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Mpepucnosue

KpunroaHanus ocraercss MOJIOAOM 1 GBICTPO pasBUBAIOIIEICS 06IACThIO0 3HAHUIA.
[TosToMmy JIeKTOpaM M UX aCCUCTEHTaM 4acTO ObIBAeT TPYAHO HAMTH IMOAXOSIIye
yueOHUKY Ayt 9 GEKTUBHOTO MPErnofaBaHus TeOPUM U TMPAKTUKYU CTYOEeHTAM.
IaHHOM KHUTOI MBI HaJleeMCsl 3aKPbITh 3TOT IIPOGET XOTs 6bI B UAaCTHU JTMHETHOTO
KpUIITOAHaIM3a.

Ha nHam B3mism, 13 BceX MeTOOB KpUIITOAHAMM3a MKUGPOB C CUMMETPUYHBIM
KJIIOUOM MMEHHO JIMHENHBI KPUIITOAHAIN3 JIydIlle TIOOXOIUT [IJIsT IePBOKYPCHU-
KOB. IHTYUTUBHO TTOHSITHO, KaK CTPOSITCSI U BBITIOMHSIIOTCS JIMHENHbIe aTaku. B TO
ke BpeMms [JIs1 HAyYHOTO OIMMCAHMSI JIMHEITHOTO KPUIITOAHa/IM3a HEOOXOIMMbI He-
KOTOpbIe 6a30BbIe, a MHOTA AasKe TPOJBUHYThIE CBEIEHNS U3 JIMHEITHO aare6psl.

O YEM ITA KHUTA

Bbl MOXXeTe pacCUMTHIBATD, UTO, TIIATEbHO U3YUMB 3Ty KHUTY, IIOITyYUTE TITYOOKOe
MOHMMaHKe 6a30BOi TeOPUY JIMHEITHOTO KPUIITOAHAIM3A U TTO3HAKOMUTECH C ee
HaunboJjIee BasKHbIMM 0000IeHUSIMM (MHOKEeCTBEHHBIN ¥ MHOTOMEPHbIi IMHEHbII
KPUIITOAHAIN3, IMHEeHBIN KPUIITOAHAINS C HY/IeBOM Koppensuueii U T. I.). Eciau Bbl
Takke OymeTe MIPUJIEKHO PenlaTh YIPasKHEHNUS, TO CMOKeTe IIPYMEHUTD TTOTyJeH-
Hble 3HAHMS Ha MpakTuke. M Torga B Hy;KHOe BpeMsl y Bac He BO3HUKHET ITpobiiemM
C IOHMMaH}eM COBPEMEeHHO INTepaTyphl.

Tem He MeHee B KHUI€ TAaKOI'O pa3Mepa HEBO3MOXKHO He TO UTO JAaTbh IIOJHBIN
0630p Bcex paboT Ha 3Ty TEMY, HO XOTSI ObI [IEPEUNCIUTD UX. [I09TOMY MbI CO3HA-
TebHO CHeNaay yIop Ha 6a30Bble KPUIITOAHATUTHNYECKME PEe3yIbTaThl, 3 MHOTME
Ba)kKHbIe, HO MMeollye JUIIb KOCBEHHOe OTHOIIIeHMe K TeMe BOIIPOChI (Harpumep,
CBSI3b C JIMHETHBIMY KOZaMu, OysieBbl GYHKUMM U T. [.) BBIHECIN B yIIPakKHEHUSI.
BonbIIMHCTBO NMPMMEPOB U YIIPaXKHEHUH OTHOCSITCSI K GJI0YHBIM Liudpam, HO Mbl
OXXMJaeM, YTO Bbl CMOXETe NPUMEHUTDb JIMHENHbIV KPUIITOAHAIN3 U K IPYTrUM
KpurrorpadbmnyeckumM IPUMUTHUBAM, TAKMM KaK MTOTOKOBBIE MMQPBI.

Crpemsich n36esxxaTb OOBMHEHUS B HEOCHOBaTeIbHOM (DaBOpUTHU3ME, Mbl OCO-
3HaHHO OIPaHMYM/IVICh KOPOTKVIMM CIIMCKamMu InTepaTypbl. OHY IPMBeleHbl B KOH-
1e KK 071 raBbl. OTO0P CChUIOK OCHOBAH Ha MCTOPUUECKOM B3TVISIIE, B CITMCOK MOT-
JIX M He TIONIACTh JIy4lliyie ICTOYHMKH JIS [TI0OTy4eHUs JOIOTHUTENbHbIX CBeLeHUIA.

[ToMMMO NMHENHOro, CyLeCTBYeT MHOIO APYTMX BaXKHBIX METOLOB KPUIITOAHA-
nn3a. Koe-kakue 13 HUX YIIOMSIHYTBI B KHUTe, HO TOJIBKO TOI[Ia, KOTAa Mbl [IOHMMa-
JIM, KaK CBSI3aTh MX C HAIIMM M3JIO)KeHMeM JIMHEHOro KpunroaHanmsa. [lostomy
HEKOTOpPbIE BaKHbIE KPUTITOAHATUTUYECKME METOZbI BOOOIIE HEe 06CYKIAIOTCSI.

KAK 3TY KHUIY MOXET MCNO/b30BATb HAYMHAIOLLMIA

ODTa KHUra OCHOBaHa Ha OOHOCEMECTPOBOM Kypce JIMHEITHOTO KpUIITOAHAa/IM3a, KO-
TOprf/i MBI BII€pPBbI€ IIPOYJIN B JIEBEHCKOM KaTOJIMYEeCKOM YHUBEPCUTETE OCEHBbIO
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2023 ropa. 3To ObLT MEPBBIf Kypc KPUIITOAHATM3a, PACCUUTAHHBIN Ha CTYIEeHTOB-
MarucTpaHTOB, 3HAKOMBIX C MaTeMaTUKOl 1 MaTeMaTUYeCKUMU MeTOmAMU. ITOT
YU4e6HUK MOXKET JIeUb B OCHOBY IMOXOXKMX KYPCOB, MJIM K€ €r0 MOXKHO ITPOYNUTATh OT
KOPKM IO KOPKM B paMKax caMo0o0pa3oBaHusl. BupoueM, KHUT'Y MOKHO YMTATh U 110
YacTsIM, U HEKOTOpPbIe peKOMeHAAIMK TI0 ITOMY MOBOZY MPUBeAeHbI HUKe.

[maBbl 1-5 MOMOTYT OCBOUTH Ga30BbIe MIPUHITUIIBI TMHETHOTO KPUIITOAHAIN3A,
HampyuMep X MOKHO BKJTIOUMTD B 60j1ee MMPOKMit Kypc KpUIToaHaau3a. [maBel 6—9
MTOCBSIIIEHBI 60Jiee CITelaabHbIM TeEMaM M MOTYT OBITh ITOJIE3HBI YMTATEITIO, JKeja-
I0IIeMY YIJTYOUTD Y PACIIMPUTD CBOYM 3HAHMS BILIOTh O COBPEMEHHOTO COCTOSTHMSI
nen. B maBax 10—11 kak pa3 u 06Cy;KIaeTcss COBpeMeHHOe COCTOSIHME JIeJT; Mbl pe-
KOMEHAyeM MX TeM, KTO cobMpaeTcss U3ydaThb APyrMe KpUITOAHATUTUUIECKME Me-
ToAbI, HaTIpuMep avddepeHIINANbHbIN M WHTETrpaabHbIi KPUIITOAHATNS, @ TaKKe
UCcaenoBaTessIM, IeIalol MM CBOU TTepBble CAMOCTOSITeIbHbIE IIaTH.

1151 KOPOTKUX KYypPCOB U3 OHOM-ABYX €KLV Mbl HE peKOMeHAyeM OTPaHUYUM -
BaThCS TOJMIBKO I[71aBO# 1. DTa m1aBa MOJHMMAET 60JIblle BOIIPOCOB, UeM TaeT OTBe-
TOB. 10 TO¥1 ke IpUUMHEe HAUMHAIOIIVM CIemyeT ObICTPO ITepexXoauTh K IIaBe 2, a He
MIBITATHCS TIOHSITh KaXKI0€ CJIOBO B I71aBe 1 Mpu epBOM UTEHUN.

UyrTaTesisM, GOJbIlle MHTEPECYIOIIMMCS MaTeMaTUIeCKMMM aclieKTaMy JIMHETHOTO
KpUITTOAHA/IN3a, HEXKeIM KPUIITOAHAIM30M KOHKPETHBIX IT1MGPOB, Mbl HE pEKOMEH/TY-
€M JIOJITO 3a[IeP>KUBAThCS Ha IIaBe 1,a I1aBbl 3, 5 1 9 OHM MOTYT 6€3 OIacKi IPOITYCTUTh.

KAK 3TY KHUIY MOXET UCMOJIb30BATb CMELIMANUCT

Bymyun camu ucciieqoBaTensiMy U pelieH3UPys uyskue paboThl, Mbl MHOTIA BCTpe-
yaeM Takue, TAe UCIONb3YIOTCS yCTapeBllie MeTOAbl ¥ Upe3MepHO YIPOlleHHbIe
anmnpokcumanyu. C TOMOILIbIO 3TOM KHUTM MbI PACCUMThIBAEM MIOMOYb B Paclpo-
CTpaHeHMM 3HAHUI O COBPEMEHHOM COCTOSIHMM Aefl. CrielyanucThbl, BO3MOXKHO, CO-
YTYT ee IOJIe3HBIM CIIPaBOYHMKOM Ojaromapsi Koe-Kakoi akTyaqabHOM MHpopMa-
1My, 0630p KOTOPOI1 MPUBEIEH HIDKE.

VKke B I71aBe 2 Mbl BbIIBUTaeM Ha MepPBbIil IUIaH OIpeaeeHle JMHENHOTO KPUII-
TOAHaJM3a C IOMOIIIbI0 KOPPEISIIIMOHHBIX MaTpuIl. Ha Hal B3ISIA, 9TO CamMbIit a¢-
(beKTMBHBIN CIIOCOO TMOMYUYUTh OCHOBHBIE PEe3Y/IbTAThl, HE CAMUIIKOM YBeIMUYMBast
ypoBeHb abcTpakuyy. PaHo man 1mo3mHo, 6e3 KOppessaiOHHbIX MaTPUIL, BCe paBHO
He 000JTHCh, a BBE[IS X PaHbIlle, MbI YIIPOCTUM ITepexop K rimaBam 10 u 11.

O6CcyRkmeHNe CTaTUCTUYECKMUX ACTEeKTOB JIMHEMHOTO KPUIITOAHAIM3a — TOHKAsI
MaTepusi. C OGHOM CTOPOHBI, IBHbIE (POPMYJIBI TTOSI€3HBI IJIT TOHMMAHUS TJIaBHbIX
(hakTOpPOB, BAUSIOMMX HA CTOMMOCTH aTaku. C IPyroii CTOPOHbI, B MHTEpecax To4-
HOCTM JKeJIaTeJIbHO MCI0/Ib30BaTh KaK MOYKHO MeHblIle yIpoleHuit. Mbl cTapanuch
coOroCcTY GajaHc, MPUBOAS 3aMKHYTbIe (POPMY/IBI TaM, IJie€ 5TO MOXKHO CHeaTh,
He YBSI3HYB B TEXHMUECKMX JeTalsIX U BCSIKMIT pa3 TOYHO yKa3biBasi, Ha Kakue yIpo-
[IeHUs IPUIIIOCH O TH. ClielyeT MMeTb B BUJLY, UTO GOJIBIIMHCTBO CYIeCTBEeHHbIX
arnmnpoKCMMAaLMii B IMIaBax 4 U 7 CBSI3aHbI CO CTAaTUCTUUYECKUM MOAETMPOBAHMEM pe-
aJIbHOCTH (CTpaTerusi BBIOOPKM, 3aBUCYMOCTb KOPPEJISIIMIA OT KJTI0Ueli, paHIo0MM3a-
LMSI C HeMPaBW/IbHBIM KJIFOUOM M T. 7l.), & HE C MaTeMaTUyeCKMMM BOIIPOCaMu TUIa
CKOPOCTU CXOOMMOCTU B TIpefenbHOl TeopeMe.

Haire u3jiokeHe MHOTOMEPHOTO JIMHEHOTO KPUITOAHaAM3a B IJlaBe 6 Opu-
TMHAJIBHO B TOM CMBIC/IE, UTO He 3aBUCUT OT BbIOOpa 6asuca mMpoCTPaHCTBA MACOK.
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STOT MOAXOJ K MHOIOMEDHBIM JIMHEHBIM aIllIPOKCUMAIMIM fajiee pPasBUBAETCS
B raBe 11.

B m1aBe 11 BBOOMUTCSI TeOMETPMYUECKII TIOAXOM, K KPUIITOAHAIN3Y C OTHOCUTE/Ib-
HO KOHKPETHOJ TOUKM 3peHMs C YIIOPOM Ha JIMHEMHbIA KPUIITOAHAIN3 ¥ HEKOTO-
pble TeCHO CBSI3aHHbIE C HUM MeToAbl. bojee 061ast TpaKTOBKa MOTpeboBaia Obl
MaTeMaTMUeCcKoi MOATOTOBKM 3a IIpefe/iaMy JIMHeNHOoM anre6psl. Tem He MeHee
MBI ITOIBITAIMCH COIVIACOBATh M3JIOKEHMEe Pe3y/IbTAaTOB M IIPMMEPOB C 00IIeli Teo-
pueii, IpeacTaB/lIeHre 0 KOTOPOJ Jal0T HeCKOIbKO yIIpakHeHuii. Hampumep, ¢ ca-
MOTO Hauasia Mbl HacTaMBaeM Ha pasianuniu Mexkay C[G] u C° — Ho MbI He 06CysKIaeM
CTPYKTYPY KOAJIT€OPhI 1 a/ire6phl 3THUX IPOCTPAHCTB.



naea 1

BeepeHue

IMpunoskeHnit Kpunrorpadum MHOXKECTBO, X JIETKO BCTPETUTh B ITOBCETHEBHOI
sku3HM. Ho 9Ta KHUTa He 0 MPUIOKEHMSX, a O TeX 0a30BbIX CTPOUTENIbHBIX BIOKAX,
Ha KOTOPBIX 3VMKAETCS MX 6e30TacHOCTb. DTU CTPOUTENIbHbIE GJIOKM Ha3bIBAIOTCS
Kpunmoezpaguueckumu npumumueamu, ¥ Hailla KHUTa SIBJISIETCSI BBeJeHMeM B aHa-
J3 UX 6€30TacHOCTH. BMecTo Toro uTo6bI paccMaTpUBaTh pa3HOOOPAa3HbIE METOIbI
Ha HayaJIbHOM YPOBHeE, MbI 3aiiMeMcs YITyOJIeHHbIM M3yUeHeM OJJHOTO ceMeiicTBa
METOIOB — JIMHETHOTO KPUITTOAHAIM3a.

B 9T0j1 I71aBe paccMaTpUBAETCS MCTOPHS BOIIPOCA, KOTOpast IIPUBeJia K OTKPBITHUIO
JIMHEIHOTO KpUMIToaHau3a. [I110coM TaKoro OnucaHus «OT Ajlamay SIB/ISIeTCSI KOH-
KPETHOCTb, HO BOOGIIE-TO OHO He oueHb 3(pdekTrBHO. OmHAKO MOAHMMAET BasKHbIE
BOITPOCHI, M3ydyaeMblie B IMOCIEAYIONINX IJlaBax.

1.1. KPpunTorPA®UMYECKUE NPUMUTMBDI

IlpvHKuMasi BO BHMMaHME OUCKPETHYIO MPUPOAY COBPEMEHHOI Kpurrorpabuu,
OOJIBIIIMHCTBO IPMMUTHUBOB OMNEPUPYIOT OMTOBBIMU CTPOKaAMM (UKCUPOBAHHO
AJMHBL. B 3TOJi KHUTe MHOXECTBO GMTOBBIX BEKTOPOB JUIMHBI 1 0603HavaeTcs F7,
rae [F, — Toje LieJbIxX unmcea Mo Moaymio 2. CaMbpIMM M3BeCTHBIMM IPUMUTUBAMM
SIBJISIIOTCST GJ10UHble Wu@pobl. BIouHbIil mmdp ¢ pasMepom 6JI0Ka n — 3TO CEMENCTBO
06patuMbIX QyHKUMIA, oToOpakaomux F! B [F. @yHKIMS, IPUHAAIeKaLas STOMY
cemeiicTBy, 0603Hauaercs E,, rie nHIeKC k — 06bIYHO GMTOBBIN BEKTOP — Ha3bIBaeT-
CS1 KJTIOUOM.

1.1.1. AHanus

B Go/bIIMHCTBE MPUIOKEHMIT GIOUHBIX MIMAPOB KIIOU XPAaHUTCS B ceKpeTe. Takum
06pa3oM, 6e301macHOCTb 6I0YHOTrO IMdpa ONpeaeseTcsl TeM, HaCKOJIbKO ITPOTUB-
HUKY TPYIHO Y3HATDb (80CCMAHO8UMb) ero Kiodu. OmHAKO onpeneneHne 6e301macHo-
CTY GJIOYHOTO I pa MOKHO 0606IIUTD, M 3aYaCTYIO TaK U MOCTYIaoT. Harpumep,
eCTi MMEeTCSI BO3MOKHOCTb OIPAIlMBaTh OJIOUHBIN MMUGP, TO MOKHO TOBOPUTH
0 TOM, HaCKOJIBKO TPYIHO TOHSITh (PA3nuyums), B3aMMOAECTBYEM JIV MblI C IIMGPOM
WJIU C aJITOPUTMOM-TTYCTBIIIKOI, KOTOPbIi BO3BpalllaeT cy4yaliHble pe3yabTaThl .
TpyoHocmb aTaky BKIIIOYAET HECKOIbKO aCIIeKTOB, HAUMHAS CO CBOVICTB peanmn3y-
IOIIETo ee aJIfOPUTMA: BpeMeH! ero paboTsl, TpeGOBaHMIT K ITaMSTH, CTeIIeH! Ma-
pajIen3ma, BepoSTHOCTHM ycrexa u T. 1. CiiemyeT Takoke MIPMHUMATh BO BHUMaHMe

! Pe3ynbTaThl AOKHBI ObITh COTIACOBAHBI C TEM, UTO MIMUMP SBISETCS MepecTaHOBKOIA.



14 ++ BseneHue

KOJIMYECTBO U TUTI TpebGyemoit mHpopManun. B cryyae aTaku ¢ MU3BECTHBIM OTKPBI-
TBIM TEKCTOM JIOCTYITHBI TTAPbI BXOI—BBIXO[I, IJISI IPUMUTHBA — BXObI BBIOVPAIOTCS
13 U3BECTHOTO pacrpezeseHus. B criyyae aTaku ¢ BBIGPAHHBIM OTKPBITBIM TEKCTOM
BXOJIbI 3aAI0TCS aTaKyIOIIVIM.

CyIiecTByeT MmpocTasi CTpaTerusi aTaku, KoTopas paboTaeT Ajist JIo6oro 6;I09HO-
ro mmdpa: ucuepnslgarowjuil Nouck kaouad. [ist Hee TpebyeTCs] HECKOTBKO M3BECTHBIX
nap (OTKPBIThIA TEKCT, IUPPTEKCT): (X,Y,), ..., (xq, yq). [anee B IUKJIe TIepeOUpPaIOT-
Cs1 BCe BO3MOsKHBbIE 3HAUeHUsI KiItova Kk 1 1151 KaKIOOro MpoBepsieTcsl, BEPHO Jin, UTO
y,=E,(x)nnai=1,...,q. icuepnblBarommuii IOUCK K104 TpebyeT MajIo MaMsITH 1 JIeT-
KO pacnapasuienuBaeTcs. YacTo ero MCnoab3yT KaK 3TaJ0H JJ151 OLeHKY peJleBaHT-
HOCTY IPYTUX aTaK: YTOOBI AJITOPUTM MOKHO ObIIIO KBATM(DUIIMPOBATH KaK aTaKy, OH
JOKEH MPEeBOCXOAUTH MCUEPIIHIBAIOIINI TOVICK XOTSI ObI B OTHOM acCITeKTe.

