëîæíîé â äðóãîì.Ïðîïîçèöèîíàëüíûå âðåìåííûå ëîãèêè ðàñøèðÿþòêëàññè÷åñêóþ ïðîïîçèöèîíàëüíóþ ëîãèêó: òå æåïðîïîçèöèîíàëüíûå ïåðåìåííûå, òå æå êëàññè÷åñêèåñâÿçêè ¬, ∧, ∨, →, ≡.Äîïîëíèòåëüíûå ñâÿçêè, ÷òîáû ñóäèòü î ðàçíûõ ìîìåíòàõâðåìåíè Íî ÷òî åñòü âðåìÿ?



Ëîãèêà ëèíåéíîãî âðåìåíè (LTL)Linear Time Logi
Ñóùåñòâóåò ìíîãî ðàçíûõ âðåìåííûõ ëîãèê. Ìû íà÷íåì ñïðîïîçèöèîíàëüíîé ëîãèêè ëèíåéíîãî âðåìåíè ñ êîíå÷íûìïðîøëûì è áåñêîíå÷íûì áóäóùèì.Âðåìÿ èçîìîð�íî NÌîäåëè ïðåäñòàâëÿþò ñîáîé ïîñëåäîâàòåëüíîñòèñîñòîÿíèé, èíäåêñèðîâàííûå íàòóðàëüíûìè ÷èñëàìè;ïðîïîçèöèîíàëüíûå ïåðåìåííûå ìîãóò áûòü èñòèííûìèèëè ëîæíûìè â êàæäîì ñîñòîÿíèè.
p,¬q p,¬q ¬p,qp,q p,q



Îïåðàòîðû âðåìåííîé ëîãèêè
X `â ñëåäóþùèé ìîìåíò' (neXt);
F 'â íåêîòîðûé ìîìåíò â áóäóùåì' (in the Future);
G 'âñåãäà â áóäóùåì'; (Globally in the future);à òàêæå
U 'Until'.
W 'Weak until'(Òàêæå ñóùåñòâóþò îïåðàòîðû äëÿ ïðîøëîãî, íî ìû èõ ñåé÷àñíå ðàññìàòðèâàåì)



Ñèíòàêñèñ LTLÏðîïîçèöèîíàëüíûõ ïåðåìåííûõ PropÏðîïîçèöèîíàëüíûõ ñâÿçîê true, false, ¬, ∨, ∧, → è ≡.Âðåìåííûõ îïåðàòîðîâ, X, F, G, U è W.Ìíîæåñòâî �îðìóë (WFF )Ïðîïîçèöèîíàëüíûå ïåðåìåííûåtrue è falseÅñëè ϕ è ψ � �îðìóëû, òî
¬ϕ, ϕ ∧ ψ, ϕ ∨ ψ, ϕ→ ψ, ϕ ≡ ψ
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ÑåìàíòèêàLTL èíòåðïðåòèðóåòñÿ íàä äèñêðåòíûìè ëèíåéíûìèïîðÿäêàìè, èçîìîð�íûìè ìíîæåñòâó íàòóðàëüíûõ ÷èñåë
N.Èíòåðïðåòàöèÿ LTL, σ, ýòî ïîñëåäîâàòåëüíîñòü ñîñòîÿíèé

σ = s0, s1, s2, s3, . . .ãäå êàæäîå ñîñòîÿíèå si ïðåäñòàâëÿåò ñîáîé ìíîæåñòâîïðîïîçèöèîíàëüíûõ ïåðåìåííûõ, èñòèííûõ â i -é ìîìåíòâðåìåíè.Ôîðìóëû èíòåðïðåòèðóþòñÿ â ìîìåíò âðåìåíè i ∈ N.
(σ, i) |= Aîçíà÷àåò èñòèííîñòü �îðìóëû A â ìîäåëè σ â ìîìåíòâðåìåíè i ∈ N.



Ïðîïîçèöèîíàëüíûå ïåðåìåííûå è ñâÿçêèÄëÿ ïðîïîçèöèîíàëüíûõ ïåðåìåííûõ, ïðîñòî ïðîâåðÿåì, ÷òîîíè âåðíû â ýòîò ìîìåíò âðåìåíè
(σ, i) |= p ⇐⇒ p ∈ si [ãäå p ∈ Prop]Äëÿ ïðîïîçèöèîíàëüíûõ ñâÿçîê, ñåìàíòèêà òàêàÿ æå, êàê âïðîïîçèöèîíàëüíîé ëîãèêå.