1.1.2. NpoekTupoBaHue

[MIncdpbl MOKHO KOHCTPYMPOBATh ITyTeM KOMIIO3ULIUM CPABHUTENBHO IPOCTHIX
byHKUMI:

=R® o...o RM
E,= R0 o--0 RO,

«CpaBHMTEIBHO MTPOCThIe» OOBIYHO O3Ha4aeT, uTo GpyHkuum RY) ..., RY qomycka-
10T 3¢ QeKTUBHOE BBIUMCIEHNE Ha IeeBoii miatdopme (ardopmMax) U MMEIOT
KOMIIAaKTHOE ¥ XOPOIIO MOHATHOe MaTeMaTuueckoe omycaHue. Bce coBpeMeHHbIe
6JI0YHbBIE MMUQPPBI UIYT IT0 STOMY ITyTH.

HrepatuBHble MUPPHI — 3TO WMPPDI, B KOTOPBIX QPyHKIMM ROIBIAIOTCS 3K3€M-
IJIIpaMM ceMeiicTBa (YHKIMIA C OMHUM KITIOUOM:

E,= er 0.::0 Rkl'

OYHKIUA R, Ha3bIBAIOTCS payndamu F,. TlocnemoBaTenbHOCTh (K, ..., k) HasbIBa-
eTCSI PACUPeHHbIM KaouoM 67109HOro midpa. OHa CTPOUTCS IyTeM IPUMEHEeHMUs
(byHKIIMM, Ha3bIBAEMOI1 pa3sepmkoli Kawua, K Kiouy K.

[lIndpsl ¢ uepemoOBaHMEM KTI0Ua — 9TO UTepaTUBHbIE MIU(PbHI, B KOTOPbIX PayH-
IoBast QYHKIIMS SIBISIETCSI KOMITO3MIIMeH QYHKIIMM, He3aBUCUMOI OT KJIHoua, 1 Ipu-
GaBeHys Kiro4a (B rmosne IF)):

Rki(x) =R() + k.

oe{ ) om— — Ve
=4 S S S S b
LA | . J e
1o ) om— m— Ve
4D S S S S b
S G | . J e
s () om— m— Ve
b1 S S S S b
Eas-a G, ) . J &

Puc. 1.1. bnoyHbi wndp ¢ pasmepoM 6noka 9 6UT 1 YeTbipbMs payHAAMK
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TepMuUHBI «UTepaTUBHBIN MUGP» U «UP ¢ YepemoBaHMEM KIHOUa» YacTo YIIo-
TPeOISIOTCS TMOKO: Taske eC/Ty TIePBBIN WM TTOCTeTHMIT payHa, HEMHOTO OTIMYAeTCsT
OT MpouMX, mncp Bce paBHO HA3bIBAETCSI UTEPATUBHBIM MJIM C UepeJoBaHeM KiTIoua.

Ha puc. 1.1 uso6paskeH 6I0UHbI mudp ¢ pasMmepoM 610Ka n = 9. B 9101 r1aBe
OH OyIeT CKBO3HBIM IpuMepoM. [lIndp mpeacrasisieT co60ii MOACTaHOBOYHO-TIEpe-
CTAaHOBOYHYIO CeTh C KIIOUOM K IyiMHOV 45 6uT, mpuHamuexamum F*° PayrmoBas
(yHKIMS COCTOUT U3 CIEAYIONINX TPeX oTepaliuii.

$-6710K. OTa onepauys npumMenseT Gyskuuio S: F} — [} K TpeM rpynnam 6UTOB CO-
CTOSTHUS:

(Xg’ cee Xo) = S(Xgﬁ X7) X6) ”S(Xs) X4’ X3) ”S(X2, Xl, Xo))

T7ie CUMBOJ «||» 0603HaUaeT KOHKaTeHAIVIO OUTOBBIX BEKTOPOB. S-610uHAsST (HYHK-
1M S BIiepBbie OblIa MCIIOIb30BaHa B 6;104HOM Hmdpe 3-Way 1 onpezesieHa cie-
IyIoleit Tabuieit moacTaHoBKY. B ipunoxkeHun C MpUBEIEH CIMCOK BCEX YTIOMM-
HaeMbIX B KHUTe UdPOB, BKIoUas 3-Way.

x 000 001 010 011 100 101 110 111
S(x) 111 010 100 101 001 110 011 000

ITepecraHoBKa 6MTOB. BTopas omepanust mepecTasisieT OUThI COCTOSIHMSI, OTOOPa-
Kast i-71 BBIXOMHOI 6UT S-6J10Ka j Ha BXomHO# 6uT j + 1 (mod 3) S-6moka i. KoH-
KPETHO (Xg, ..., X,) P (X, X,y Xg, X, X, X, Xoy Xy X,)-

CiokeHMe ¢ Ka4YoM. Kaxkmplii payH[ 3aBepllaeTcs puOaBIeHeM payHIOBO-
ro KJItoua K cocTosiHuio. Ha i-M payHe (Hymepaiusi HauuMHaeTcsi ¢ 1) onepauyumn
CJIOKEHMS C KIIOUOM COOTBETCTBYET QPYHKIMS (X, ..., X)) = (X, + k X, t k).
Ha puc. 1.1 ciioxkeHue ¢ KJIIOUOM HNpeCcTaBIeHO CMMBOIOM .

9i+87 *

ITocne npubasnenns 6utos kmoya (K, ..., k) K OTKPHITOMY TEKCTy Wu@p mnocie-
IIOBATeIbHO BBIUMCISIET 3TU OTIepaIluy YeThIpe pasa.

Bo usbexxaHyue HeIOMOHMMAHUS TTOJYEPKHEM, YTO B 3TOM IIPUMEPE MUCIIONIb30-
BaH yueOHbIi Mmmbp, KOTOPHI Ha MMPaKTUKe MPUMEHSTh He caeayeT. V3-3a Masoro
pasmepa Kiioua (45 6UT) CTAaHOBUTCS BO3MOKEH MCUePIIbIBAIOILNI ITOVUCK (ITOCKOJIb-
KY YMCJIO BO3MOXKHBIX KITIOUel paBHO BCETO JIUIIb 2%°) 1 naxke 6osee 3¢ GeKkTuBHbIE
aTaku, KOTOpble OYIYT OIMMCAHbI HIDKE B 3TO I1aBe. Takyke OTMETUM, UTO B OOJTb-
IIMHCTBE peajbHbIX M(POB pasMep 6JioKa ropasgo Gosnbiie. Hampumep, B mudpe
Advanced Encryption Standard (AES) oH paBeH 128 6uT.

1.2. JIVHEAHBIE ANNPOKCUMALIUA

JIuHelHbIii KPUIITOAHAIN3 OCHOBAH HA JIUHELHbIX annpoKcUMAayusx. dTO BEPOSIT-
HOCTHBIE JIMHEIHbIE COOTHOIIEHMS MEXIY BXOIHBIMU 1 BBIXOIHBIMM OMTaMM (HYHK-
1ty F : ! — F2. ToBOpSI «BEPOSITHOCTHBIE», MBI MMeEeM B BIIY, YTO 3TO COOTHOLIEHVIE
MMeeT MECTO He ISl BCeX BXOIHbIX 3HAUeHMI (PYHKIUMM. A TIOH, IMHEHOCTHIO MBI
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NIOHMMAaeM JIMHeHOCTh Haz, rosieM [F,. Ecim y = F(x), To 1MHeiHOo# annpokcuManmum
COOTBETCTBYeT ypaBHeHMe BUA

m n
E Vi yi = E UjXj.

i=1 i=1

Ero MosxkHO 60jiee KOMIIAKTHO 3amucaTh Kak V'F(X) = u'x, rme u u v — BeKTOPbI
C s7ieMeHTamMu (U, ..., U ) u (V,, ..., V) COOTBETCTBEHHO. IHOTIa MbI pacCMaTpuBa-
€M U ¥ V KaK OMTOBbIE CTPOKM. BEKTOPHI U ¥ V HA3bIBAIOTCSI BXOJTHON M BBIXOIHOI
MacKO¥ COOTBETCTBEHHO. [I0CKOMbKY MacKy U U V OIPelessioT alipoKCUMaluio,
MbI TOBOPMM, UTO JIMHEIHAS allIPOKCUMAaLINS 516/5emcs Tapoii Macok (u, V) B Ipo-
crpaHcTBe ) x 7.

1.2.1. CMeweHue

ITycTh X — paBHOMEPHO paclipefiejieHHas cjiydaiiHasl BeJIMuuHa, MpUHUMaloas
sHaueHus us ). PaccMOTpyMM BepOSITHOCTb JIMHEHHOM ammpokcumauuu (u, v)
dyarMu F:

x el | ulx = vTF(x)}|

Pr [u'x =v"F)] = I > )

Ecmu BhIIEyIOMSIHYTasl BEPOSITHOCTb paBHA Y2, TO u'X U V'F(X) HMKaK He CBSI-
3aHbl: [Jis TOJOBMHBI BXOAOB X OHM NMPUHMUMAIOT OAMHAKOBOE 3HaueHue, a [Jis
IPYTO¥ TIOJIOBVHBI — HOTIOJIHUTETbHbIE 3HaUeHMs. VICX0s M3 3TOTO HAGMI0meHNS],
cMewjeHue €,  IMHeNHO annpokeumanmu (u, v) dbyukumu F onpegensercs Kak

1
€up = Pr [u"x =vTF®)] - 5

Ecm € # 0, To MmHeliHas annpokcumanys (U, V) HasbIBaeTCs 3(hGpekmueHoll.

Mpumep 1.1. TlycTh S - S-670K U3 AEeMOHCTpALMOHHOTO 1Mdpa, onpeneneHHOTro
B pasmene 1.1. Paccmorpum anmpokceumanyio (u, v) = (001, 011) dyukuum S. [is
BBIUMCIEHMS CMellleHNs TIOCTPOUM CJIeNYIOIYI0 TabmuILy:

X ux S(x) vIS(x)
000 0 111 0
001 1 010 1
010 0 100 0
011 1 101 1
100 0 001 1
101 1 110 1
110 0 011 0
111 1 000 0
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Orcopa crnenyet, uto cMmeimeHue (001, 011) paBHO %5 — 2 =V4i. B kadecTBe
yIIpa>kHeHUsT MOKeTe MO0Ka3aTh, YTo cMelieHne annpokcumanuu (100, 100) pas-
HO —!/4. [

1.2.2. Tabnuubl NMHEMHOM anNpPoOKCMMaL MU

Tabnuueti nuxetiHoti annpoxcumayuu (linear approximation table — LAT) dbyuxkunm F :
F? x [F7 Ha3pIBaeTcsl Tab/muLa, comepykallasi CMellleHys BCeX JMHeHbIX alllpOKCH-
Maiuii F, ymHOkeHHas1 Ha MacIiTabHbIi Koadduiment 2". To ecTb

LAT =2 .
uv uv
C y4eToM HYJIEBbIX MACOK BCErO CYIIECTBYET 2" ammpoKCUMAIuit, u Tabauia

LAT comepkuT 2" CTPOK U 2™ CTONOI[OB. 3aMeTUM, uTO 371eMeHThI LAT MHIeKCMpoBa-
HbI OMTOBBIMM BEKTOPaMH, T. €. 37ieMeHTamu [F) u F7.

Teopema 1.1. IIycme F - ¢ynxyus us Fj 6 F7. LAT F o6nadaem cnedyroujumu ceoti-
cmeamu:

1. LAT, =2".
2. [Ina ecex nerynesoix u, npunaonexcawjux Fj, LAT = 0.
Ecnu F o6pamuma, mo LAT F dononHumensHo o61adaem cnedyroujumu c8oticmseamul:

3. [lna ecex HeHyneswlx v, npuraonexcawux F7, LAT ~=0.
4. Bce anemenmot LAT — uemmole uucaa.

Lokazamenscmeo. TlepBoe CBOWCTBO BbITEKAET U3 TOTO, UTO €,, = Pr [0 = 0] - V2 = VA,
Yrto KacaeTcss BTOPOroO CBOVCTBA, 3aMeTUM, UYTO

’{xeFSIuszO}‘ 1
€u,0 = - I

n 2

M mo6oro u # 0 cymectByeT 2" 3HaUeHWIt X, IpUHa/IeKamyx F}, Takux, 4To u'x
= 0. [TosTomy miepBbIii UleH B BbIPasKEHMM BbIllle paBeH Y2, u pe3ynbrat paBeH 0. Eciu
F o6paTtma, TO m = n, ¥ TpeThe CBOJCTBO JOKA3bIBAETCS aHAJIOTMYHO. JIeiCTBUTEIbHO,

T T
|{xe]Fg|v F(x)=0}| 1 }{yngM} y=0}| 1

€00 = —== — =,

2n 2 2n 2

I7ie BTOPO€e PaBeHCTBO MMEET MeCTO, TIOTOMY 4TO F o6paTuma.

Ecnut u = 0 unu v = 0, TO yeTBepTOE CBOICTBO CyieayeT 13 cBOiCTB (1)—(3). B mpo-
TUBHOM ciTyyae o6e GyHKIUM X - u'x u x - V'F(x) mpuHuMaroT 3HaueHne 0 B TOU-
HOCTHU [i71st 27! BxomoB. O603HAUMM @ KOIMYECTBO 3HAYEHUIl X TakuX, 4To U'x = 0
1 V'F(x) = 0. DTO IpMBOAUT K CIeAyloleMy pasbuenuio [Fr:

u™=0 ux=1

VIE(x) =0 a 21— q

VIF(x) =1 2l —q a
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B uvacTHOCTH, CylllecTBYeT 2"! — a 3HaueHui X Takux, 4to u'x = 1 u v'F(x) = 0.
[Tockombky F.0obpaTuMa, CymiecTByeT Takxke 2" ! — @ 3HAUeHU X TAKUX, 4TO U'x =0
uVv'F(x) = 1. Orcooma cjienyerT, uTo cymecTByet 2" — (2"! — a) = a 3HaYeHuI X Ta-
Kux,uyrou'x=1u v'F(x) = 1.

U HaKOHell, KOJIMYeCTBO X TaKuX, uTo u'x = Vv'F(x), paBHO 2a. O

Mpumep 1.2. Tabnuiia IMHENHONM anmpokcuMaIu S. paBHa

4 0 0 0 0 0 0 0
0 -2 0 2 0 -2 0 -2
0 0 -2 -2 0 0 2 -2
0 -2 2 0 0 2 2 0
LAT=10 0 0 0 —2 2 -2 -2
0 2 0 2 -2 0 2 0
0 0 -2 2 2 2 0 0
0 2 =2 0 -2 0 o0 2]

B kauecTBe yripakHeHUS TPOBEPbTE CBOICTBA, IepeunciieHHbIe B Teopeme 1.1.>
s HekoTopbIX GyHKUMI LAT jierko HaifTy aHaauTuuecku. Hioke mpuBemeHo
IIBa puMepa — 06a UCIOIb3YIOTCS B JeMOHCTpAIMOHHOM Imdpe u3 pasgena 1.1.

CJyIo’KeHMe ¢ KOHCTAHTOI. ITycTh F — QyHKIMS, KoTOpast mpubaBiseT KOHCTAHTY ¢
K CBOEMY apTryMeHTY, T. e. F(x) = x + ¢. [Ij151 Bcex MMHEeMHBIX aIlllpokcuManuii (u, v)
dbyukunu F umeem

Pr [uTx = vTF(x)] =Pr [uTx =v'x+ vTc] =Pr [(u +u)Tx=1" ]
X X X

Ecnu u # v, To BeposiTHOCTb paBHa 1/2 U, cJiemoBaTeIbHO, CMellleHle paBHO HYJIIO.
Eciu u = v, To BeposITHOCTD paBHA eiuHMIIE, eciu Ve = 0, u Hymo, ein vVic = 1. Ecin
NPUHATH cornamenye, uto (1)’ =1 gab=08B F,muro (-1)’=-1mab=1BF,,
TO CMelleHle PaBHO

T,.
(=hHve %, e u = v,

€yuv =
O B IIPOTMBHOM C/Iy4dae.

Xots KU 6I0YHOTO mudpa CeKPeTHbIN, OH BCe-TAaKM SIBISETCSI KOHCTAHTO!
CremoBaTenbHO, JMHENHAST alMpPOKCUMAIMs CIOKEeHUS C KII0UOM OIMMChIBAeTCS
TIpUBEIEHHOI BbIIIe (OPMYIIOIL.

ITepecTraHoBKa OMUTOB. JIeTKO BUIIETh, UTO eciu F — mepectaHoBKa GUTOB, TO Be-
POSITHOCTB JIMHEITHO ammporcuManuu (u, v) dyHkiuu F paBHa equHuIE, €Cau
v=F(u), u /2B IpoTUBHOM ciy4ae. To ecTb

%, ecm v = F(u),

€y =
0 B [IPOTMBHOM CJTy4dae.
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1.3. JINHEAHDIE CNEABI U NEMMA O HABETAHWUM 3HAKOB

B sToM pasmene Mbl 3aiiMeMCs 3a7adeil O HaXOKIEHUM CMeIeHNs TMHEeNHO afl-
MIPOKCUMAIMM KOMITO3UIIMY QYHKIINI F = F_o---o F B ciyuae, Koryia M3BECTHbI TOJb-
KO CMeIeHUST TMHETHBIX alllpOKCUMannii QyHKIMI F., ..., F.. 9TOT BOmpOC OTHO-
CUTCS TIPEKIE BCETO K aHATM3Y UTePAaTUBHBIX IM(POB.

[lycTe z, — paBHOMEPHO pacIipefie/ieHHasl clyJaiiHas BeqmunHa u z,, = F(z)
ongi=1, ..., r. YTo6bl HAITK CMelleHue € JIVHEIHO armpokeuMannm (U, u,,,)
dyakuuM F, paccMOTpuM IMOC/IeIoBaTeIbHbIE JTMHEHbIE alllIPOKCUMaLM QyHK-
uuii F, ..., F_Takue, 94TO BBIXO[HAS MacKa Kaxk/I0¥ ammpoKCMMAI PaBHa BXOM -
HOI Macke cienyroieri. [TocienoBaTesbHOCTh MaCOK (u, ..., U,,,) Ha3bIBAETCS JIU-
HeliHbiM cnedom. UTO6GBI HAMTU €, OTIPEIENINM CTyJyaiiHble BEJIMUMHBI X, ..., X
CJIeIyIomMM 06pa3soM:

SUr r

X| = uIzl + u.2rZ2

X) = u}zz + u;Z3

T T
Xp = UpZp + Uy 1Zr4]

r T T
D1 Xr = UL+ Uy Zeg

CmenieHne X, T.e. Pr[x, = 0] - ¥4, paBHO CMelLleHMIO IVMHEHOV allpoOKCUMaLn
(u, u,,,) pynkuuu F. B obmem caydae cmemenne Y X, HEBO3MOXHO ONpPe/Ie/IUTh,
3Has CMeUleHus X, ..., X. OOHaKO eu X, ..., X HE3aBUCUMBI, TO €r0 MOXKHO
BBIUMC/INUTD, BOCIIO/Ib30BABILICH JIEMMOJT 0 HaberaHuM 3HAKOB.

Jlemma 1.2 (0 Habezanuu 3Hakos). ITycms X, ..., X, — Cyuaiinsie éeauuunst Ha F, co
CMEWEHUSMU €, ..., €. Ecu X, ..., X _He3a6UCUMBbL, MO CMEUEHUE € CYMMBL X, + ... + X
pasHo

,
e=2"1 Hei.

i=1

Lokazamenscmeo. PaccmoTpum cy4aii r = 2. CMeleHne X, + X, yA0BJIeTBOPsIeT CO-

OTHOLIEHMUIO
: +e= ! + : + + 11 : 1 !
) €= ) €1 ) €2 ) €1 2 € ).

PackpbiBasi CKOOKM B ITPaBOJi 4acTy, 1ojiydaeM € = 2€€,. PesynpraT B obumem
cTydyae TIoyJaeTcsl peKypCUMBHBIM NpuMeHeHneM (hopMyJIbl 4Jis 1 = 2. O

B ci1y4dae JIMHETHOTO aiena CJ'IY‘-IaﬁHbIe BEJIMYMHBI X, ..., X , O4E€BUHO, HE SIBJIS-
IOTCSI He3aBMCUMbIMU. TeM He MeHee JieMMa O HaberaHUM 3HAKOB VCITIO/Ib3YyeTCA
KaK 3BPUCTHUKA OJIS OII€HKM CMeIleHNMI JIMHETHOM AIlIIPOKCMMaly KOMITO3ULIUN

byHKIMI:
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-
~ nr—1
€upuppy 2 | | €ujiuiyr-
i=1

O6CyskmeHye TOYHOCTYU 3TOI IBPUCTUKY MIPSIMO ceifyac 3aBesio 6bI HaC CIIUIITKOM
nasiexo. [ToaToMy MbI OTJIOXKUM €ro IO T71aBbl 2, The (opMaan3M KOPPeIsiiiMOHHbIX
MaTpuIl TO3BOJIUT PELIUTH 3TOT BOTIPOC MPOCTO.

Mpumep 1.3. (JIuHeIHbINA caefd, Ol JeMOHCTPaIMOHHOTO mudpa.) YToosl HANTH He-
TPUBUATBHYIO0 3(DGERTUBHYIO alIIPOKCUMALINIO /1T TPeX PayHAOB JeMOHCTpaLy-
oHHoOro mmdpa us pasgena 1.1, MOKHO CKOMOMHMPOBATH TP 3(DPEKTUBHbIE OTHO-
payHIOBbIE AIITPOKCUMAIMAN.

O6o3HauuM a (CTyuyaliHbIii paBHOMEDPHO pacrlpefiesieHHbIl) Bxon mudpa, a b, ¢
1 d — BXO[IbI TIepBOT0, BTOPOTO U TPeThero payHa0B. HakoHelr, yCTh € — BBIXOH, Tpe-
Thero payHza. Bocrionb3oBapinch LAT S (13 npumepa 1.2) M HAIIMMU IPeabIIYILIN-
MY HaGTIOIEeHUSIMY JIJIsT CJTy4aeB CJIOKEHUSI C KOHCTAHTOM U MepecTaHOBKY OUTOB,
MO>XHO IIPOBEPUTD, UTO

Puc. 1.2. JIuHelHbIn cnen n3 npumepa 1.3

a,+b, =0 co cmemennem e, = ¥4 (-1)k,
b, + ¢, =0 co cmemenuem €, = -¥4 (—1)*o,
¢, +d, =0 co cmemenneM €, = —14 (-1)2,
d, + e, =0 co cmemenuem €, = —% (—1)"s1.

Macku, COOTBeTCTBYIOLIME 3TOMY Clefy, ITOKa3aHbl Ha puc. 1.2, raoe KUPHLIMU
JMHUSIMU 0603HAUEHbI HeHy/IeBble 6UThI MacoK. Hampumep, Macka Ha BXO[e Tpe-
Thero payHzga pasHa 000010000.

OBpPUCTUYECKH, B CWJTY JIEMMbI O HaberaHuM 3HAKOB U ToxkaecTsa (—1)* (1) =
(-1, nuneitnag annpokcumainus (000000001, 000010000), uau 3KBUBaJIE€HTHO
a, + e, = 0, uMmeeT cMeleHMe

1

€~ (— 1)k0+k10+k22+k31+1
16

B kauecTBe YIIpaKHEHNUA HOHpO6YI7[TE HaiTH enge XoTd ObI OOVH cjien C TaKMMI
JKe BXOAHBIMM M BbBIXOOHBIMM MaCKaMM M ITOKa>KUTe, YTO abCcoIoTHAS BeJIMUMHA
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€ero cMelleHMsI MeHbIIe i6. Tak Kak pa3Hbie CJie[ibl Tal0T pa3Hble pe3yabTaThl, JIeM-
My 1.2 ciegyeT UCIob30BaTh TOIBKO IS CIefa, KOTOPhI MMeeT Haubobliee cMme-
menne. OJHAKO, KaK ITOKa3aHo B IIaBe 2, Aake B 3TOM CJyuyae HEeT rapaHTUM, UTO
pe3y/IbTaThl TOYHBI. >

1.4. BOCCTAHOBNEHME KJIIOYA

OddeKkTUBHYIO TMHENHYI0 aNMIPOKCUMMALMI0 OGJOYHOrO Imudpa MOKHO MCIOJb-
30BaTh [IJISI OpPTaHM3aLlMM aTaKM C BOCCTAHOBJIEHMEM KiIioua. ECTh ABa OCHOBHBIX
criocoba chenaTh 9TO: «aJroputM Maiyu 1» u «anroputM Maityu 2», Ha3BaHHbBIE
B UeCTb aBTOpa.

O6a mMeToma IoJIararoTCs Ha OIEeHKY CMEeNIeHUS TMHETHOM alpoKCUMAaLy 110
CJTy4yaifHOli BHIOOPKE JaHHbIX. VIMEHHO MTO3TOMY JIMHEMHBIN KPUIITOAHAINU3 YacTO
Ha3bIBAIOT CTATUCTUYECKOI aTaKOIi.

1.4.1. Anroput™m Mauym 1

Anroputm Maiyu 1 BoccraHaBiauBaeT 1 6UT MHGOPMAaIMY O PaCIIMPEHHOM KJTioUe
mmdpa ¢ uepefoBaHuEM KiTrova'.

PaccmoTpyum 6710uHbI mn@p ¢ yepenoBanueM Kimoda E, =R, o---ocR ,rmeR (x) =
R(x) + k, 1 0603HauMM €.+ CMeIIeHye JIVHEIHOI aIIPOKCUMALIN (ul, u,,) (byHK—
unu R. Toma CMeleHe IMHeTHO anpOKCUMALNAN (u, u,,,) ysxumm R, _DaBHO

i+1

T ki
(=1)fink €ujuiyr
B paspene 1.3 cMmeleHMe TMHEHON alllIPOKCUMAaLUK OL€HUBAIOCh C IOMOIbIO
JuHeHoro ciena. ITycts (U, ..., U ,,) — IMHEMHBII c1el KoMnosuuun E, =R, oo R,
[MpuMeHUB TeMMy O HaGeraHuy 3HAKOB K 9TOMY CJIey, Mbl TOTYIUM cnehyfomyro
OLIEHKY CMeIeHNsT almpoRCuManum (U, U, ,):

r r
o Ar—1 ul, ki _Ar—1 z
€uruppy X2 H(_l) €y =2 (= 1) neuhuiﬂ'

i=1 i=1

B npaBoit yacTu z paBHO Y, u',, k. JT0 GymeT TOT 6UT MHPOPMALIMK O CEKPETHOM
KJII0U€e, KOTOPbIi BOCCTAHABIMBAET airopuTM Marmyu 1. 3ameTuM, 4TO 3TO He OUT
KJII0Ya B CTPOTOM CMBIC/IE C/IOBA, a JIMHETHOEe BbIpakeHMEe OT HECKOJIbKUX OUTOB
paclIpeHHOTOo KIyva.

HpI/I YCUI0BUM, UTO aIllIDOKCMMATMBHAS IIPpMpPOoAa YpaBHEHMSA HE M3MEHSET 3HdKa,

Z MOYKHO BBIUMCIUTD I10 3HAKY []'_ €

o VLE, . HepBbIVI MO>KHO OITpenenThb C IIOMO-
Uiy JEs]

IIbIO TEOPETMYECKOI'O aHa/I13a Cj1ea. Hawnbosee BEPOSATHOE 3HAYEeHMe BTOPOro Ioryya-
€TCs M3 IMNUPUUECKO020 CMewleHUs JIMHEHOM AIlIIPpOKCMMal M (Ll r+1) 3MHI/IDI/I‘I€CKO€

CMellleHNe OLIeHMBAET I10 CTYYaifHOM BEIGOPKE Map (OTKPBITHIN TEKCT, MMM PTEKCT).

! AJ'II‘OpI/ITM 1 umeer 6osee HIMPOKOe IIpMMEeHEeHNE, HO Mbl 31€Cb OTPAHUYMMCS TOJIBKO CITy-

YyaeM C uepemoBaHMeM KiTo4da.
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Vmest ciry4aliHyio BHIOOPKY q T1ap (OTKPBIThIN TEKCT, IMUMPTEKCT) (X,, Y,), Mbl BbI-
4MCISeM SMIMPUYECKOe CMelleHNe TMHeHO annpokcuManmn (U,, U, ) o popmyiie

-1 : 1
ezg‘[l§1§q|ufx,~=uf+ly,”—§-

CpezHee € paBHO . IlJisT He3aBMCUMBIX BBIOOPOK AMCIIEpCUS] KOIMYECTBA
CTydaeB, KOTJa amlpoKCHMMAaIuMs MMeeT MeCTo, Onmu3Ka K q/4. JIeliCTBUTENTbHO,
IJIST OHOVE BbIOOpKYM mucrepcus paBHa (V2 + €)(1 — V2 — €) = V4. CnemoBaTesibHO,

CTaHIapTHOE OTKJIOHEeHME € TPUOIVKEHHO paBHO 1/ /4q. OTcrofa cienyeT, 4To st
onpeseseHys 3HaKa €, C BBICOKOJi CTEITeHBIO TOCTOBEPHOCTM TpebyeTcs Umciio
00pasIoB g TaKoe, UTO

Wrs

< _
G 010 1
o . T
- 1
3
Q.
(o]
1]
s 005 |- ]
)
T
>
0 T T
_ 1 0 1
16 16

IMnupuyeckoe cMelleHue (26 oT6opOoB C HUKCUPOBAHHBIM KITHOUYOM)

Puc. 1.3. [uctorpamma amnupumyeckoro cmelnenms ansa 1000 skcnepnMeHToB

—= L |€upupp |-

Vaq
Takum obpasom, i anroputma Mairyu 1 Tpebyetcs g > 1/2e, , ) 006pasIoBs.

Mpumep 1.4 (anroputm Matyu 1 o qeMOHCTpalMOHHOro mmdpa). PaccMoTpum
JIMHEHYI0 anmnpokcuManuio u3 npumepa 1.3. C mOMOIIbI0 JMHEHHOTO ciaena
Mbl OLIEHM/IM €r0 CMelleHue Kak —Vi - (-1)%, rme z = k, + k , + k,, + k,,. [TosTomy
64-x 06pa31oB JODKHO ObITH TOCTATOYHO AJIsI OTNipefesieHust Z. YTo6bl MPOBEPUTD,
HACKOJIbKO XOpOIIo paboTaeT 3Ta aTaka, Mbl BeimomHwu ee 1000 pas (¢ KII0YOM
000000001 010000000 000000000 000000000) M BEIYMUIMIN 3MIUPUUECKOE CMelle-
Hue. ['Mcrorpamma pe3ynbTaToOB OKa3aHa Ha puc. 1.3.

CpenHee smmnupuueckoe cmenienue misi 1000 skcriepuMeHTOB 0Ka3aaoCh YyTh
MeHbIIe Y. DTO He COBIafeHMe — U3 Pe3yIbTaTOB IVIaBbl 2 CJIEAYET, UTO B IEVICTBU-
TEJIBHOCTU IJIS1 UCIOJIb30BAHHOTO B SKCIEPUMEHTE KJI0Ya CMelleHMe PaBHO Yea.
[IpocToe B3siTME 3HAKaA 3MNOMPUUECKON KOppesLum, CKopee Bcero, gact z = 0 (rpa-
BWJIbHOE 3HAUeHMe). [

JIvHelHbII KPUIITOAHAIN3 OObIYHO HA3bIBAETCS aTaKOoii C M3BECTHBIM OTKPBITHIM

TEKCTOM, HO 3aMEeTMM, YTO JIJIsI IPMMeHeHMsT aropuTMa Mairyu 1 IMosiHble OTKpBIThIE
s T T

Y IAQPTEKCTHI He HY>KHBI, OCTaTOUHO 3HAYeHuii u'x. u u',|y. B ynpaxuenuu 1.6 Bam

r+l
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OyIeT IpemyIoskKeHO 0Ka3aTh, UTO 9TO HAOMIOAEHMEe MO3BOJISIET 0600UIUTh aTOPUTM
Marryn 1 Ha cryvast, Koraa M3BeCTHa TOIbKO OlleHKa Pr [u ;= 0] (mommmo u’, F(x)). 310
HaOJTIoIeHIe MCTIONb3YeTCs TAKKe B aITOPUTMeE MauyM 2, OHI/IcaHHOM B pasnene 1.4.2.

runoTeTMyeckas 4actb k;
rMnoTeTMYeCcKas Yactb K.

/
1
R % %Rk, }

BHYTPEHHAA 4acCTb

Puc. 1.4. Pa3bueHune utepatMBHOro WM@pPa Ha BHYTPEHHIO M BHELUHIOK Y4acTH

1.4.2. Anroputm Mauym 2

Anroputm Matryy 2 pa36yBaeT 6IOUHbIN (P Ha ABE YacTH, Kak ITOKa3aHo Ha puc. 1.4.

BuenmrHas 4yacThb, rge 0O0JIbIIIVE YaCTU PayHOOBBIX KJII0UYel BOCCTaHaBJIMBAIOTCS my-
TeM yraabIBaHWI.

BHYTpeHHSISI 4acCTh, IIe JMHeHas anpoKCMMAIus IpUMeHsieTcst It GuabTpa-
LMY TUTIOTE3 O PayHIOOBBIX KIIOUaX, CIeJaHHBIX BO BHEIIHEN YacTu, U Iae IJis
BOCCTAHOBJIEHUST JIMHEITHOTO BBIPAsKEHUSI OT HEKOTOPHIX OMTOB PacCIIMpPeHHOTO
KJTI0Ya MOSKHO MCITOJIb30BaTh aaropuTm Marrym 1.

17151 TPOCTOTHI MbI OTIUIIIEM aJATOPUTM IJI5 CTy4dasi, KOTAA BHEITHSS YaCTh COCTOUT
TOJIBKO M3 TIOCJIETHETO payHaa. B 061eM ciyyae MOKHO BKIIIOUMTH HECKOJIBKO pa-
VHZOB B HauaJio UM KOHeI mudpa Ipy yeIoBUM, YTO TpebyeTcs yragaTh He CIIMII-
KOM MHOTO OMTOB KJTIOYa.

Eci 0603HaunTh G, BHYTpeHHIOK0 4acTh, T0 E, =R, ° G, otkyna G =R} ° E,. [l1a
JINHeHO al'Il'[p0KCI/IMa]_U/I]/I (u, u) pyaxkumnu G, BMHI/Ip]/I‘{eCKaH KOppEHHLU/IH paBHa

?:%{Hl <i<gq|ulx =“rTR/:rl(y")” 2

ITockonbKy k 3apaHee HeM3BECTHO, Mbl He MOXKEM OIpeneauTh u'R; 1(y) 1o y.
Opnaxko TunmyHas GyHkuus R, oGna;:LaeT TeM CBOJCTBOM, UTO /ISl HEKOTOPBIX Ma-
COK U, /7Sl BBIYMCIIEHNs U'R, 1(y) 1o Y He06XOIMMO JIUIIb HEOOJIBIIIOe YMC/I0 OUTOB pa-
YH/IOBOTO Kioua K .

Hanee anroputm Maiyu 2 OLleHMBaeT SMIIMPUYECKOE CMelleHMe ST KaxkKOoil
TUITOTE3bI O KJII0UE, VICIIONb3YS OMHY U TY K€ CIyYaiiHyI0 BIOOPKY Hap (OTKPBITHIN
TeKCT, mudpTeKcT). [IpeamnonaraeTcs, YTo AJisI HEBePHOI TUIIOTE3bI IMITUPUUECKOe
cMeleHne 6JM3KO0 K HYITI0 — WITK TI0 KpaiiHel Mepe Topa3sio 6/uske K HYITIO, YeM IJ1st
MCTUHHOTO 3HaUYeHUSI KJIIoUa. JTO MPeIiooskeHe YaCTO MPUMEHSIeTCSl Ha MPaKTu-
Ke, XOTS eCTb CIy4yau, KOT/AA Psifi, «<9KBUBaJIEHTHBIX» TUIIOTE3 O K/loue Tal0T CpaBHU-
Mble SMIIMpPUUEeCcKre CMeleHnsI.

Anroputm Maiiyu 2 BBIBOOUT Te TUIIOTETUUYECKIE KII0UN, /151 KOTOPBIX IMITUPU-
yecKkoe CMellleHye ajbliie BCero OTCTOUT OT Hy/s. OcTa/ibHble TUIIOTe3bl Ha3bIBa-
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I0TCS KTIOUaMM-KaHauaatamu. TakuM o6pa3om, anroputm Maiyu 2 maet 60sblie
MHGOPMAIINM O CEKPETHOM KJIIOUe, ueM ajaroputm Mairym 1.

OripesenieHne YaCTOThI YCIIEXOB ajropuTmMa Maiyu 2 npsiMo ceifyac 3aBesio Obl
Hac CMIIKOM Jlajieko B CTOpoHY. [Toka MpOCTO KOHCTaTUpyeM, UTO, KaK U B CITy-
yae ajaropurma Maiyu 1, 06beM JaHHbIX, HEOOXOAMMBIN JIJIsT HOCTMKEHWST BBICOKOT
4acTOThI YCIIEXOB, MPONopUMoHaeH 1/e2 . B obmem cryyae €, > € . TloaTo-
My aaroputmy Maiyu 2 MOXeT rIOHa/:LoéiArTbCH MeHbIlIe aaHHb&,r qul’ar;fropnTmy
Mariyn 1. OpHaKo 4acToTa YCIexoB ajaroputma Maiyu 2 3aBUCUT TakKe OT YuC-
ja K 3HaueHMi K/Ioua, KOTOpble CUMTAIOTCS BO3MOKHBIMU allpMopH, U OT 4ucia
3HaYeHUII-KaHAMUIATOB, BO3BpalllaeMbIX B KaueCTBe BbIXOJOB. bojee meTanbHbIN

aHa/IM3 [IPUBEIEH B IaBe 4.
o = TR-1
[Tpy HauBHOM peanu3aunu Ha gKBerunciennii y = u' R k,(Y) TpaTUTCS IIpeobiaga-

I0IIas YaCTh BpeMeHM paboTsl anroputMa Mairym 2. Jlanee 1, B YaCTHOCTH, B I71aBe 5
006cyskIarTcs 60iiee OGbICTPbIE CITOCOOBI BBIUMCIEHMST SMITUPUIECKUX CMEIeHMIA.

1.5. OcCTABLUMECS NPOBNEMBI

B KOHIIe TIepBOii I7TaBbl YMECTHO GYIeT YIIOMSHYTb HEKOTOPbIe ITP06IeMbl, KOTOPbIE
MBI IO CUX TTOp UTHOpUpOoBanu. Ceifyac Bbl y>ke 3HAaKOMbI C OCHOBHO uzee mmHen-
HOro KpunToaHaiusa. OmHAKO ecau ObI BaM IPUINIIOCH IPYMEHUTD ITOYyYEHHBIE
3HAHMS K aTaKke Ha peasibHbIe GJIOUHbIE MIM(PDI — IIM Taske Ha TeMOHCTPALIOHHBI
mmbp u3 pasgena 1.1, — To Bbl, CKOpee BCero, CTOMIKHYINCH ObI C TPYIHOCTSIMMA.

B pasgene 1.3 Mbl UCIIOIb30BaIN JIEMMY O HaGeraHuu 3HAKOB [JIsI OLIEHKY CMe-
MIeHNs JIMHEIHO allpOKCUMany KOMIOo3uIy GyHKumii. [ToHMMaHue TOUHOCTU
9TOJ OI@HKM COCTaBJISIET BaXKHYIO YaCTh IJIaBbI 2.

Ipyroii BOIpoc — KaK HAaWTH JIMHEHbIe allpOKCUMAaIM U JIMHEHbIe CIeIbl
mmdpa ¢ HaMbOIBIIMM (IT0 aOCOIOTHOM BeIMUMHE) CMelleHueM. JTa mpobiaema
obcy>kmaeTcs B IiaBe 3.

Haxownerr, B HameM 0OCYKIeHMM aTaK C BOCCTAaHOB/IEHMEM KiTioua B pasmene 1.4
UTHOPUPYIOTCS TaKye BakKHbIe acIeKThl, KAK BEPOSITHOCTD yCIleXa OMMCAaHHbIX Me-
TOIOB. BaskHO XOPOIII0 MOHMMATh, CKOJTbKO JAHHBIX ITOTPEOYeTCS 71T BOCCTAaHOBJIE-
HMSI KJTI04Ya. DTOT BOITPOC MOIPOOHO 0OCYKIAeTCs B I7IaBe 4.

1.6. ICTOPUYECKAS CNPABKA

JIuHeliHble alIPOKCMMaLUM U UX CMelleHMe TECHO CBSI3aHbI C APYTMMM KOHLEI-
IMSIMM, KOTOPBIE YK€ MCITONb30BAIMCh paHee MJIT aHaju3a OyaeBbIX (YHKIMIA,
Hampumep c rpeobpasoBanueM Yonma-AzaMapa ¥ MUHMMATbHBIM PAacCTOSTHUEM
XsmmuHTa 10 ahbUHHOM GYHKIMK. B yIpaskHeHuM 1 MccieqyeTcs sTa MOCIeIHSS
upesi. HecMoTps Ha TO UTO 3TM KOHUENUMUYN U3YyYaICh B KOHTEKCTE KPUIITOAHAN-
3a, KJIII0UeBble COCTAaBHbIE YaCcTy IMHENHOr0 KPUIITOAHAIM3a OTCYTCTBOBAIMN.