(σ, i) |= true
(σ, i) 6|= false
(σ, i) |= A ∧ B ⇐⇒ (σ, i) |= A è (σ, i) |= B

(σ, i) |= A ∨ B ⇐⇒ (σ, i) |= A èëè (σ, i) |= B

(σ, i) |= A → B ⇐⇒ (σ, i) |= ¬A èëè (σ, i) |= B

(σ, i) |= A ≡ B ⇐⇒ (σ, i) |= A → B è (σ, i) |= B → A

(σ, i) |= ¬A ⇐⇒ (σ, i) 6|= A



Âðåìåííûå îïåðàòîðû: Next
(σ, i) |= XA ⇐⇒ (σ, i + 1) |= A

AXAÍàêëàäûâàåò óñëîâèå íà ñëåäóþùèé ìîìåíò âðåìåíè.Ïðèìåðû:
(is_friday ∨ is_saturday) → X¬work

(at_level_crossing_approach∧ gate_up) → Xon_level_crossing

ready ∧ Xsteady ∧ XXgo



Âðåìåííûå îïåðàòîðû: Always
(σ, i) |= GA ⇐⇒ äëÿ ëþáîãî j ∈ N, åñëè j > i òî (σ, j) |= A

AGA A A

AÎïåðàòîð always íàêëàäûâàåò óñëîâèå íà òåêóùèé è âñåïîñëåäóþùèå ìîìåíòû âðåìåíèÏðèìåð:
jane_holds_king_spades → Gjane_holds_king_spades

Gtemp_high

G¬(process_a_write_file ∧ process_b_write_file)



Âðåìåííûå îïåðàòîðû: Sometime
(σ, i) |= FA ⇐⇒ ñóùåñòâóåò k ∈ N òàêîå ÷òî k > iè (σ, k) |= A

FA AÎïåðàòîð sometime òðåáóåò, ÷òîáû A áûëî èñòèííî â òåêóùèéìîìåíò âðåìåíè, èëè êîãäà-íèáóäü â áóäóùåì íî íå ãîâîðèòêîãäàÏðèìåð:
request_to_print_doc → Fprint_doc

process_a_receives_msg1 → Fprocess_a_sends_msg2



Âðåìåííûå îïåðàòîðû: Until
(σ, i) |= AUB ⇐⇒ ñóùåñòâóåò òàêîå k ∈ N, k > i ÷òî

(σ, k) |= B è äëÿ âñåõ j ∈ N, i 6 j < k âåðíî (σ, j) |= A

AUB BAA

AÀíàëîãè÷åí sometime òàê êàê B äîëæåí âûïîëíèòüñÿ â òåêóùèéèëè êàêîé-òî áóäóùèé ìîìåíò âðåìåíè, íî íåèçâåñòíî êîãäà.Ïðèìåð: rainyUmonday send_bitU(receive_bit ∨ abort)



Âðåìåííûå îïåðàòîðû: Unless
(σ, i) |= AWB ⇐⇒ (σ, i) |= AUB èëè (σ, i) |= GA

AWB AAA

A

AWB BAA

A

Îïåðàòîð unless ïîõîæ íà U ñ òîé ðàçíèöåé, ÷òî B ìîæåò òàê èíå âûïîëíèòüñÿ.Ïðèìåð:
program_executingWprogram_terminating



Èñòèííîñòü â èíòåðïðåòàöèè, âûïîëíèìîñòü,îáùåçíà÷èìîñòüÔîðìóëà ϕ èñòèííà â èíòåðïðåòàöèè σ åñëè îíà âåðíà âíà÷àëüíûé ìîìåíò âðåìåíè
σ |= ϕ⇐⇒ (σ, 0) |= ϕ.Ôîðìóëà ϕ âûïîëíèìà åñëè ñóùåñòâóåò èíòåðïðåòàöèÿ, âêîòîðîé îíà èñòèííà.Ôîðìóëà ϕ îáùåçíà÷èìà åñëè îíà èñòèííà â ëþáîéèíòåðïðåòàöèè
|= ϕ⇐⇒ ∀σ(σ |= ϕ).