BniepBble nyHeliHbIe alllIpOKCUMaLMY IPUMEHWIN B KpulToaHann3e AHHa Tap-
mv-Kopdaup u Aupu Kumas6ep B 1991 rogy. OHM UCIIOIb30BaIN JIMHEIHbIE arl-
MpoKcUMaIuu uacteit 6mounoro mudpa FEAL mas opraHusanmuy ataku ¢ BOCCTa-
HOBJIEHVEM Kito4ya. TepMUHbBI «JIMHEITHbBIN KPUTITOAHAIN3» U «JIeMMa 0 HaberaHum
3HaueHM» BBea Manyu B 1993 rony. OH MCIIOIB30BaJI IMHEHBI KPUIITOAHAIN3
IUTsT aTaky Ha 6iounblit mmbp Data Encryption Standard (DES).
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1.8. YnPAXHEHMA

YnpaxxHeHue 1.1
ITyctb F(x) = k, + S(k, + X), rme k, k, — Kmoun, a S — S-6110K, TOKa3aHHbIi B Tab. 1.1.

1. HaiiguTte HeTPUBUAJIBHYIO JIMHENHYIO alllpoKCuManuio F.
2. TIpumenuTe anroputm Maiyu 1 711 BOCCTAaHOBJIEHMS OTHOTO OMTA KITI0Ua.

Ta6nuua 1.1. 4-6uToBbINA S-6710K S, 3HAUEHMS 3anNMCaHbl B LUECTHAALATEPUYHOM BUAE
(Hanpumep, e = 1110)

YnpaxkHeHue 1.2

@yukuys f : F) —» F, HasbiBaeTcs nHeliHoiA, eci f(00 ... 0) = 0 u fix +y) = f(x) + f(y)
IJist Bcex x, y € IF).
[na mo6oro u € F) o6o3Haunm £, : F) - F, muHeliHy0 QyHKUMIO, ONpee/IeHHYIO
Kak £ (X) = u'x.
1. TlokaxuTe, 4TO A/ 1060 MMHeliHOM Qynkumu f : Fi — [F, cymecTByeT Macka
u € Fj Takas, uto f = 4.
2. Tlocrpoiite TabMMIIbI MICTUHHOCTY BCEX 3-OMTOBBIX IMHEHHbIX QyHKUMIA F; — F,.

YnpaxxHeHue 1.3

Eme 1o nmosiBieHMs: IMHEHOr0 KPUIITOaHaIM3a ObIIO M3BECTHO, YTO S-6/10K S, :
F¢ — FF; mmdpa DES (cm. Tabm. 1.2) obnagaer crienyaabHbIM «IMHEHBIM CBOVi-
CTBOM».

1. Borumcanre LAT 6110ka S..
2. Yro Takoe crenuagibHOe JUHEeitHOe CBOCTBO?
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Ta6nmua 1.2. lectHaguatepuunoe TabnnuHoe npeacrasnexmne S-6noka S, wmndpa DES

2 e C b 4 2 1 C 7 4 a 7 b d 6 1
8 5 5 0 3 f f a d 3 0 9 e 8 9 6
4 b 2 8 1 [« b 7 a 1 d e 7 2 8 d
f 6 9 f C 0 5 9 6 a 3 4 0 5 e 3

YnpaxxHeHue 1.4

[lycte F : F} » F2'- omepaumsi n-6MTOBOrO pasBeTBIEHMsI, ONpeJeeHHas KaK
F(x) = x||x. Beruncinte LAT dyukimm F.

YnpaxHeHue 1.5
Omnpenenum paccrossHue XsMMMUHra Mexay GyHkuysamu f : Fy — F, u g : F) » F, Kak
d.(f, 8) = wt(f + ), rme wt — Bec XaMMMHra (YUC/I0 €AMHUL) TaOMUIIbI UCTUHHOCTU
f+s.
1. Hemuneiinocts GyHKuym f : F7 — F, onpegenseTcs Kak
N(f) = min du(f, €, +a).
uely

aG]Fz

Hoxaxure, uro N'(f) = 2"~! — max,epy [|{x € F5 | f(x) = £,(0)} — 2",

O Tom, uTo Takoe ¢, CM. yripaxkuenue 1.2.

2. Hemuueiinocts Gynkuym F : F} — F7 onpefiensieTcs Kak

NEF)= min NE,oF).

v e F7\{0}

JokaxkuTe, 4TO
NF)=2""'— max |[LATF |
uek” '

2
v e FJ\{0)

YnpaxxHeHue 1.6

1. O6o6mure anmroput™ Mauyu 1 Ha c1ydaii, Korma, momumo u/!, F(x), n3Bectna
TOJIbKO OLleHKa BeposiTHOCTH Pr [u] = 0].

2. Kaxk 6bI BbI UCITOb30BaJIM 3TO 0000IIEHNe, eCIu ObI OTKPBITHIM TEKCTOM SIB-
JISLTICSI QHTTIUICKIIA TeKCT B KogupoBke UTF-8?

YnpaxxHeHue 1.7

HOKa)KI/ITe, 4TO, THIaTE/IbHO BbI6I/Ipa${ BXOAObI, CMelleHlne JIVTHeNHOM’ aIrIIrpokcmma-
onn O6paTI/IMOI7[ beHKL[I/II/I MO>XHO Haf/iT]/I, BbIUVIC/IUB CIJYHK]_[I/IIO TOJIBKO B ITIOJIOBMHE
BXO/IOB.
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KoppensunmoHHble MaTpuLbl

B rnaBe 1 MBI OLleHMBaAM KOPPEISLMY IMHEHBIX alllIPOKCYMaLNIi C TOMOLIBIO T10-
MCKa TIOIXOSIIETO IMHEHOTO c/Iefla M TPUMEHEHMUsI IeMMbI O HaberaHny 3HAKOB,
HO 3TOT IOAXOZ, OIMPAJICSl HAa HMYeM He 060CHOBaHHOE IpeNIIooKeHe O He3a-
BUCUMOCTH. B 3TO¥ 11aBe 107 JieMMy O HaGeraHuy 3HAKOB U JIMHEITHBIN KPUIITO-
aHa/1M3 BooOIIe MOABOAUTCS Hoslee COMMAHBIN TeopeTnueckuil QyHmameHT. locTu-
raeTcsl 3TO C IOMOIILBIO TEOPUM KOPPENIYUOHHBIX Mampuy. JJaMeH NpeIioxKul 5TU
MaTputibl B 1994 romy, 4TOOI YIIPOCTUTH OMMCAHME TMHEHOTO KPUIITOAHAIN3A.

2.1. KopPPENSumsa CNyYAAHOM BESIMYMHDI HA [FZ

HamomHum (cM. miaBy 1), 4TO CMelleHMe JIMHENHONM aIlIlpoOKCUMalM PaBHO 3a-
K/IIOUEHHOV B Hell BEpOSITHOCTM MUHYC OflHA BTOpasi. Ha mpoTsikeHMM BCeli raBbl 1
U B pasnesie 1.3 B 4aCTHOCTM TEPMMUH «CMeIIeHMe» YIIOTPebIsiicsl Takke B Gosee
001IIeM CMBIC/IE TI0 OTHOLIEHUIO K CIyYaifHOMY OMTY X, T. €. CAy4YaliHO! BeIuuMHe
Ha [F,. Tounee, cMeleHye X paBHO

1
eleir[x=0]—§-

B 2T0i1 T/1aBe GymeT mokas3aHo, UTO KOppeasayus X — BeJIMUMHA, C KOTOPOi1 pabo-
TaTh 60siee ecTeCTBeHHO. Koppesisiys X MpoCTO paBHA YABOEHHOMY CMEIeHUIO:

cx = 2¢x = 21::(r[x=0] — 1.

Ecmu EX o603HavaeT cpefHee CaydaitHO BeMunHbl X, TO KOPPESIIMIo CayJait-
HOTO 6MTa X MOXKHO TaKyKe 3a1ucaThb B BUjie

clezr[x:O]—lir[x: 1] =E(-D¥,

MOCKOMBbKY (—1)°=1wu (-1)! =-1.

Elle omHMM OCHOBaHMEM MPEAIIOUECTh KOPPESIIUU CMEIEeHNUSIM CIYKUT TO, UTO
OHM YIIPOLIAIOT GOPMYIMPOBKY U J0KA3aTEIbCTBO JIEMMbI O HaberaHMM 3HAKOB.

Jlemma 2.1 (0 Habezanuu 3HaK08 ¢ Koppenayusmu). ITycme X, X,, ..., X_— Cyuaiinoie
senuuunsl Ha F,. ECIU X, ..., X HE3A6UCUMbL, MO KOPPENAYUS CYMMbL X, + ... + X Y008~
Jlemeopsiem COOMHOWEHU
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-
CXy4otx, = 1_[ Cx;.

i=1

Hokazamenscmeso. Ecnivt X 'Y — He3aBuCUMbIe ciiydaliHble BenuuuHbl, To EXY = (EX)
(EY). Orcroma

Cxptotry = E (=D S E [T (D% =T, E (=D~

BTopoe paBeHCTBO clefyeT U3 Toro, 4to (—1)* = (-1)%(-1)” mnsa mobsx X, y € F,,
YTO MOXKHO ITPOBEPUTD OTHENBHO IJIS KaXKA0T0 CIyvasl. ]

[To cpaBHeHMIO € leMMoOli 1.2 13 miaBsl 1, B 1eMMe 2.1 OTCYTCTBYET AOTIONTHU-
TebHAsI CTeTIeHb IBOKY. DTO yIOOHO, TOTOMY YTO HaM He HYKHO OTCJIEXXUBATH KO-
JIMYECTBO KOMIIOHYeMbIX (OYHKIIMIT TPY MPUMeHeHU! JIeMMbI 0 HaberaHuM 3HAKOB
B KOHTEKCTe JIMHE{HOTO KPUIITOaHAaIN3a.

3ameyarue 2.2. CMbBICI MCIIOAb30BAHUS KOPPEISIMii HE CBOAUTCS K yHO6CTBY
0603HaueHNIi: KOppesauus ¢, — 3TO HeTPUBMA/IbHbIN KO3hdUIMeHT npeobpa-
3o0BaHus dypbe QyHKIMM Macchl BeposiTHOCTU X. Ha camoM fierte iemMa o Habe-
raHMy 3HaKOB — 3TO YACTHBIN Cylydait TeopeMbl O CBepTKe ik TpeoOpa3oBaHmii
dypre. B mocienyomux rmaBax Mbl 00bSICHUM 3Ty CBSI3b JIy4llle, YeM BO3MOKHO
B HaCTOSIIIMIA MOMEHT. &>

2.2. KoPPENSUMS MEXAY BYNEBbIMU ®YHKLIMSAIMU

[ToMuMO KOpPENANMM CIyYainHOi BeIMYMHbI Ha [F,, CylIecTBYeT pOACTBEHHOE I10-
HSTYE KOPPEeSIIUY MEXKIY IBYMS Oy/eBbIMY (PYHKIMSIMMU, KOTOPOe MHOTAA ObIBaeT
nonesHo. Tounee, Koppensauys mexcdy yaxkuysamu f : Ff — F, u g : F! — F, onpene-
JIIeTCSI CJIeqyIoMM 06pa3om:

C(f.8) =2Pr[f(x) =g~ 1,

r7e X — CIydaiiHas paBHOMEPHO pacripe/iesieHHas BeJinuyHa Ha [F) . 9To He UTo MHOE,
KaK KOPPeJISIUS CTyuaitHoi BeimunHbI f(X) + g(x). ITo-gpyromy C(f, g) Ha3bIBaeTcst
K03 puuuermom koppeasyuu mexny f u g.

Koppensiyst Mesxmy IByMsI GyJeBbIMU (QYHKIUSIMY — 3TO Mepa UX cxocTBa. Ecin
fu g paBubl, To C(f, g) = 1. Eun f u g Bcerma pasnuunbl, To C(f, g) = —1. Hakoseri,
C(f,g) =0, eciu f u g paBHBI Ha MMOJIOBYHE BXOJIOB.

[Tonb3ysich CBOVICTBAMM KOPPESILIMIA CTydaiiHbIX BeIMUNMH, MOKHO ITOKa3aTh, YTO
KOPPeSIIs MeXIy 6y/eBbIMU QYHKUMSIMU f U g paBHA (CM. yripaskHeHue 2.1)

CUf) = 5 2 -0 = () (1),
xelf}

rae (-,') — ckanspHoe npoussenenne GyHkumii F; — R. CregoBaTebHO, KOPPeIsauun
MOYXKHO MHTEPIIPETUPOBATh KaK CKaJIIPHbBIE TTPOM3BEIEHMS, UTO U SIBJISIETCST 060-
CHOBaHMEM T€PMMHA «KOPPEJISIIIVSI».
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Jlob6as nmuHeliHas 6yneBa QpyHKUMsS umMeeT Buf L (x) = u'x 11 HEKOTOPOro u € [}
(cm. ynipackHeHue 1.2). Koppensiust IMHeHOM annpokcumanuu (iU, v) ¢ Mackamu
u€F; nveF)pyakuun F : F) - F7 pasaa C((,, ¢, » F).3To neiicTBUTENIbHO YABO-
€HHOE CMellleHe €, ampoRCcuManum (u, v).

2.3. KOPPENSILIMOHHBIE MATPULIbI

B pasmene 1.2.2 6bl1a ompedeneHa Tabimuia JuHENHHONM ammpokcuManyy (LAT)
dyukuym. Hioke ompenensieTcss aHaJIOTUYHAST TabuIa, comepskaiiasi KOppesiuumn
BCEX JIMHEIMHBIX alllTPpOKCUMAaIii PyHKINN.

Omnpenenenue 2.3 (KOppeisuMOHHas MaTpulia). KoppensiuoHHOV MaTpuilei
byukuuu F : F) —» F7 HasbiBaeTca BellecTBeHHas maTpuua CT pasmepa 2"x2"
C 97IleMeHTaMu

v, u

1
CF — C(ﬂu,ﬁv o F) — 2_n Z (_I)UTF(X)"FMTX.

n
xely

KoppensuynonHas matpuiia F recHo cBsizaHa ¢ LAT F:
LAT,, =2"""CT,.

O6patnTe BHMMAaHME Ha IOPSIOK MHAEKCOB: BBIXOMHAS Macka — 3TO MHIEKC
CTPOKM B KOPPESIIMOHHBIX MaTpullax, HO MHAEKC cronbia B LAT. B ominume or
LAT, xoppessiiiMoHHasi MaTpuiia — 60Jblle, YeM Tabinia, ComepsKaniast Koppesimm
BCeX JIMHENHBIX anmpokrcumanuii. OHa MpeAcTaBsieT JIMHEVHBIN ollepaTop MeXIy
BelleCTBEHHbIMM BEKTOPHBIMM ITPOCTPAHCTBAMM Pa3MepHOCTe 2" v 2™, B onmmMCcaHHbIX
HIDKe CBOMCTBAX KOPPEISIIMOHHBIX MATpuI] 3TOT GaKT YKe IPeAronaraeTcs
M3BECTHBIM, HO C TIOJTHBIM OObSICHEHVEM TIPUAETCS MTOJOKAATH M0 I1aBbl 11.Y Takoro
MOAX0Ja eCThb HeJOCTAaTOK — HEeKOTOpble CBOMCTBA MOTYT I10OKAa3aThCsl KaKUM-TO
Yy[lOM, HO TaK Mbl CjIelyeM MCTOPMUYECKOMY Pa3BUTUIO MpeJMeTa U OCTaBJIsieM 3Ty
raBy 60/iee KOHKPETHOIA.

Teopema 2.4. I[Tycmp F : F} - F7u G : F7 - F} - yHKyuu ¢ KOppensyuoHHsLMu mam-
puyamu CF u C® coomeemcmeeHHo. Koppeasiyuonuas mampuya ux komnosuyuu G o
F pasua C®F = CCCF.

Llokazamenscmeo. 1o onpeeneHuio MPOU3BeNeHNs IBYX MaTpull, snement (C°C)
paBeH

11 T TorwT T
Z ng CE),M — Z 2_nz_m Z (_l)v G(y)+w y+w F(y)+u X

wely wely xel; yelFy
_ L D3 (1T Gy L S (-1 0
" 2m ’
xeF; yelFy wely

[TpaByIo0 YaCTh MOKHO ITepenucaTh B BUJIE
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1 5
Z Cﬁw Ci,u = Z Z (_I)UTG(,»)me 5" (F(x))

wely xel} yeF?y

- 1 Z (_UUTG(F(X))-HATX.
n

n
xel}

3pech Gynkuma & : F7 — R onpenenena Kak &(y) = 1u &(z) = 0114 Bcex z # y. BbI-
pakxeHMe B IIOC/IefiHeli cTpoke B TouHocTH paBHO CSF. Ha mepsom miare Mcronb3y-
€TCSI PABEHCTBO

Z (—1yeTa = 2", ecm a =0,
weF? 0  BTpoTMBHOM CiTyuYae.

9TO creflyeT M3 TOTO, YTO JJisl BCex t € F7 umeem

Z (_DwTa — Z (_1)(w+t)Ta — (_l)zTa Z (_l)wTa.

m m m
welry welfy welFy

In1s1 11060T0 HEHY/IEBOTO d CYLECTBYET 110 MeHbIllel Mepe OfHO t Takoe, uTo t'a = 1.
CrnenmoBaTenbHO, CyMMa ITPOTUBOIIONOKHA CaMO¥i cebe, a 3HAUUT, JOIKHA ObITh paBHA
Hyn10. Ecivt a = 0, To Bce WwieHbl CYMMBbI paBHBI 1, TaK YTO OHA paBHa 2™. O

Teopema 2.4 — caMblii BasKHbBIN pe3yabTaT, OTHOCSIIUICS K KOPPEeISIMOHHBIM
MaTpuilam. TeopeTuyecky OHa JaeT CITOCO0 BIUMCIUTD KOPPEISILIVIY JIMHEHbBIX arl-
npokcumaiuiit G - F, 3Hasg TOMbKO KOppensiium TMHeHbIX annpokcuManuii Fu G.
B raBe 1 17151 TOCTMKEHMSI TOTO 3Ke pe3y/IbTaTa MCII0Mb30Baiach ieMMa 0 HaberaHum
3HAKOB, HO, B OTINYME OT TOC/IemHel, TeopeMa 2.4 He TpeGyeT MpenIoNoKeHNs
0 HEe3aBUCUMOCTH.

HamomMHMM, YTO MaTpuIla Ha3bIBA€TCSI OPTOTOHAIBHO, eciv 06paTHas K Heil co-
BIIAJlaeT C TPAaHCIOHUPOBaHHOM. CleAyomnii pe3yabTaT MOKa3bIBaeT, YTO KOppe-
JISLIVIOHHBIE MATPUIIbI 00PaTUMBbIX QYHKIIMIT OPTOTOHATbHBI.

Teopema 2.5. Ilycme F : F) — F} — ¢yukyus ¢ KoppeasayuonHotli mampuyeti CF.
Ecnu F siensemcs nepecmarogkoti, mo Ct — opmozoHanvHas mampuyda.

Jokaszamenscmeo. HeTpynHO BUIETh, UTO KOPPESILIMOHHAS MaTpUlia TOXKIECTBEH-

HOVi GYHKIVU SIBJISIETCS AMHUYHOI (3TO TAKKe CedayeT 13 TeopeMsl 2.6). CiegoBa-
-1 o

TeJIbHO, JOCTATOYHO MoKa3aThb, yTo C™ " = (CF)". Eciu F siByIsieTCsI ITepecTaHOBKO, TO

1 T T 1 T TE-1 -1
F _ > 1w Foo4u'x 1w ytu' F(y) _ ~F
Cou= 37 2D =5 2D = Cu:
xelF] yelr;
Cy1ecTByeT Ipyroe 10Ka3aTeJbCTBO, OCHOBaHHOe Ha Beiumcienuu (CHTCF. o

Ipumep 2.1 (koppensioHHass Matpuiia). KoppensunonHas marpuiia S-6j0ka S :
F?— [F} meMoHCTpauoHHOro mudpa u3 pasgena 1.1 pasHa
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1 0 0 0 0 0 0 0
0 —1/2 0 —1/2 ) 0 —1/2
0 0 —1/2 1/2 0 0 —1/2 —1/2
cs_ |0 12 -1 0 0o 12 12 0
0 0 0 0 —1/2 —1/2 1/2 =172
0 —1/2 0 12 12 0 12 0
0 0 12 1/2 —1/2 1)2 0 0
0 —1/2 —1/2 0 —1/2 0 0 1/2]

DJIeMEeHTbI KOPPEe/ISLMOHHOM MaTPUIIbI MHAEKCUPOBAHbI OMTOBBIMM BEKTOPAMH,
IO9TOMY YTOOBI ITPEACTABUTD €€ B BUIE MacCHBa Uyces, He06X0AMMO BbIOpaTh Ka-
KOJi-HMOYIb MPOM3BOIbHBIN MOPSIOK. 3[eCh BbIOpaH JeKCUKOrpapmuuecKuii mops-
mok:001<010<011<...<111.

ITockonbKy S SIBJSIETCSI TIepecTaHOBKO, MaTpuiia CS oproroHanbHa. [eicTBu-
TeJIbHO, eBK/IMI0BA HOPMa KaykIOro ee CcTojbia paBHa 1, a 1o6bie IBa pas/JIMuHbIX
CTOJIO1Ia OPTOTOHAJIBHBI:

> oGy =08" ),

3
welfy

Ins Beex u, v € F;. To e camoe crpaBe[IMBO IS II0OBIX JBYX CTPOK. Kak u B
IoKa3arebCTBe TeopeMbl 2.4, 6“: F) —» R — GyHKuMS, onpeeseHHas Kak 6'(u) = 1
u 8“(v) = 0 ojist Bcex v # u. o>

2.4. KOPPENSUMOHHBIE MATPULbI CTPYKTYPHbBIX ®YHKLIMIA

Kak o6cyskmanoch B pasgene 1.1, kpurnrorpadudeckue GyHKIVA SBJISTFOTCS KOMIIO-
3ULUAMY QYHKLIMIA CO CIEIMATbHOM CTPYKTYpOIi, 61arogapsi KOTOPOi UX MOXKHO
BBIUKCISTH 3QPEeKTUBHO. B 3TOM pasfesie MpUBOAUTCS KOPPEISIIMOHHAS MaTpUIla
IUIST IBYX TUTIOB IIMPOKOYTIOTPEOUTENbHBIX CTPYKTYPHBIX QYHKITMIA.

K mepBoMy THUITy OTHOCSITCS JIMHelHbIe 1, 6oee 06110, abduHHbIE QYHKIN.
CrokeHMe C KITF0YOM ¥ ITepecTaHoBKa OUTOB B AEMOHCTPAI[MOHHOM Hindpe U3 pas-
nena 1.1 — mpuMepsl ahpbUHHBIX QYHKINI.

Teopema 2.6. [Tycms F : F — F7 - appurnoe omobpaxcerue euda F(x) = Ax + b, 20e A -

mampuya pasmepa mxn nad F,, a b — eexmop, npunadnexcawjuti F7. Koppenayuoxnas
mampuya CT omobpasxcerus F yoosiemeopsiem coomHoueHu0

cr, = (=D 5" (A ).

Lokazamenscmeso. JJoKa3aTeIbCTBO IIPOBOAUTCA IIPSIMBIM BbIUMC/IEHMEM

F T 1 ATvu)T b T
cl.=nY o Z(—1)< Vi — (—1)U b s (AT).

n
xel

:

BTopoe paBeHCTBO CjiefiyeT 13 TOXAECTBA A (=D =21 80y , KOTOpOe MbI
xe]Fz

BBIBE/IM B XOJ€ A0Ka3aTeJIbCTBA TEOPEMBI 2.4. O
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Teopemy 2.6 MOXKHO MHTEPIPETUPOBATh CAeAYIOMUM 06pasoM. [IJisg 3amaHHO
BBIXOJIHOV MAacKM y BCSIKOW JIMHEHOV (PYHKIMM CyIeCTBYeT eAMHCTBEHHO BO3-
MoskHast ahpeKTUBHAS IMHEeHas allpoKCUMAaIMs, a ee BXO[AHasI MacKa SIBJseTCst
JIMHEeHOM QyHKIMelt OT 3aJaHHO BBIXOIHOM MacKu. Kpome TOro, Koppesiius Jio-
6071 9 beKTUBHOIT TMHETHO anMpoKCMMaIK paBHa 1. 3aMeTUM, UTO 3TO BEPHO,
Iaxke Korma JuHeHas yHKIusS He oOpaTuMa. it ClIOKeHMsT ¢ KOHCTAHTOI BXOA-
Hasl ¥ BbIXOIHAs Macky 3QeKTUBHOI JTMHETHOM anmpoKCUMAIU TOJIKHBI ObITh
paBHBI, a KOppeJsius paBHa *1 B 3aBUCUMOCTY OT 3HAUEHMSI KOHCTAHTHI.

BTopoit u mociemHuit KIacc CTPYKTYPHBIX (PYHKIVI, 06CYysKIaeMblii B 9TOM pas-
Jlejie, MHOT/A HA3bIBAIOT «KJIAJOUHbIMU (OT BhIpasKeHUS «KaMeHHasl KjiaJKa») OTO-
opaskenussmu» (bricklayer map). Ha puc. 2.1 mokasaHa MX CTPYKTypa.

Knapounoe oro6paxenue — 310 Gpynkuus F : F - F7, mocrpoeHHas u3 [ pyHKumii
F,, ..., F, KOTOpbIE IPUMEHSIIOTCS K HellepeceKarmmmMcst yacTsm Bxoaa. Tounee,

Flxllxall -« - lx) = Fixo||[Fax2)]| - - - |[F2(xp),

rze || o603HauaeT KOHKAaTEeHALMI0 OUTOBBIX BEKTOPOB. YPOBEHb S-6/IOKOB B IEMOH-
CTpalMOHHOM mindpe u3 npumepa 1.1 maeT xopoumii mpumep.

Puc. 2.1. Knagouras GyHKuma, noctpoeHHas us [ pyHkumin F, ..., F,

Iyt oTIMcaHMsl CTPYKTYPhI KOPPEISIMOHHBIX MaTPUIL KJIaZ0UYHbIX OTOOpakeHMit
rosne3Ho npousBeneHne Kponekepa. ITycTb A MmaTpuiia pasMepa mxn Haj, mmojiem R:

A A o0 Ay

Ay Azp - Agy
A= ) . )

Am 1 Am,2 Am,n

s

ITycTb Takske B — BelliecTBeHHast MaTpuiia pasmepa pxq. [Ipoussenenniem KpoHekepa
MaTpuil A 1 B HasbIBaeTCs GIovHas BelecTBeHHast Mmatpuiia A @ B pasmepa pmxqn:

A11B ALQB <o AuB

Az 1B AzyzB <o Ay uB
A®B= . . , .

Am,lB Am,ZB e Am,nB

OnemMeHTbl A ® B BBIUKUCISIIOTCS 10 (popmyrie:
(A B),i1ysiqion+1 = Ay By

AJbTepHAaTMBHO 37eMeHTbl A @ B MOXHO MHIEKCMPOBATh MapaMyu MHIEKCOB.
B sTom ciyyae nmeem (A & B) b Ai’}. B, . TIocKO/BbKY 371€MeHTbI KOPPe/ISIIMOHHBIX
MaTpull, WHIEKCUPYIOTCS OGUTOBBIMM BEKTOPAMM, WCIIOIb3YETCS — CIeMyIolee
CoIVIallleHNe:
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CG

F G _
(C ®C )v|||v2,u1Hu2 - Cvlvul V2, U2)
rae C™ u C® — KoppesiMoHHble MaTpuilbl GyHKIMIE F 1 G COOTBETCTBEHHO.

Teopema 2.7. Ilycms F , ..., F, — pynkyuu F . Fy'> Fhunyctb n =Y num=y. m.
Koppenayuonunas mampuya xnadounoil ¢gyukyuu F : Fi — F7, onpedenenHoll Kax
Fix |l ... lIx) = F,&x)Il ... lIF (x), pasHa

!
cF=®c".
i=1
[okazamenscmeo. O603Hauum u = u || ... |u,mv=v || ... ||v, dnementsr C* paBHbI

ck i Z (_1)v1TF1(X1)+~-+v,TFz(Xz)+MIX1+~--+u,TX1
v, u

n

x| <Py
L
_ Z Z 1—[ _(_l)v;rFi(x;)+uiTx;
P
xjely! Fy! i=1 =
1€, X/ € 2
L
— 1_[ - Z (_l)v;rF,- (xi)+uiTxi
2mi
i=l1 xe]Frzli
1
_ F
- 1_[ CUiyui'
i=1
Temeps pe3ynbTat CyiemyeT U3 OIpeaeeHns mponsBeneHnst Kponekepa. O

[To-gpyromy moKa3aTenbCTBO TEOpeMbl 2.7 MOXHO pacCMaTpMBaTh Kak IpuUme-
HeHMe JIleMMbl O HaberaHMM 3HaKkoB B popMe jeMMBI 2.1. ITO AOMYCTUMO, TIOTOMY
4TO BXOAbI GyHKUMI F , ..., F, He3aBUCUMBIL.

Mpumep 2.2 (cOKeHME C KIIOUOM). PacCMOTPUM CJIOKEeHME C N-GUTOBBIM KJTIOUOM,
T. e. QyHKUMIO X = X + k Ha . JIJ11 KpaTKOCTY KOPPEeNSLVOHHYI0 MaTPUILy 3TO
dyakuMM 6ymeM ob6o3HauaTh CK. DTy omepanmio MOXKHO IPEICTaB/ISITh cebe Kak
KJIaJIoYHOe 0TO6pakeHue, IIOTOMY UTO i-ii 6UT X + k paBeH mpocTo X, + k. [TosTomy
u3 Teopemsl 2.7 CliefyeT, uTo

10
Ck:®[0 (_1)/@}'
i=l1

OTOT pe3yabTaT MOKHO TaKXKe ITOJTYUYUTD C IIOMOIIIbIO TeOPEMbI 2.6. >

2.5. JIVHEMHBIE CNEODI

Teopema 2.4 BrIpakaeT KOppeIsIIUM BCeX JIMHENHBIX allllpOKCUMalii KOMIIO-
sumun F=F o . o F r QyHKUMII B TepMMHAX KOPPEJISALNIA TMHEeHBIX allpPOK-
cumanuii r GyHKIui F., ..., F, mo oTnenbHOCTH. B TepMMUHAX KOPPEISIIMOHHbBIX
MaTpull uMeeM
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cF=cF...chch,

XOTS1 3TOT pe3y/abTaT IpeACTaB/sieT TeOpPeTUUeCKuii MHTepec, MpaKkTuueckue
BBIUMCIEHNS TPYIHBI 13-3a GOJIBIIOrO pasMepa KOPPeIsSIMOHHbIX MaTpUIl. UTO6bI
060MTH 3Ty TPYOHOCTh, Mbl BOCIIOJIb3YeMCs Pa3peKeHHOCTbIO KOPPESIMOHHbIX
MaTpull. A UMeHHO 3aIlliCh MPMBEIEeHHOTO BbIllle ITPOV3BeNeHNs B TepMUHAX 3Jie-
MEHTOB IIPUBOAUT K CJIEACTBUIO 2.8 HIKe.

Cnencreue 2.8. [lycmo F, ..., F — @ynxyuu om 6umossix éexmopos. Koppenayus -
HetiHoll annpokcumayuu F =F . --- o F pasna cymme Koppensayuii ecex JUHeLHbIX
c1ed08 ¢ MaxkuMmu e 8xX00HOU U 8bIX0O0HOTI MACKAMU, KAK Y annpoKCUMAayuu:

ur+1 uy = Z ll Mz+1,uz

Uup,...,ur j=1

Ecnu matpuiipt CHi paspeskeHHble, TO CyMMa B C1eICTBUM 2.8 COmepsKUT Majo He-
HYJIeBBIX UJIEHOB. B 06IleM ciryyae mjes B TOM, UTO OTpaHMUYEHHOe YMCIO CJIeflOB
oTIpefiesisieT 3HaUeHMe CYMMbI C HeGObILION MOTrPEeNHOCThI0. ITO HA3bIBAETCS an-
npokcumayueti 0OMUHUPYIOWUX C1e008.

TpaAUIIMOHHBIN MPUHLINI HaberaHust 3HaKOB, KOTOPbII MbI MCIIOIb30BA/IN B TJIa-
Be 1, KOppeKTeH B MMPeII0NOKEeHNUY, UTO ,E[OMI/IHI/IpyeT OIIVH CJIe[:

ur+l uj Cul+l u;’

i=1

rae (u,, u,, ..., U, ) — cIef ¢ HaubosbIueli Mo abCoMOTHO BeIMYMHe KOppesiyeii.
OTO 00BSCHSIET, TOUEMY JieMMa O HaberaHuy 3HaKOB MHOT/IA JAeT MPaBUIbHBIN pe-
3yJbTAaT, XOTS Jiekalllee B ee OCHOBE TMPeATIoNoKeHe O He3aBUCUMOCTHM He BBITION-
HSIeTcs.

g mmppa ¢ yepenosanuem kiawda E, = er CIRP Rkl’ roe Rki(x) = R®) + k,
ciencTBUe 2.8 IpUHUMAaeT BUT,

u,+1 uy — Z (= 1)2’ l“t+lk HCMH—] up (21)

i=1

B wacTHOCTM, payHIOBbIe K/IIOUM BIMSIOT HA 3HAKM KOPPENISIMii CleloB, HO
He Ha UX abCOJIIOTHbIE BeJIMUMHBI.

Ipumep 2.3 (Bo3Bpar Kk npumepy 1.3). Kak 1 B npumepe 1.3, pacCMOTPUM JIMHEITHYIO
anmnpokcumanuio (000000001, 000010000) Tpex payHOOB AE€MOHCTPALMOHHOTO
mmdpa u3 pasgena 1.1. B mpumepe 1.3 6bUT HaliIeH IMHETHBIN CJIe[T C OAMHAKOBBIMM
BXOIHOM ¥ BBIXOMHON MackaMu U Koppensnyei (—1)kototn*s1tl/8, B cBeTte
ctencTBus 2.8 He06XOIMMO IMPOBEPUTD, CYIECTBYIOT JI APYTUE CJIeAbI, CIIOCOOHbIE
MMOBJIMSTh Ha KOPPEISILUMIO TMHEHO allIpOKCUMaIUN.

ITockonbky Bce Gurosble Bekropbl u # 001 Takme, uro CS \ # 0, comepxkar 1o
MeHbIIe/i Mepe [[Ba HEHYJIeBbIX GMTa, KAK MIUHMMYM [Ba S-6I0Ka BO BTOPOM pa-
VHIE mndpa SOKHBI MMeTh HeHyJIeBble BXOAHYIO M BHIXOAHYIO MaCKM, YTOGBI 10~
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JTYIUTh 3GGEKTUBHBIN c1efl. S-6JI0KM ¢ HEHYIeBO BbIXOAHOI MAcKO# Ha3bIBAIOT-
Cs1 akmugHsimMu. TIpUTISIAEBIINCh K KOPPEISILIMOHHOM MaTpuile YPOBHS S-0J0KOB
BHMMaTeJIbHee, Mbl YBUIMM, YTO €JMHCTBEHHbIe BO3MOXXHOCTY — U € {101,011,111}.
Kaskmas M3 HUX IaeT yHUKaIbHbIV 3G deKkTnBHBIN cien. Ha puc. 2.2 mokasaHbl Bce
Tpu noaydauuxcs: 3hGeKTUBHBIX caena.

Koppensiiyio Kakaoro cjaena MOKHO BbIUMCIUTD, IIPMMEHUB TeOpeMbI 2.6 u 2.7.
Hampumep, paccMotpum ciefi Ha puc. 2.2a. Koppensinsi B mepBoM payHJie paBHa
(-1)%CSy, gy = (-1)'0*'/2. 11 BTOPOrO payHza us Teopemsl 2.7 CIefyeT, uTo Koppe-
JISILMS paBHa

kio+k S S S kio+k
(_1) 1o CO]O,O]O COOO,OOO CO]O,O]O = (_1) 10 16/4‘
e ~———

——— —
—1/2 1 —1/2

HakoHell, B TpeTheM payHje Koppeasius paBHa (—1)k1e*sitl/2. Orcioga obimas
Koppesnsuus ciaema paBHa (—1)kotkiotkietkalhazksi*l /16, AHAIOTMYHOE BBIUYMCIIEHNE TSI
IPYTUX CIEeIOB JAeT MOTHYI0 KOPPESINIO, PaBHYIO (TTpoBepbTe!)

(_1)K1 /8 + (—1)”'+K2/16 + (—1)"1+K3/16 + (_1)K1+K2+K3/32’

roe k, =k, + k,+k,+k, +1,k, =k, +k nk =k, +Kk,. [ToCKOIbKY IpyIuX CIem10B
C O/IMHAKOBBIMM BXOJIHO 1 BLIXOHO¥ MacKaMy HeT, IpMUBeJleHHOe Bblllle BbIpaske-
HMe TOYHOE. 3aMeTUM, UTO er0 MOKHO Ilepenucarh B BIje

(=D¥1/8 (14 (=1)2/2)(1 + (=13 /2).

Vicxofist 13 BbIIIeCKAa3aHHOT0, KOPPEJISIs B 3aBUCUMMOCTHU OT KJII0Ua paBHa JIMbo
+1/32, nubo *3/32, nu6o +9/32. B mpumepe 1.4 6bUIO OTMEUEHO, UTO KOPPEISIIINS
6/113Ka K 3/32. DTO 0OBSICHSIETCSI TEM, UYTO TOLJA MCII0Ib30BAJICS KIII0Y, 11T KOTOPO-
rox, =0,k,=1mk,=0. =

2.6. UCTOPUYECKAS CMPABKA

KoppensiiiyonHble MaTpuiibl B 1994 romy BBen [laMeH Ha KOH(epEHIMM 10 OCHO-
BaHMSIM IporpaMMHOil nHkeHepuu (FSE), a Takke B CBOeli JOKTOPCKON Ayuccep-
Tauuy, KOTOPYIO OH 3alUTWI B CIeAyIouieM rogy. Baxkxnoe otnmume onmcanus imn-
HeJHOro KpUIITOaHaI13a, JaHHOTO Mailyy, 1 Ha OCHOBe KOppeIsiMOHHbIX MaTpHUL],
3aK/II0YaeTcsl B TOM, UTO Mallyu mpezrionaraj, yTo (payHA0Bble) KJIIOUM — PaBHO-
MEepHO pacnpefeneHHble CJiydaliHble BeTMUMHbBL. YXOJ OT CyYaliHbIX KI0Ueil CTasl
BaXHBIM IIaTOM BIlepe[i, M HACTOSIIas KHUTa UAEeT M0 TOMY >Ke ITyTU, HO TOTIa OH
He ObUT OLIEHEH 10 JOCTOMHCTBY. B paHHMUX paboTax Mo JMHENHOMY KPUITTOAHATU3Y
YacTO PacCMaTpUBAIMUCh CBOVCTBA KBaJPaTUUYHbBIX KOPPENSINii, yCpeAHEHHbIX 10
KmoyaM. CaMblIil BasKHBIN ITpUMep TaKOro pesynbraTa — meopema Hiobepe o nuHeti-
Holi 06os0uKe (cM. yripaskHeHue 2.11).
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(C) Cne,u C Koppenﬂul/{el'/’l (_1)k0+k10+k13+k21+k22+k23+k31+1/32

Puc. 2.2. Tpu cnepa c YetblpbMsi UnKM 6onee akTUBHbIMKU S-610KaMK
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2.8. YNPAXHEHMA

YnpaxHeHue 2.1
IIycts f: F) — F, u g : F} - F, — 6yaeBbl pyHkuyn. JJokaxkuTe, 4TO
C(f,8) =(C-1), (-1)%).

3mech (-,-) 0603HaUaeT ceayoliee CKaJIPHOE MPOV3BeeHe B BEKTOPHOM TIPO-
CTPAHCTBe BellleCTBeHHbIX QyHKIMit Ha [F:

1
(p.g) =57 D P ()

n
xely

mstp i Fl->Ruq:Fj— R

YnpaxHeHue 2.2

Kaxk mokasano B ynpaxxHenuu 1.2, mo6ast 1uHeliHas 6yneBa GyHkuus Ha F) umeer
Bun L, rme u € Fju € (x) =u'x.
1. [Hoxkasxkwure, uTo mjist Bcex u, v € Fy C(C, £) = 8*(v).
2. Bocmonb30BaBIIMCh 3TUM CBOMCTBOM, TepedpasupyiiTe H0Ka3aTelbCTBO
TeoOpPeMbI 2.6 JJIsT TMHETHBIX (PYHKIIMIA.