LTL â âåðè�èêàöèèÑèñòåìà ïåðåõîäîâ ìîäåëèðóåò ðåàëüíóþ ñèñòåìóLTL îïèñûâàåò ñâîéñòâà ìîäåëè�Êàæäûé ïðîöåññ, êîòîðûé õî÷åò âîéòè â êðèòè÷åñêóþñåêöèÿ, ðàíî èëè ïîçäíî âîéäåò â íå¼�
G(wants → Fenters)�êàæäîå ïîñëàííîå ñîîáùåíèå áóäåò ïîëó÷åíî�
G(send → Freceive)�óñòðîéñòâî ãîòîâî ê ðàáîòå áåñêîíå÷íî ÷àñòî�

GFreadyÏðîâåðêà ìîäåëè (Model Che
king) ñîñòîèò â ïðîâåðêåòîãî, ÷òî ñèñòåìà ïåðåõîäîâ îáëàäàåò ñâîéñòâàìè.



Ñèñòåìà ïåðåõîäîâ (transition system)
S2

S4 S3

S1

L1

L1

L2

L1

L2

L1

Ñèñòåìà ïåðåõîäîâ (Q,E ,T , q0,L)

Q � êîíå÷íîå ìíîæåñòâî ñîñòîÿíèé
E � êîíå÷íîå ìíîæåñòâî ìåòîêïåðåõîäîâ
T ⊆ Q×E × Q � ìíîæåñòâîïåðåõîäîâ
q0 � íà÷àëüíîå ñîñòîÿíèå
L : Q → Prop � ïîìåòêàïðîïîçèöèîíàëüíûìè ïåðåìåííûìè



Ñèñòåìà ïåðåõîäîâ (transition system)
S2

S4 S3

S1
Ñèñòåìà ïåðåõîäîâ (Q,T , q0,L)

Q � êîíå÷íîå ìíîæåñòâî ñîñòîÿíèé
T ⊆ Q × Q � ìíîæåñòâî ïåðåõîäîâ
q0 � íà÷àëüíîå ñîñòîÿíèå
L : Q → Prop � ïîìåòêàïðîïîçèöèîíàëüíûìè ïåðåìåííûìèÏóòü â ñèñòåìå ïåðåõîäîâ èç ñîñòîÿíèÿ q �ïîñëåäîâàòåëüíîñòü ñîñòîÿíèé qi ò.÷.

q0 = q è (qi , qi+1) ∈ T



Ñèñòåìà ïåðåõîäîâ (transition system)
S2

S4 S3

S1
Ñèñòåìà ïåðåõîäîâ (Q,T , q0,L)

Q � êîíå÷íîå ìíîæåñòâî ñîñòîÿíèé
T ⊆ Q × Q � ìíîæåñòâî ïåðåõîäîâ
q0 � íà÷àëüíîå ñîñòîÿíèå
L : Q → Prop � ïîìåòêàïðîïîçèöèîíàëüíûìè ïåðåìåííûìèÏóòü â ñèñòåìå ïåðåõîäîâ èç ñîñòîÿíèÿ q �ïîñëåäîâàòåëüíîñòü ñîñòîÿíèé qi ò.÷.

q0 = q è (qi , qi+1) ∈ TÏóòü π = S1,



Ñèñòåìà ïåðåõîäîâ (transition system)
S2

S4 S3

S1
Ñèñòåìà ïåðåõîäîâ (Q,T , q0,L)

Q � êîíå÷íîå ìíîæåñòâî ñîñòîÿíèé
T ⊆ Q × Q � ìíîæåñòâî ïåðåõîäîâ
q0 � íà÷àëüíîå ñîñòîÿíèå
L : Q → Prop � ïîìåòêàïðîïîçèöèîíàëüíûìè ïåðåìåííûìèÏóòü â ñèñòåìå ïåðåõîäîâ èç ñîñòîÿíèÿ q �ïîñëåäîâàòåëüíîñòü ñîñòîÿíèé qi ò.÷.

q0 = q è (qi , qi+1) ∈ TÏóòü π = S1,S2,



Ñèñòåìà ïåðåõîäîâ (transition system)
S2

S4 S3

S1
Ñèñòåìà ïåðåõîäîâ (Q,T , q0,L)

Q � êîíå÷íîå ìíîæåñòâî ñîñòîÿíèé
T ⊆ Q × Q � ìíîæåñòâî ïåðåõîäîâ
q0 � íà÷àëüíîå ñîñòîÿíèå
L : Q → Prop � ïîìåòêàïðîïîçèöèîíàëüíûìè ïåðåìåííûìèÏóòü â ñèñòåìå ïåðåõîäîâ èç ñîñòîÿíèÿ q �ïîñëåäîâàòåëüíîñòü ñîñòîÿíèé qi ò.÷.