YnpaxkHeHue 2.3

Ilycts f : F) — F, — dyHkuus. [IpeobpasoBanmuem Yonuia—Anamapa QyHKIUM
fHasbiBaercst yHKIyst W, : F) — R, onperesieHHas CIeyIOLM 06pasom:

1
Wi = 2 3 T,

n
xel;

HoKaskMTe Cenyroye yTBepKIeHNs:

L. W,w=C#,h.

2. W, (u) = 0 Torzsa u TONbKO TOIAA, KOIAA f + £, SBIsIeTCs COanaHCUPOBAHHOM
6yneBoit dyHkimeit. ByneBa QyHKIMS Ha3bIBaeTCs c6aIaHCMPOBAHHOI, eC/IN
OHa MpUHMMaeT 3HaueHe 0 pOBHO Ha TMOJIOBMHE CBOMX BXO/IOB.

3. Koppensauus nuHeliHoi annpokcumaunu (u, v) yakuym F : F! — F?” paBHa
Wé’vﬂF (u)'

YnpaxxHeHue 2.4

B sToMm yrpaxkHeHUM UCCIeAyeTcCsl psif, MHTepeCHbIX C/iecTBUii TeopeM 2.4-2.7.
Bce npuBenmeHHbIe HMKe pe3y/IbTAThl BHITEKAKOT M3 OOHONM U3 3TUX TeopeM. I1ycTh
F: [F}— [F} — mepecTaHOBKa. [okaxuTe cnenyrolyie yTBepKIeHUS.
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1. s mo6oii u € F) npeo6pasosanue Yomma-Agamapa (CM. yrpakHeHue 2.3)
YOOBJIETBOPSIET TOKIECTBaM ZVG]F; W, W:=1u Zvemg W, ¢ (u)*= 1. B yacrt-
HOCTH, U3 NIePBOTO YTBEPXKJEHNUS CIIeAyeT, 4To ) . W, (v)? = 1 nns mo6oit

2

6yneBoit GyHKIMM f. IHOTIa 3TOT (DaKT HAa3bIBAIOT paBeHCTBOM IlapceBaisi.
2. [na mo6oii HeHyneBoii v € [F) 6ynesa Gynkuus ¢ ° F cbanancuposana.

*YnpaxHeHue 2.5

1. TlpuaymaiiTe aaroputm ¢ BpeMeHHOJ c10kHOCTbIo O (I §'), KOTODBIit BBIYMC-
JIsieT TIpou3BeieHye BeKTopa Ha MmaTpuny B Buza

B=A ®..QA,
rae A, ..., A — MaTpuibl pasmMepa sxs u [ > 1 - 1iej10e unco.
2. Jlokaxure, 4TO AJIs1 1060t pyHKIyM f @ F) — F, (0 TOM, uTO Takoe W,, cM.
yIpaxxHeHue 2.3)
Wr(0,0,...,0) (_1)f'(0,0 ,,,,, 0)
Wr(0,0,...,1) 1 ( n |:1 1i|> (_l)f(0,0 ,,,,, 1
: G 11 :

Wl 1,...,1) (—1)F (Lo )

3. IlpupgymariTe aIrOpUTM, BBIUNCISIOLINA W, 3a Bpems O(n2").

4. Tlpupymaiite aJropuTM, BBIUMCISIOUNIA KOPPEISUMOHHYI0 MaTpPUIly 3aaH-
HOJ QyHkuuy F: F} - F7 3a Bpems O(n2"™) B npenonoxenun, 4to F 3agana
B TaOGIMYHOI opMe.

YnpaxxHeHue 2.6

B sTom ympaskHeHMM BaM IpejJiaraeTcs MPOAHAIM3MPOBATh KOHCTPYKIMIO Ha
puc. 2.3. Ee Bxog 0603HaUaeTCs X, a CeKpeTHbIN Kittod — k. KoppensiiimorHast MmaTpu-
11a S-6;710ka S mokasaHa B mpumepe 2.1.

e

k k

Puc. 2.3. KoHcTpyKkums ¢ Tpems S-6nokamu

1. HaiiguTe nuHeNHBIA clen C Koppensiyen V4.
HajiguTe MuHeHY0 allMPOKCUMAIINIO C KOppesisiiueii 1 XoTs 6bI 1JisT OMHOTO
KJII0Ya.

3. Ilpenrionoxmum, 4TO CyIIeCTBYET BXO, X, KOTOPOMY COOTBeTCTBYeT Bbixom 001.
Wcxonst u3 Baliero oTBeTa Ha MpebIAyInii BOIPOC, CKaXXUTe, KAKOBbI BO3-
MO>KHBIE 3HaUeHMs KI0ua.
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YnpaxkHeHue 2.7

B sTOM ympaxHeHuM BaM IpeJjIaraeTcs IPOaHalIM3MpoBaTh KOHCTPyKuuio E, :
F¢ — IF; Ha puc. 2.4. Ee cekpeTHbIii K104 o603HaueH k = k ||k,. Koppensauuonnas
MaTpuiia S-6y10Kka S nmpuBeneHa B npumepe 2.1.

ko

. Ja
s an S

. Jan) R
S ah S

kq
Puc. 2.4. KoHcTpykums ¢ YeTbipbMs S-6nokamu

1. HaiiguTe nuHENHBI Cen ¢ Koppensuyen Vi,

2. HaliguTe HeTPUBUAILHYIO IMHEHYIO alllIPOKCHMMALIMIO C KOppessuyei 1 mis
k = 000000. BerumcimnTe ee KOppeIsILMIO IJIS BCEX 3HAYEHM K.

3. MWcxops n3 Balero oTBeTa Ha IpeAbIayIIuii BOIIPOC, CKasKUTEe, BO3MOXKHO JIN,
uro k, =Kk,?

YnpaxkHeHue 2.8

O6osHaunm and, : F¥' > F; QyHKUMIO, BRIYMUIAIOIYIO MOpaspsaaHoe M cBoux
N-OUTOBBIX BXOLOB:

and i (X, ..., X, Y, 0 Y) P XY, 0 XY ).

OTa omepauusi MCIOMb3YeTCS] B HEKOTOPBIX OIOUHBIX mudpax (CM. ympaskHe-
Hue 2.9). Crenyioliye BOIPOCHI BeAYT K BLIBOLY (OPMYJIbI 371IeMEHTOB KOPPesLy-
OHHOJ MaTpuupl and, .

1. Toxkaxkute, uto 1+ (-1)* + (1)’ - (-1)** =2(-1)® mns1 mo6bIX a, b € F,.

2. BpyuHYIO BBIYMCINTE KOPPEISLMOHHYIO MaTpuiy and, .

3. Tlokaxwure, yTO /151 TIOOOTO 1 > 1 371eMeHTbI KOPPeIALMOHHOM MaTpuibl and,

OTMCBIBAIOTCS (OPMYITOT

;
and, (=% v 2wt ecmn u K wuv < w,

w,ullv 0
B [IPOTMBHOM C/Iy4yae,

rme wt(w) — KOJIMYeCcTBO HEHY/IEBBIX 3JIEMEHTOB W (€r0 YacTO Ha3bIBAIOT «BECOM
XaMMMHTa» W), a < 0003HaYaeT IMOPSIIOK Ha GUTOBBIX CTPOKAX, ONPeeIeHHbIN Kak
X < Y TOIZia M TOJIbKO TOTJa, KOrja X, S y, Uisi Beex i = 1,..., n.

* YnpaxkHeHue 2.9

Simon - Tak Ha3bIBaeMblit mudp DeiicTens, CIPOeKTUPOBAHHbIV B ATEHTCTBe HaIMO-
HasbHOV 6e3omacHocTu (AHB) CIIIA. OH ocHOBaH Ha (QYHKIMMU MopaspsimHoro U us
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ynpaskHeHus 2.8. Paynnoast dyHkiust mmdpa Simon-32 mokasaHa Ha puc. 2.5. ITopas-
psgHoe 1 0603HaYaeTCs] CMMBOJIOM A, a TTOPa3psIHbIA IUKIMIECKUI CIBUT — CUMBO-
JIoM <. B 9TOM yIpaskHeHM) HaM He BaKHO, KaK TeHepUPYIOTCs PayHIOBbIE KIIIOUM K.

1. HaiimuTe AMHENHBIN caen B ABYX payHAaX C MaKCUMMAaJTbHOW abCOTIOTHOM
KOppensiuen.

2. Peanusyitte mmdp Simon-32 1 OIeHNTE KOPPEISIINIO TMHETHOM arpoKCH-
Maluu, HalileHHO! BaMi B TIpeIbIAyleM BOIIpoce, AJIsl K4a, COCTOsIIe-
ro U3 OfHUX Hysel. COmacyroTCs I pe3yabTaThl C BAIIMMU OXKUITAHUSIMMU?
IMorpo6yiiTe 06BSICHUTD MMOTEHIMATbHBIE PACXOKIEHMS.

(h

D

(.

Puc. 2.5. PayHaoBas gyHkums 6noyHoro wudpa Simon

*
YnpaxxHeHue 2.10
®ynkuus f: Fj - F, Ha3pIBaeTcs k6adpamuuHoli (popmoti, eciv OHa UMeeT BIJ,
fo) =) aijxixj,
i<j
I7ie MHOXMUTEN d,; IPUHAAexar F, M X, ..., X, — SIeMEeHTbI X.

1. JIokaskuTe, YTO CyLIECTBYeT BepXHETPeyTro/ibHas MaTpuiia A Takast, uTo f(x) = X'Ax.
2. TIokaxkuTe, 4TO C TOYHOCTBIO 10 JIMHENHOV 3aMeHbI IlepeMeHHbIX MaTpulia A
uMeeT BUI:

S O
[es Y
S O
S =

S O
O =
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3. Bocnonb3oBaBLIMCh TeEOPEMOIi 2.6 ¥ pe3y/bTaTOM yIIpakHeHMd 2.8, BpIBe -
Te GopMYy IJIs1 KOPPENSIIMOHHOM MaTPHUIIbl ITPOU3BOIbHONM KBaApaTUUHOM
dopMbl f(9T0 MaTpUIla pazMmepa 2x2"). JIoKakUTe, YTO a6COTIOTHAS BeTUYMHA
KOppessiuy 1060 HeTPUBMAIbHOI JIMHEMHOI anpoKCcuMaluu f He Tpe-
BOCXOOUT 27, I1Ie I — paHrT A.

4. Tlycrs F: F] — F7 onpenenena Kak F(x) = Q(x) + L(x), rne Gpynkums L iuneiinas,
a Bce s7eMeHThI Q SIBASIOTCS KBaApaTUuHbiMu hopmamu. [Ipumymaiite anro-
PUTM, BBIUMCISIONINIT KOPPEISIINIO 3aJaHHOM TMHEMHO arnpokcuMmanumu F
3a Bpems O(n®).

YnpaxxHenue 2.11

Paccmorpum mmdp ¢ uepemosaHuem kiaoua E, ¢ payHnoBoii dyHkuueit R u He-
3aBUCMMBIMM ¥ PaBHOMEPHO paclpemeleHHbIMM PayHIOBBIMM  KIHOUAMU
(k,, ..., k) = k. TJokaxxuTe cieayolye yTBePXKIeHNS.

1. E(CPk) = 01 mo6bIx (u, v) # (0, 0).
2. ns mo6bIx (U,,,, U,) AUCIIepCUs paBHa

r

2 2

]Ek(CMErkH,MI) = Z H(CllRi+l»Mi) *
U, Uy i=1

OTOT pe3y/ibTaT Ha3bIBaeTCsl meopemolti Hiobepe o auHeliHoli 00010uKe.
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OnTuMusauua NMHEeNHbIX Cneaos

https://t.me/it_boooks/2

HaxokmeHue JMHENHBIX CJIeOB C BBICOKOV abCOMIOTHON KOoppessiyeil 6hICTPo
CTAaHOBUTCS YTOMUTEIBHBIM 3aHSITHEM, OCOOEHHO /i MMGPOB ¢ 6ojiee CI0KHOM
CTPYKTYPOIi, YeM IIpUMep, C KOTOPBIM MbI paboTasu 10 cux mop. [TocKonbKy ob6Iiee
YMCIIO CJIeJOB KOHEUHO, HAXOKIeHe JIMHEeHbIX CJIeIOB C MaKCMMAaTbHO aGCoIIOT-
HOJi KOppeJsiiyeit — mpuMep 3aJau KOMOMHATOPHOM ONITUMU3aIIAN.

B 3TOif mmaBe O6GCYKHAIOTCSI TPU PaCIpPOCTPAaHEHHBIX MeTOHA ONTUMM3ALVN:
MeToJ, BeTBeit u rpanui] Mairyu, cMelllaHHO-11eJIOUMCIeHHOe JIMHEeHOe MporpaM-
MMPOBaHMe U BBITTOJIHMMOCTb MJIM BBITTOJIHMMOCTb (hOopMyJ B TeopusiX. ITomyTHO
BBOZSTCS IBA JOIIOJHUTEIbHBIX IIpMMepa MMUGPOB C pa3HbIMU CTPATEIUSIMU ITPO-
eKTHPOBaHMUSI.

3.1. METOL BETBEI U MPAHMULL

[TepBbIii METON, ONITUMM3AIIMM, KOTOPBIIA MbI 00CYIUM, IPUHAIJIEKUT Mairyn. 31o
MpyUMep aJrOpMUTMa BETBE U I'paHUIL IIPU MTOVUCKEe B TIyOMHY, HO MOXKHO ITpemjio-
SKUTh MHOTOUYMCJIIEHHbIE BapMaHThl 0a30BOJ CTpaTeruu, Jarmollye IMPeuMyIeCcTBO
B KOHKPETHBIX CTyJasix.

3.1.1. Mowuck B rny6uHy

AJTOPUTM TTOMCKa B TIyOMHY OOXOAUT BepuIMHBI rpada, ciemys 1Mo pebpam Ha-
CTOJTBKO J1aJIeKO, HACKOJIbKO YIACTCS, a 3aTeM BBITIONHSSA Bo3Bpat. Ha puc. 3.1 sToT
TMIpoIlecc ITOKasaH AJIsl crydast, Korma rpad ssisieTcs gepeBoM. Hauas ¢ KopHS a, an-
TOPUTM Ha KaykIOM Illare BbIOMPaEeT OJTHOTO U3 ChIHOBE paHee BLIOPAHHOI BepIII-
HbI. Ha puc. 3.1 oHa 3a ApyTOi1 ITOCEIAI0TCS BePIINHEI a, b, ¢ v d. Y BepinHbl d HET
ITOTOMKOB, TTI03TOMY QJITOPUTM BO3BpAIIAETCsT K IMOCAeIHEN BeplIMHe, MMeIoIein
HEeJCCIeOBAHHBIX TOTOMKOB. DTO BepIINHA b, U3 KOTOPOI MOUCK ITPOIO/KAETCS
roceleHneM BepiivH e U f. [IoCKONbKY Y f HeT IOTOMKOB, aJITOPUTM BO3BpaIlaeTCst
K BepuHe e. [Tocte mocenieHust § OH BO3BpalllaeTcsl B KOPEHb U MPOIOJIKAET UC-
CJieoBaTh BePLIMHBI h, i 1 j.

HaxoskmeHne KpaTyaiimx myTeii B pe6epHO B3BeIIeHHOM rpade — TUITMIHOE
TIPUJIOKEeHMEe aITOPUTMOB TOMCKa B IIyOMHY. KpaTuailmmm myTeM MeXAY IBYMS
BepIUIMHAMM Ha3bIBAETCSl TOCIENOBATEIbHOCTh COEOMHEHHBIX pedpamy BepIIH
Takasi, UTO CyMMa BeCOB 3TUX pebep MMUHMMAaIbHA. MOKHO paccMOTpeTh 6ojiee 06-
IIyIO 3a[aYy O IOVMCKe KpaTyaiiimx ITyTeil MeXay IBYMs MHOKECTBAMM BEPIIVH.
Hampumep, 06xo1, B ITyOMHY, TTOKa3aHHbBIN Ha pUC. 3.1, MOSKHO GbIJIO GBI MCITONb30-
BaTh JJIS1 HAXOKIEHMST KpaTUaIIero myTy Meskay KOPHEM d ¥ OTHOJ U3 JIMCTOBBIX
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BepIINH d, f, g WY j, IJIST Uero HY>KHO ObLJIO O6bI COXPAHSITh AJIMHY ITyTH, TI0O KOTOPOMY
crenyeT anropuTM. UTo6bI HAliTY KpaTUailinii ITyTh, STOT METO/I, IIOCeIIaeT KaskayIo
BepIINHY KaK MUHUMYM OAMH pa3. OmHAaKO MOXHO HaAesIThCSl HATU TOCTAaTOUYHO
KOPOTKUIT IyTh pPaHbIlle, IPUMEHSSI SBPUCTUKY [IJIsST BI6GOpa ClIemyiomeli mopaieska-
1ieii rmocenieHnio BepiiHbl. OgHA 13 BO3MOKHBIX CTpaTeruii — Bcerga cjiefloBaTh
110 pebpy ¢ HauMeHbIUM BecoM. OHa Ha3bIBAETCS SKaJHBIM ITOVICKOM.

Puc. 3.1. 06xop fepeBa BbICOTbl 3 B IyOUHY

MeTop BeTBeit U rpaHUL] HAXOAUT KpaTUaillinii MyTh, He TIocelasi BCe BePUIMHBI.
OH OCHOBaH Ha MPeJIOoNI0KEeHUN O TOM, UYTO ITPOAO/DKeHNe ITyTU HUKOTIA He YMeHb-
I1aeT ero NoOMHbIN Bec. EC/iu Bce Beca HeOTpuULIaTeIbHbI, TO 3TO MIPEATION0KEHE 3a-
BeZOMO BepHO. MeTo BeTBell ¥ IPaHUL, MOKHO 0ObEJMHUTD C TIOMCKOM B TJTYOMHY,
MoAUGUIIMPOBAB BBIOOP CJIeAyIoleli BepiuInHbL. [TyCcTh X — TEKYIIIAs BepiIinHa, f(x) —
TIOJIHBII BeC TeKYIEero IyTu OT KOPHS K X, a B — MOiHbINM BeCc HAWIy4llero myTu,
HaliIeHHOTO K HACTOSIIIeMy MOMEHTY. B ajiropuTMe Takske UCIIONb3yeTCs] HUKHSIS
rpanuiia h(y) mogHOTO Beca KpaTuaiflliero MmyTy, HAaUMHAIOUIEroCsl B BepIIMHE .
@yukius h: V - R Ha3biBaeTCs1 9BPUCTUKON. ChbIHA Y BePUIMHbBI X MOXKHO UTHOPU-
poBaTh, ecIu

fx) +w,, + h(y) > B,

Ihe w, - Bec peGpa, COeiVHSIIOWIEro x 1 y. JlefiCTBUTENBHO, f(x) + W, + h(y) — HVDKHSIS
rpaHuiia MOJTHOTO Beca BCeX MyTei, KOTOPbIe MOI/IY Obl 6bITh HAliEHbI B PE3Y/IbTa-
Te IPOIOJIKeHMS IT0MICKA U3 BePIINHEI Y.

KosnuecTBO BepINH, OCEIEHHbIX METOAOM BETBEI U IPaHMIL C TOMCKOM B TUTy-
OMHY, CUJIbHO 3aBUCUT OT 3BPUCTUYIECKOI QyHKLIMM h. B xyamiem ciaydae h(y) = 0 mis
BCEX BEpIIVH Y.

3.1.2. Metop, Mauym
Iycte F = F °...° F, - xomnosuuus r yskumii F, ..., F , toe F,: Fli— Fpi1. Hamom-
HMM, 4TO C/IeIOM Ha3bIBAETCS TOCIE0BATEIbHOCTD (U, ..., U,,;) MACOK. MHOXeCTBO

BCEX BO3MOXKHBIX CJIeoB 06pasyeT rpad G ¢ MHOKECTBOM BePILH

v= J {Gu)|ueFy}

l<i<r+l
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Pe6pamu coeqyHeHbl BepmmHbl (i, u) u (i + 1, u,, ), 1nst Koropeix CFi o #0,aBec
pebpa paseH -log, |CFi | Ecmm pe6po OPUEHTUPOBAHO (HanpaBneHo u3 i+ 1Bi),
To G sABsIeTCS OpI/IeHT]/IpOBaHHbIM anukandeckum rpacdom. [TonHbI Bec MyTU
Lup),2,u,),...,r+1,u, ) paBeH

r

Z —log, |Cm+1 u; —log, 1_[ |C Ujt1, ’41

i=1 i=1

CremoBatesibHO, KpaTYaiumii myTb Mexxay BepumiHamu (1, u) u (r+ 1, u ) co-
OTBETCTBYET CJIEAY C MaKCUMaJIbHOI abCOMIOTHOI Koppensiueit. Meton Maiyu Ha-
XOIIUT TaKue CJIeIbI C TTIOMOIIBIO MIOMCKA B IIyOMHY, HAUMHAS C ITOCTeIHEr0 payHaa
" IBUTASICh K ITepBoMy payHay'. [IceBmokon MeTona nmpuBeneH B anroputme 3.1.

OBpuctmueckast GyHKus h: V - R, ucronb3yemas B aaroputme 3.1, onpenernsi-
eTcs B TepMUHAX IrpaHull B, ..., B, MaKcUMabHOi aGCOMIOTHO KOppensiuuu caesa
u3 payHza 1 B payH[ i. To ecTb

h(, u) = -log, B

Ha mpakTuke 3BpUCTUUECKYIO (QYHKIMIO YaCTO MOKHO YIYUIINUTh, IIPUHSB BO
BHMMaHJe KOHKPETHOe 3HaYeHue MacKu U,. 3aMeTUM, YTO BCera MOKHO BbIOpaTh
B =1.

[Topsimok nepeuncienust Macok (ctpoku 10 u 17) B anroputme 3.1 ocTaBjieH He-
oIpenelieHHbIM, HO Ha IPaKTMKe OH BakeH. Bo BHyTpeHHeM IuKkie (crpoka 10)
OOBIYHO MCIIO/Ib3YeTCs KaHblii TOAXO0,: MaCKy U, , BbIOMPAIOTCS B IOPsAKe yObIBa-
Hug |[CFi . l| OpHako npu paspelnieHy HeOgHO3HAUYHOCTe BO3MOKHbBI BApMAHTHI.
Bo BHeIIHEM LNKIIe (ctpoka 17) Heobxomum apyroii mogaxoxn. OO6BIUHO UCIIOb3Y-
eTcs 3BPUCTMKA, OCHOBaHHAsl Ha 3aIyisiibIBaHMM BIeper Ha ofuH payH[. Hampu-
Mep, MOXKHO TIOCYMTATh KOTMYECTBO S-6/I0KOB, KOTOPbIe TapaHTUPOBAHHO AKTUBHbI
B [IOCJIEIHEM payHZe.

Asnroputm 3.1. [ceBpokon MeTofa Mauym HaXOXAEHUS ClefoB

Bxon:

®yukuyn F, ..., F ¢ xoppensaumnonnsimu matpunamu CFi, ..., CFr

I'paunupl B =1, B, ..., B Takue, 4T0 B, > B; > ]_[l,1 |C Wit i | IJISI BCEX U, ...y U,
Boixon:

Cnen (v, ...,V,,;) C MAKCMMAaJIbHO BEJIMUMHON [Ti= |Cvl+1 vi |

1 > MHMnmanmusupoBaTh abCOMIOTHYI0 KOPPEISLMIO JIy4Ilero 13 HaliJeHHBIX
K HaCTOsAIeMy MOMEHTY C/Ie[IOB

2: B«0
> PekypcuBHas npoueaypa HaXoXKIeHysl Ty4Ilero cj1e/ia, HauMHas C II0C/IeJHero
payHIia

4: procedure SEARCH(u,,, u,...,u)

OpuruHaibHbI MeTon Mallyy HauMHaeT ¢ IepBOro payHa, HO paboTaTh B 0OpaTHOM Ha-
IpaBjIeHMY JIydllle, KO HeKOTopble u3 GyHkuuii F , ..., F He o6paTumbl.
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5 if /=1 then
Fi
6: B« H?:l |Cui+]vui}
7: Vs V) < WUy U,
8: return
9: end if
10:  for Bcex u, , Takux, uro CFi " #0do  © DBpuUCTMKA OIpeaeaeHNs TOPsIaKa
i+1o4j

. F;
11: lfBl—] n::l—] ’Cui+|,ui‘>Bthen
12: SEARCH (u,,, u,...,u,u,,)
13: end if

14:  end for
15: end procedure

17: for Bcex u ,, # 0 do © DBPUCTUKA OTpeeeHus opsiaKa
18:  SEARCH (u,,,)

19: end for
20:

21: return (v, ..., v )

Mpumep 3.1. [IpyMeHUM anropuTm 3.1 K TpeM payHJam AeMOHCTPAIMOHHOTO Mnd-
pa u3 pasgena 1.1. Beibepem B, = 1. AGcomoTHasi KOpPeJIALMS alIPOKCMMAaLUK Ha
OTHOM payH/Ie He TTPeBOCXOOUT Y2, IOTOMY UTO XOTsI ObI OIMH S-6JI0K AO/KEH ObITh
axktuBeH. [losromy B, = 2 u B, = /4 — IONTyCTUMbIe BapUaHThI BbIOODA.

O603HaumMM U, U, " U, MacCKu Ha BXOJle B IepBble TPM payHja mmdpa cOOTBET-
CTBEHHO. Bribepem MacKy u,, Tak YTOObI KOJIMYECTBO S-6/I0KOB B IOC/IeJHEM PayH-
Ie ObLI0 MMHMMAIbHO, HEOJHO3HAYHOCTh pa3pelraeM CyyaifHbiM ob6pa3om. Ha-
npuMep, Tak MOXHO Ob1I0 6bI puiiTH K BeI6Opy u, = 000010000. IIpu mopo6HOM
BBIOOPE 3HAUEHUSIMU-KaHIUIATAMU u, 6ymyT {000010000, 000011000, 000101000,
000111000}. CHoBa paspemias HEOOHO3HAYHOCTb CJIyUaifHbIM 06pa3oM, IpeIiono-
XuM, 4To Bri6pano 000011000. Torga BO3MOKHBIMYM 3HAYEHUAMM U, OYIYT

{010000010, 011000010, 101000010, 111000010, 010000011, ...}.

CHOBa paspelass HEOTHO3HAUHOCTb CAy4YailHBIM OOpa3oM, BbIOMpaeM 3Haye-
Hye 011000010. B 3TOT MOMEHT BCe AOMYCTUMbIE 3HAYEHMS U, TIPUBOMST K CIeMy
¢ abCOTIOTHOVE Koppesuyeli Vis. Haiias Takoii cief, aaArTopMUTM BO3BPAIaeTcs K BbI-
60py u,. OmHaKo TaK Kak B,/8 = /16, HUKaKO# APyro BBIGOD u, He MOYKET JIaTh JIy4-
mmii cnen. B pesynbraTe anropuTM Cpasy BO3BpaIlaeTcs K BbIOOPY u,. IIoCKOMbKY
B,/2 = /s, Bce ocTa/bHble BO3MOXKHbIE 3HAUEHMSI U, MMO-TIPEKHEMY SIBJISIIOTCS J10-
MTyCTUMBIMY KaHAauaatamy. OmHaKO [j1s1 Tr060r0 Bbi6opa, kKpome 000010000, anro-
PUTM HeMeIJIeHHO BBITIOIHSIET BO3BPaT.

[Tocie TOro Kak B KaYeCTBe 3HAYEHNS U, BbIGpaHo 000010000, emMHCTBEHHBIN BbI-
60D u,, KOTOPBIV He 6T TPM3HAH TYIMKOBBIM 1 MCKIodeH, — 000000010. Torma mro-
60Ji MOITYCTMMBIV BBIOOD U, JAeT CJIef] C KOppeJsiuyeli /s, KOTOPbIi SBISeTCS ONTH-
MaJIbHbIM. AJITOPMTM HEeMeJIJIEHHO BBINOMHSET BO3BPAT K BhIOODY u,. PaHO mpepbiBast
ITOVICK HA OCHOBE KOJIMUYECTBA S-6JIOKOB, aKTUBHBIX B TIOC/IETHEM payHIE, aITOPUTM
MOJKET 3aBEPIINTHCS MTOCTIe MPOBEPKM elne 3 - 8 — 2 = 22 3HaUeHUii U,. =
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Mertop, BeTBelt 1 rpaHui; Mailyu NpUMMeHUM Takke K APYrMM TUIIaM Mindpos,
BKJIIOUAsl IIpUMepbl, KOTOpble OYmyT mpuBeneHbl B pasgenax 3.2.1 u 3.3.1. OnHa-
KO 9TO YTOMUTEIbHAs ¥ UpeBaTas olImMoKaMy paboTa, 0CO6eHHO KOTrIa Ha MepBbIit
TJIaH BBIXOAUT 3(PdEeKTUBHOCTb. AJTbTEPHATUBHBIN MMOAX0H — epedopMyanpoBaTh
3aavy ONMTUMM3AUU KaK 3a[auy CMelIaHHO-1IeJIOUMCIeHHOT0 JTMHEITHOTO Mpo-
rpaMMMPOBaHMS (pasmen 3.2) Wiy 3aauy BBITOJIHUMOCTY (pasmen 3.3), 4ToObl UX
MOSKHO OBIJIO PEINTh, BOCIIOIb30BaBIIVICh TOTOBBIMM ITPOTPaMMaMM.

3.2. CMELUAHHO-LEENOYUCNTEHHOE JIMHEMHOE NMPOrPAMMUPOBAHME

3aaua JIMHEHOro IIPOrpaMMIUPOBaHMs — 9TO 3a7ava ONTUMM3ALIY B BellleCTBeH-

HBIX IIepEMEHHBIX X, ..., X C JIMHEeJHOJ] 1ie1eBoit QyHKuMe
n
min a;x;,
X1seees X —
roe a, ..., a, — 3aJjaHHble BellleCTBeHHbIe uncia. Ha mepemeHHsbIe x , ..., X, HaKJa-

ObIBAETCSI ITPOM3BOJIbHOE YMCJIO OI‘paHI/I‘-IEHI/Iﬁ B BU€e TMHEMHBIX HepaBeHCTB BMaOa

n
> bix; = buy,

i=1

rne b, ...,b b, — BemecTBeHHbIe UMCIA. 38124 IMHEHHOIO IPOrpaMMMUPOBAHMS
IOITyCKAIOT MPAKTUUeCKY 3P PEeKTUBHOE pellleHre, HallpUMep C MOMOIIIbI0 CUMILIEKC-
meroza. Eciu TpebyeTcs, uTo6b HEKOTOPbIE U3 IePEMEeHHbIX X,, ..., X, ObIIM Le/IbIMH,
TO TOBOPSIT O 33[jaU€e CMENIaHHO-I[eIOYMCIIEHHOTO JTMHETHOTO MTPOrpaMMUPOBaHMSL.
J71st TpyIToskeHMii B 06JIaCTM JIMHEITHOTO KPUITTOAHAIN3A LIeJTble TepeMeHHbIe 06bIu-
HO TpuHUMaloT 3HayeHus 0 win 1. B obiieM cryuae 3afaun JMHETHOTO Mporpam-
MMPOBAHUS C IeJIBIMM [T€PEMEHHBIMM TOPa3io TpyaHee. TeM He MeHee CYIeCTBYIOT
CTenaIM3VPOBaHHbIE TTPOTPAMMBI, CITOCOOHbBIE CIIPABUTHCS C TaKUMU 3aJadyaMu
Ha MMpaKkTHKe. B 3TOM pasperne Mbl IpMMeM CYILeCTBOBaHMe TAaKMX «pellaTesei» Kak
IAHHOCTb, & CAMU 3aiiMeMcsl TeM, Kak chOpMY/IMPOBATh 3a/1a4y ONTUMU3AIUU CIIe-
JIOB B BU/JIE 3aaul CMEIIaHHO- [[eI0YMCIIEHHOTO JIMHEITHOTO MMPOrPaMMUPOBaHMSI.

3.2.1. NMpumep: wudp Tvna Rijndael

B aToMm paspmerne omuchIBaeTCsI BTOPOI AeMOHCTPAIMOHHbIN MNP, KOTOPbI Mbl
NpoaHaIu3MpyeM MEeTOAO0M CMelIaHHO-LeI0UMCIEHHOTO JMHEHOTO MPOrpaMMu-
poBaHuUS B pasgenax 3.2.2 u 3.2.3. OTo mmdp C yepemoBaHKEM KIOUa, IPU MPO-
eKTMPOBAHMM KOTOPOTO IIpUMeHeHa cmpamezus Wupoxozo ciedd, uTo6bl TPOTUBO-
CTOSITb JINHEITHOMY KPUIITOAHAMN3Y.

O6wrast cTpyKTypa payHI0BO (QyHKLMM ITOKa3aHa Ha puc. 3.2. 9To QyHKUus Ha [F
HO OIMCBIBATh PAYHAOBYIO (PYHKIMIO YIOOHEee, KOTa OUThI COCTOSIHYSI pa3BEePHYTHI Ha
ceTke 4x8 B 3-OMTOBBIE IPYIIITHI («STUeiiKi»). [TepBast oreparyst — KiagouHast GyHKIS,
VIV YPOBEHD S-0JIOKOB, OHA Ha3bIBaeTcst SubCells. BTopoii v TpeTuii maru — JIMHeiHbIe
(GbyHKIIMM: HA BTOPOM Iiare, Ha3BaHHOM ShiftRows, CTPOKM COCTOSIHMSI IIMKJIMYECKU
CIIBUTAIOTCS, @ HA TpeTheM — MixColumns — JIMHeHAs PyHKIMS TPUMEHSIETCS K KaskI0-
My cToibITy. Takum 06pa3om, 6ecKiToueBast payHa0Bast GyHKIMS MMEET BU]T
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R = MixColumns o ShiftRows o SubCells.

nunnwn
O nwn
nununwn
nunnwn
Onn wn
N nwn
nunnwn
i nwn

D D D D
D D DD
D D DD
D D DD
D D DD
D D DD
D D DD
DD DD

Puc. 3.2. PayHnoBas @yHkums coctout us dyHkumit SubCells, ShiftRows, MixColumns
M CNOXEHWS C payHAOBbIM Kto4oM. McTouHumk: Beierle et al. (2018). © IACR

Hike mpuBeeHbl JOMOMHUTEIbHbBIE CBeleHNMs O PYHKIMSX B ITPaBOii YacTMH.

SubCells 3akmiouaeTcss B IMapa/uieIbHOM MpUMeHeHUM S-6j70Kka S K 3-OMTOBBIM
sg4yelfikaM COCTOSIHUSI. S-6/10K S: [F; —» [F; Takoii e, KaK B J€MOHCTPALMOHHOM
mmdpe u3 pasgena 1.1.

ShiftRows mnepecrapisieT S4eiiky COCTOSHMS. EC/IM CTPOKM MPOHYMEPOBAHbI OT
HyJIs 10 Tpex 1 0 COOTBeTCTBYeT BepXHel CTpoKe, TO ShiftRows IMKIMYECKY CABU-
raeT i-10 CTPOKY COCTOSIHMSI Ha 3 - i OUT BJIEBO.

MixColumns mpuMeHsIeT JTMHETHOe OTOOpaXkeHue K KaskAoMYy CTOJIOIY COCTOSI-

Hus. O603HaUMM (X,, ..., X,), I X, € 2, cronber cocTosHus. MixColumns oTo6pa-
Xaet (X, ..., X,) B HOBBIii cTON6 L] CefyromuM o6pas3om (3aech I — eqyHMYHAs
Marpuia pasmepa 3x3):

0o 1 I I X1

I 0 I I X2

I 1 0 I]|]|x3

I I I O X4

B ynpaskHennu 3.1 Bam 6ygeT IpesioskeHO T0Ka3aTh, YTO 3TO OTOOpaskeHMe 06-
paTtumo.

i~ paynnoBas QyHkuus onpenensercs kak R, (x) = R(x) + k, a mmdp asnsercs
KOMMOO3uLue Rkl, ey er, KOTOpPOIii Hpe,Z[]_LIECTBYG’II‘ HayvaJabHOE CJIOKEHME C payH[I0-
BBIM K/II0UOM K . IIoKa 4TO BOIIPOC O KOMMYECTBe PAayHIOB I' OCTABUM OTKPBITBIM.
PaynpmoBble kmoun umeror Bug k. = k + ¢, i =0, ..., r, roe k € F% — xmou mmdpa,
ac,...,C,— KOHCTaHTbl. 3HAYEeHMs KOHCTAHT ISl T4eeK COCTOSHMS (C/ieBa HalpaBo
¥ CBepXy BHMU3, C IIEPBOTO JI0 MOCIEIHET0 PayHa) ONpeaesioTCs MoC/IenoBaTeb-
HocThIo Tys—-Mopca 000, 111, 111,000, 111, 000, 000, 111 ....

JIuHelHbIit ypoBeHb M Imar MixColumns, B YaCTHOCTM, BbIOMpPAETCS TakK, UTOObI
KaKIbIi JTIVMHEIHbINA C/1el, rapaHTUPOBAHHO COAEPsKal MHOTO aKTUBHBIX S-6JIOKOB.
B 3TOM cOCTOMUT BakHOEe OT/IMUME OT AeMOHCTpaIMOHHOro mudpa us pasmena 1.1,
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IIJISI KOTOPOTO CYIIeCTBYIOT JMHEIHbIe CJIefibl, COAepsKalljiie BCero OAUH aKTUBHBIN
S-6110K B payHpe. [To TeopeMe 2.6, Bce 3 deKTUBHbBIE JTMHETHbIE alTlTPOKCUMAaIN
JIMHeHO QpyHKuuK X = Mx, roe M € F)", umeror Bun (M'u, u), roe u € IF). IlosTromy
MIMeeT CMbICT BhIOMpaTh MaTpuily M Tak, 4TOOBbI 00Illee UMCIO HEHY/IEBhIX SUeeK
B U U M"u 6b1710 60/1bIINM. [Ie/ICTBUTETBHO, 9TY HEHY/IEBBIE STUEI KM COOTBETCTBYIOT
aKTUBHBIM S-0JI0KaM B payHAaX 0 U MOC/Ie IMHEeHOro ypoBHs. OTCIoma BhITEKAeT
clenylolee orpeesieHne.

Omnpepenenue 3.1 (UMCI0 MMHEVHBIX pa3BeTBieHnit). [Iycte M — MmaTpuiia pasmepa
bmxbn nap F,. Yucnom nyHeliHbIX pasBeTaennit M (Wi GyHKUum X = Mx) Ha3bl-
BaeTCs BeIMUMHA

B(M) = mig wt,, (x) + th(MTx),

rae wt, (x [Ix,]] ... [Ix) = {1 € i< 1] x, # 0}| — Bec XammuHra.

B ympaskHeHuu 3.1 Bam OyIeT MpeIosKeHO MOKa3aTh, UYTO YMCI0 Pa3BETBIEHU
dbyHKuMM MixColumns paBHO YeThIpeM. JTO O3HAUAET, UTO JMHEIHBIN CIel IBYX pa-
YHIIOB BCEI/la BK/IIOYAET [0 MEHbIIe Mepe ueThIpe aKTUBHBIX S-06j10Ka. B ympax-
HeHUM 3.3 BaM OyIeT MpeIosKeHO J0Ka3aTh, UTO JIF0O0I YeThIpeXPAYHIOBBIN Clef,
BKJIIOUAET I10 MeHbIIei Mepe 16 aKTUBHBIX S-67I0KOB.

3.2.2.MocTpoeHne moaenu

YTt0o6bI cHOpPMYIMPOBATEH 3aady ONMTUMM3ALMY KaK CMENIaHHO-IIeJIOUMCIeHHYIO
JIMHEMHYIO TIPOrpaMMy, Mbl BBeZleM IBOMUHBIE 1]eJible TTIepeMeHHbIe, COOTBETCTBY-
IolIMie OMTAM BXOMHOM U BBIXOJHOIM MacOK KaskAoTo YpOBHSI S-6j10K0B. Momenui-
poBaHue mara ShiftRows He BBI3BIBAET CJIOXKHOCTEN, MOCKOIBKY CBOOUTCS K Iepe-
CTaHOBKe (TlepeMeHOBaHMI0) mepeMeHHbIX. MogennpoBaHue MixColumns 1 SubCells
06Ccy>kmaeTcst HUDKe.