q0 = q è (qi , qi+1) ∈ TÏóòü π = S1,S2,S1,



Ñèñòåìà ïåðåõîäîâ (transition system)
S2

S4 S3

S1
Ñèñòåìà ïåðåõîäîâ (Q,T , q0,L)

Q � êîíå÷íîå ìíîæåñòâî ñîñòîÿíèé
T ⊆ Q × Q � ìíîæåñòâî ïåðåõîäîâ
q0 � íà÷àëüíîå ñîñòîÿíèå
L : Q → Prop � ïîìåòêàïðîïîçèöèîíàëüíûìè ïåðåìåííûìèÏóòü â ñèñòåìå ïåðåõîäîâ èç ñîñòîÿíèÿ q �ïîñëåäîâàòåëüíîñòü ñîñòîÿíèé qi ò.÷.

q0 = q è (qi , qi+1) ∈ TÏóòü π = S1,S2,S1,S2,



Ñèñòåìà ïåðåõîäîâ (transition system)
S2

S4 S3

S1
Ñèñòåìà ïåðåõîäîâ (Q,T , q0,L)

Q � êîíå÷íîå ìíîæåñòâî ñîñòîÿíèé
T ⊆ Q × Q � ìíîæåñòâî ïåðåõîäîâ
q0 � íà÷àëüíîå ñîñòîÿíèå
L : Q → Prop � ïîìåòêàïðîïîçèöèîíàëüíûìè ïåðåìåííûìèÏóòü â ñèñòåìå ïåðåõîäîâ èç ñîñòîÿíèÿ q �ïîñëåäîâàòåëüíîñòü ñîñòîÿíèé qi ò.÷.

q0 = q è (qi , qi+1) ∈ TÏóòü π = S1,S2,S1,S2,S3,



Ñèñòåìà ïåðåõîäîâ (transition system)
S2

S4 S3

S1
Ñèñòåìà ïåðåõîäîâ (Q,T , q0,L)

Q � êîíå÷íîå ìíîæåñòâî ñîñòîÿíèé
T ⊆ Q × Q � ìíîæåñòâî ïåðåõîäîâ
q0 � íà÷àëüíîå ñîñòîÿíèå
L : Q → Prop � ïîìåòêàïðîïîçèöèîíàëüíûìè ïåðåìåííûìèÏóòü â ñèñòåìå ïåðåõîäîâ èç ñîñòîÿíèÿ q �ïîñëåäîâàòåëüíîñòü ñîñòîÿíèé qi ò.÷.

q0 = q è (qi , qi+1) ∈ TÏóòü π = S1,S2,S1,S2,S3,S4 . . .



Ïóòè è ìîäåëèÏóòü π = {qi}i∈N â ñèñòåìå ïåðåõîäîâ ìîæíîðàññìàòðèâàòü êàê èíòåðïðåòàöèþ âðåìåííîé ëîãèêè:
σπ = L(q(0)),L(q(1)),L(q(2)), . . .ïîñëåäîâàòåëüíîñòü ìåòîê âåðøèí ïóòè.Ñèñòåìà ïåðåõîäîâ S = (Q,T , q0,L) îáëàäàåò ñâîéñòâîì ϕ,åñëè äëÿ ëþáîãî ïóòè π â ñèñòåìå S èç ñîñòîÿíèÿ q0

σπ |= ϕÊàê ýòî ïðîâåðèòü?Íàñêîëüêî ýòî ïðîñòî?



Ñîâñåì íåïðîñòî. . .Ïóñòü G = (V ,E ) � îðèåíòèðîâàííûé ãðà�.Ïîñòðîèì ñèñòåìó ïåðåõîäîâ S = (Q,T , q0,L):
Q = V ∪ {q0, qf }

T = E ∪ {(q0, v) | v ∈ V } ∪ {(v , qf | v ∈ V )} ∪ {(qf , qf )}

L(vi ) = {pi}; L(q0) = L(qf ) = {}

S |= (Fp1 ∧ · · · ∧ Fpn ∧G(p1 → G¬p1) ∧ · · · ∧G(pn → G¬pn))òîãäà è òîëüêî òîãäà, êîãäà â ãðà�å G ñóùåñòâóåò ïóòüïðîõîäÿùèé ÷åðåç âñå âåðøèíû, íî íå ïðîõîäÿùèé íè ÷åðåçîäíó âåðøèíó äâàæäû.Ïîêàçàëè, ÷òî çàäà÷à NP-òðóäíàÿÍà ñàìîì äåëå, PSPACE-ïîëíàÿ