[Tar MixColumns ocHOBaH Ha onepanysax UCKITIOYAIOIIEE WJIN. YeioBue, cornac-
HO KOTOpOMY Z siByisieTcsl pesynbraTom npuMeHeHnst ICKITIOUAIOIIETO WA k x
U Y, MOKHO BBIPa3UTh C OMOIIIbIO JIMHETHBIX HEPABEHCTB HECKOJIBKMMMU CIiocoba-
mu. Hampumep, B IpeanoniosKeHnn, 4YTO X, y M Z — BOMUHbIE TepeMeHHbIe,

/

X+y+z<2,
x+y+z2>2d,

A\VZRR VARR\VARR\VS
N

QU A X

roe BCe CJIOKeHMS MPOM3BOOATCA B LEJIbIX UYMCIaX, a d — HOBas meaasd Cl)I/IKTI/IBHaS[
InepeMeHHas. Ecmn d - ABOMYHAS ITI€EpeMEHHas1, TO TOOAUTCA TakKKe CIeAyroliee Jin-
HeliHOe PaBeHCTBO:

x+y+z=2d.

st peanmusaryiu M ayskHo UCKITIOYAIOIIEE WU Tpex nmepeMeHHbIX. UTOObI BbI-
pasutb w B Bue UCKITIOUAIOIIETO WJIN X, y U Z, 9TO paBEHCTBO MOXKHO 0606IIUTD:

wHx+y+z=4d -2d,-2d,,
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rned,,d, n d, — GUKTUBHbBIE IBOMYHbIE IIepeMeHHbIe. B 4aCTHOCTH, el (V,, V,, V., V,) =
BBIXOMHAsI Macka ajist x = Mxwu (u,, u,, U,, U,) — BXOIHast Macka, TO

Uyt vyt Vg v, = 4d, - 2d,- 2d,,
Uyt VT Vg Y, = 4e, - 2e,~ 2e,,
UtV TV Y, = 4f, - 2f,- 2f,,
Uyt VTVt vg= 48,~ 28,7 28,

TAe U, , — i~V GUT U, ¥l AHAIOTUYHO JVISL Uy, Usy U AV, ooy Ve

s momenvpoBaHus SubCells BBemeM ISl KasKIOTO S-0JI0Ka HOBYIO IepeMeH-
HYI0, TIOKa3bIBAIOILYIO, ABISIETCS JIM OH aKTUBHBIM. Kpome TOro, cienyeT MUCKIIIO-
yuTh HedheKTUBHbIE JTMHEIIHbIE aNIpoOKCcUMaIuu S-61o0ka. [Ipeanonokum, 4To
(u,, u,, u,) - BXOmHast Macka, a (v, v,, V) — BoIXogHas Macka. Eciii a — iBonuHast epe-
MeHHasl, paBHas 1, Korma S-6710K akTuBeH, 11 0 B IPOTUBHOM CIy4ae, TO

>
3azv +v,+v,

e 07, CJIOKeHVEeM CHOBA IOHMMAEeTCS CJIOKeHMe LieJbIX uycen. VICKIIoUnTb IMHe-
HbIe aIlpoKCUMaIu S-6j10Ka ¢ HyJIeBOii Koppessieii TpynHee. OMHaKO CyLIeCTBY-
eT o61IMiT TIOAXOM, K 9TOoii 3aavue. HamoMHMM, 4TO MHOXKeCTBO S C IR" Ha3bIBaeTCs
BBITTYKJIBIM, €CJTU JIJIST JTIOOBIX X, Y € S BCe TOYKH, JIeKallye Ha COeOVHSIIONIEM UX OT-
peske {Ax + (1-A)y | A € [0,1]}, Takke IpuHAAJIEXAT S. BBITTYKII0iT 060I0UKOI MHOXKeE-
ctBa T S R" Ha3pIBaeTCs HaMMeHbIIIee BBIITYKJI0€ MHOXEeCTBO, cofepxkaitee 7.

BbINyK/I0i1 060/I0YKO/I KOHEUHOTO MHOYKECTBA SIBJISIETCSI BBIMTYK/IbIN TTOJUTOII.
Hampumep, Boimykias obonouka Mmaoxkectsa {(0,0), (1,0), (0,1)} ¢ R? mokasaHa Ha
puc. 3.3. BbITTyKIIbIe ITOMMUTOTIBI 06JIAZAIOT MOIE3HBIM CBOMICTBOM — MX MOYKHO OTIN-
CaTh KOHEYHBIM YMCJIOM JIVMHENHbIX HepaBeHCTB. JTO CJIefyeT 3 TOro, YTO Kaxkaoe
JIMHEeJHOe HePaBeHCTBO ONMCHIBAET IOMYIVIOCKOCTb.

[TosTOMY MHOXECTBO HepaBeHCTB, MCKIOUaloliee HedpeKTUBHbIe TMHeiHbIe
anmnpokcMmanym S, MOXXHO HaJTH, OTBICKAaB JIMHEJHble HepaBeHCTBA, KOTOpbIe
OTIVICBIBAIOT BBIITYKITYI0 060/I0YKY 3TOTO MHOKECTBA (C TOYHOCTHIO 10 KAHOHUYECKO-
ro orobpaxenus F, < {0,1} c R)

T = i(ul,uz,u3,vl,v2,l}3)EFS|C§ I 750} C RS,
tllvallvz.uiffuz]us

BaxkHo, uTO BBIMTyKIass o6omouka T He COmepskUT HMKaKux Touek {0,1}°, kpome
npuHagyiexamux T. He BoaBasich B 1eTaau, CKasKEM, UTO BBITTYKIYIO 000I0UKY MHO-
5KeCTBa MOYKHO BBIUMCIUTD C TOMOIIbIO aneopumma Quickhull. MHOKeCTBO NnHelt-
HBIX HEPaBEHCTB, TIOyUYE€HHbIX U3 MPEICTABIEHMUS BBITYK/IOM 060/I0YKHM, He 06s13a-
TeJIbHO MMHMMAaJIbHO. [I03TOMY 4acTO NPUMEHSIOTCS TOIOJHUTENbHbIE METO/bI,
YTOOBl YMEHBIIUTh YMUC/IO JUMHENHbIX HEPABEHCTB. HaxoxkaeHue MMUHMMATIbHOTO
IIOJMHOXeCTBa HEpaBeHCTB — 3a7laya O MOKPLITUM MHOXEeCTBa, ¥ ee caMy MOXHO
pelInTh MeTOAAMY CMeLIaHHO-LIeJIOYMCIEHHOTO JIMHEeTHOTO TPOrpaMMMPOBaHMS.

Puc. 3.3. Boinyknaa obonouka mHoxectsa {(0,0), (1,0), (0,1)}
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Ecma,, ..., a,— IBOMYHbIE TepeMeHHbIe, TOKa3bIBaOLINe, aKTUBeH S-6/I0K I HeT,
TO 1eieBast GyHKIMS MMeeT B/

Ona paBHa BeCy TMHEITHOTO C/e/la, BBIPaXKeHHOMY C TTOMOIIIbIO BCEX TepEMEHHBIX.
[Tpu sTOM TipenmonaraeTcs, YTO HeHyJIeBble KOPPesIUM BCeX JTMHENHbIX alllpPOK-
cuMaIumii S-670ka paBHBI 14, B 0061IeM ciyyae MOXKET OKa3aTbCsT HEOOXOIMMbIM
3aKOIMPOBATh Beca 1ieIbIMM ITepeMeHHbIMU MM OpeleIUTb HECKOJIbKO ITepeMeH-
HbIX, COOTBETCTBYIOIINX JIMHEHBIM alllPOKCUMAIIUSIM C Pa3HbIMU BECAMMU.

3.2.3. PeweHue mogenu

K nmonyssipHbIM peliaTesisiM 3aa4y CMelllaHHO-11e/I04MCIEHHOTO [TPOrpaMMupoBa-
Hus (MILP) otHocsitest CPLEX m Gurobi. 3amaun moparoTcst Ha BXOZ, peraTtess 6o
MPOrpaMMHO ¢ moMoInbio API, 60 B Buze daiiyia. BOIbIIMHCTBO pelaTtesieii mo-
nep>kuBatoT ¢popmat LP. LP-daitn saBasieTcs TekCTOBbIM (aitiiom, comepskauium 1e-
JieByI0 (PyHKILIMIO, HepaBeHCTBa U TUIIbI BCeX IepeMeHHbIx. Hanpumep:

\ UeneBas ¢yHkuma (minimize wam maximize)
minimize

X+y+1z

\ Cnncok HepaBeHCTB

subject to

2-X-y-z2>0
X+y+z-2d>=0
d-x>=0
d-y>=0
d-z>=0

\ Tvnbl nepemeHHbIX
generals

d

binary

Xy z

end

3.3. BbinosHMMOCTb M BbINOJHUMOCTb B TEOPUSX

BoimmonnnumocTs (satisfiability), uam «SAT», — 9T0 3agaua IPUHSITUS PeLIeHN, B KO-
TOPOIi CIIpaIIMBAETCsI, MOXKHO JIM Ha3HAUMUTH ITepeMEeHHbIM 3HAUeHUs «JIOXKb» U/
«UCTUHA», TaK YTOOBI 3a/laHHasi OyieBa Gopmysa cTajia UCTUHHOI. Ha mpakTuke
YyacTo TMoJIe3eH BapuaHT JaHHON 3afaun, OoJpa3syMeBaloNIVi TTOVCK, HO TTPaBUIIb-
HOe Ha3HaueHMe MOXHO 3(P(GeKTUMBHO HaliTi, TIOBTOPHO pelllas 3aJauy MpUHSITHAS
pellieHuii. BOMBIIMHCTBO pelaTeseii mpeanosaralT, uTo 6ysieBa popmysia sBisteTcs
KOHBIOHKMUBHOU HOPMAbHOL hopmoli. A iMeHHO Jto6yio GyeBy GopMyity C 1 Tiepe-
MEHHBIMMU X,, ..., X Hap, [F, MOXHO 3amucath B BIJe
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m
I\ Gy + i) v (xiy + i) VeV (g by ),

i=1

rae AobosHauaer U, vV obosnavaer WiIW,a b, ..., bi[l- € IF, — KOHCTaHTBI.

BeimonuuMocTs B Teopusx (satisfiability modulo theories — SMT) o6061iaeT
3a/lauy BBITIOJIHMMOCTY Ha 60jee obuiue hOpMymIbl, KOTOPble MOTYT BKJIIOUATh
KBaHTOPBI, LieJible TlepeMeHHbIe, 6MTOBbIe BEKTOPHI U T. . Ha BHyTpeHHEM ypOB-
He SMT-pemaTenu 4acTo IpeobpasyioT MO KpaifHeil Mepe 4acTh 3aJauM B K-
seMIuisip SAT.

B o6miem ciyuae u SAT, u SMT TpymHOopaspemMbl. Kak 1 B ciyyae cMelIIaHHO-
LIeJIOUMCIIEHHOTO TMHEHOTO MPOrpaMMMPOBaHMs, Mbl IIPUMeEM KaK JaHHOCTD CY-
[IeCTBOBAaHMe pellaTesieii, ClTOCOOHBIX MPAKTMUECKY pa3peliaTh Takyue 3aJaun.

3.3.1. NMpumep: wudp add-rotate-xor

HexkoTopble mmdpsl 17151 BBeIeHMS HETMHETHOCTM TTOJIaraloTcsl He Ha MajleHbKue
S-6y10KM, @ Ha oIepanuy ¢ JIMHHBIMY OllepaHIaMM, KOTOpbIE aIlliapaTHO MOAIep-
SKMBAIOTCSI COBPEMEHHBIMM IIPOLieccopamMy (HarpuMep, CJIOKeHMe TI0 MOTYITIO VTN
ropaspsmHoe W). B aTrom pasgene npuBeneH npuMep mudpa tumna add-rotate-xor
(ARX, «CnoxkeHMe — UKIMUYECKUI CABUT — MUCKIKYawIlee uian»). ONTUMMU3anio
CJIefoB B TaKuX Mmmdpax 4yacTo yoobHO MoAennpoBaTh Kak SMT-3amgady ¢ 6UTOBbI-
MM BEKTOpPaMM B KauecTBe ITepeMeHHbIX.

PaynpmoBast GbyHKIMS IJis 9TOTO IpuMepa IMoKasaHa Ha puc. 3.4b. CumBon H
MIPeCTaBIISIeT LeJIOUNCIIEHHOE CII0KeHMe 110 MOAYIIo 2", the n € {24, 32, 48, 64}. Pa-
YHIIOBbI€ KJTIOUV TeHepUPYIOTCS aHAJOTUUHOM (PYHKIIME, ToOKa3aHHOo Ha puc. 3.4a.
Oror mmdp HasbiBaeTcst Speck 1 GBI CIIPOEKTUPOBAH B ATEHTCTBE HALIMOHAIbHO
6e3omacHocTu CIIA.

Kak u myig mmdpa tuna Rijndael u3 pasgena 3.2.1, KoauMuecTBO PayHIOB ITOKa 3a-
naBaThb He 6ymem. Ho B ommmune ot mmmdpa una Rijndael mst Speck He cymiectByeT
MIPOCTOTO PACCYKAEHMSI, KOTOPOE MO3BOIMIIO ObI OTPAHUUUTH AB6COTIOTHYIO KOppe-
JILIVIO CJIE[IOB CBEPXY.

i

> 8 > 8
. .
L1 L1
Y Y
—0 &) N ICE)
Y Y
AR AR
N N
*— ki
4 A 4 Y
(@) OmMH payHA pa3BepTKM Kkoya (b) OpuH payHp, wudpa

Puc. 3.4. lUndp Speck Tuna ARX
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3.3.2.MocTpoeHne mopenu

[IJ1s 371eMEeHTOB KOPPEeSIIMOHHBIX MaTPUIL IMHEHbIX QyHKIMI mudpa (uKImnye-
ckux cauroB u UCKITIOYAIOIIETO WJIU oByx BeTBe) MMEIOTCSI 3aMKHYThIe (hop-
MYJIbI, KOTOpbIE MOYKHO 6€3 Tpyza Mpeobpa3oBaTh B OrpaHMUYEHMSI HA OUTOBBIE BEK-
TOpbl. OCHOBHYIO TPYIHOCTD IMPEICTABIISIET CIOKEHME TI0 MOJIY/IIO CTEITeHY ABOKMA.
OpHaKO OKa3bIBAETCS, UTO /151 37IEMEHTOB KOPPEISILIMOHHOI MaTPULIbI 3TOI orepa-
MY TAKKe CYIeCTBYeT mpocTas hopmyra.

Orta opmysa BEIBOAUTCS ITyTeM Ipeobpa3oBaHms rpabmka GYHKIUN CIOKEHNS
110 MOAYJTIO B TpadmKk GyHKIMM, C KOTOPOIi Impoie paborats. ['padmkom GyHKIM
F : F) - [ sBnsiercst MHOXecTBO nap G, = {(x, F(x)) | x € F}}. B yuactHOCTH, G BNISIET-
cst rpaduKoM QYHKIMM CIOKEHMS TI0 MOy 2" x ||y — x B y.

Jlemma 3.2 (lllynpre-Teeca). [lycms M € )" — HU#HempeyzoneHas mampuya

0 0 0 0 0
1 00 0 0
1 10 0 0

111 00
111 - 1 0]

ITycme maxowe Q : F2'— F — pynkyus, onpedenennas kak Q(x || y) = M(x Ay),20e x Ny —
nopaspsioHoe U genuuur x u'y. Omobpaxcerue (X || y,2) » (x+2) || y +2),x + y + 2)
aensemcs ouexyueii Gy 6 Gy

Jokazamenscmeo. HeTpynmHO BUOETD, UTO oToGpaskenue (x || y,2) » (x +2) || (y + 2),
X + Y+ Z) — 6UeKus, eC/IiM OHO KOPPEKTHO OTpeiesieHo. [103TOMY TOCTaTOUYHO TPO-
BepUTh, UTO eC/In Z =X | y, TO

x+y+z=Qx+z|y+2).

OnHaKo ¢ = X +y + ZpaBHO BEKTOPY OMTOB [I€PEHOCA, TIOTYUYEHHBIX ITPY CJIOKEHUN
X 11 y TIO MOZYJTI0. DTU GUTBI ITepeHoca € YA0BIeTBOPSIIOT COOTHOIEHNSIM ¢, = 0 1

€= G X+ )Y F Z)-

OTU COOTHOIIEHUS C1eayrT M3 MIKOJbHOIO aJIropmuTMa CJI0>KeHMA. OTCIO,Ela
BEKTOp nepeHoca ¢ paBeH M((x + AV +2) = Q(x +z ll y + 2). O

B Teopeme 3.3 3HaK <.0003HAYAET MMO3JIEMEHTHOE YIIOPSIOoYeHe GUTOBBIX BEK-
TOPOB JIJINHBI N, otipefeneHHoe Kak 0 < 0,0 < 1u 1 < 1. 3ameTum, 4TO X < y — TO Ke
camoe, YTO «X, BJIeueT yy» ajs i = 1, ..., n. CieoBaTeIbHO, X < Y MOXKHO TaKKe Iepe-
nucath B Bue x Ay =0,Toe y — mopaspsgHoe OToJHeHue y.

Teopema 3.3. IIycmo u, v u w — macku 6 ;. Torga CB ~# 0 moz0a u monsko mozda,

w,ullv

koz2da (u+w) Vv (v+w) < M"(u + v+ w). Kpome mozo, 8 s3mom cnyuae

CHH — (_1)(u+w)T(v+w)/2wt(MT(u+v+w)).

w, uljv
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Jlokasamenscmeo. KoppensaumonHas matpuiia GyHkiuu H: F?' — F? yooBieTBOpseT
2 2
COOTHOIIIEHUIO

1 T T T
H _ CyulxtvTy+w'z
Cw,qu T oon Z (=D .
(x[|y,2)eGm

[TpumeHsist neMMy 3.2 U ITOACTAHOBKY, ITOy4YaeM
23] _ 1 uT (x4+2)+vT (v+2)+wT (x+y+2)
w,ullv ™ 90 Z (=D
(x||y,2)€Gq

i Z (_1)(u+w)Tx+(v+w)Ty+(u+v+w)Tz

n
(x|ly,2)eGq

_ ~Q
- CLt+v+w,(u+w)H(v+w)'

[Tockonbky Q ¢ TOUHOCTHIO N0 YMHOXKeHMST Ha M coBmajiaeT ¢ mopaspsaHbiM U,
pes3ynbTaT cienyeT u3 GopMyIIbl AJIsI KOPPEISIIMOHHOV MaTPUIIbI TOpa3psiaHOTo U,
NIPUBEAEHHOM B yIIpakKHeHUN 2.8. O

B kauecTBe mpuMepa MOCTPOUM MOAeNb ogHOTO payHna mudbpa Speck. Ecin
BXOJlHas MacKa paBHa u, || u,, a BixogHas — v, || v,., TO BXOAHAs MacKa CIOXeHMs
o monysio paBHa (u, > 8) || (u,+ (v,> 3)). Beixomnast macka pasHa v, + v,. Iloz-
CTAHOBKA B TeopeMy 3.3 maeT orpaHMYeHUsT Ha OUTOBBIN BEKTOP, MPU KOTOPHIX
OIHOpayHAOBas AuMHelHas anmnpokcumanus 3ddexruHa. KombuHupoBaHmue
9TUX YCIOBMIA laeT OTpaHUYEeHMs, IPU KOTOPBIX C/Ief MUMeeT HeHYJIeBYI0 Koppe-
nsiuio. HakoHer, cienyeT [o6aBUTh ellle OJHO OrpaHuYeHye, TOoTpeboBaB, YTo-
6bI CyMMa BeCOB JIMHEIHOI anmpokcumanuy (KOTOPYIO0 Takke JaeT TeopeMa 3.3)
6bpuTa paBHa KoHcTaHTe W. Eciu cyllecTByeT cief ¢ abCOMIOTHOI KOppessin-
eit 27, To periaTenb ero HaltgeT. B mMpoTMBHOM CiTyyae OH COOBIINT, YTO 3amada
HEBBINIOTHUMa.

BonbImIMHCTBO omnepanuii, MMeKMX MeCTO IPY BbILIEYTIOMSIHYTBIX OrpaHuye-
HUSIX, TIpefocTaBaeHbl SMT-pelarenssMu, KOTOPbIe TTOAAEPKUBAIOT OUTOBbIE BEK-
TOpBI B KauecTBe nepeMeHHbIX. OCHOBHbIE UCK/IIOUEHUS — YMHOXeHMe Ha M 1 Bec
XsmmuHra. OgHAKO UX JIETKO BhIPA3UTh B TEPMMUHAX OTlepalyit Hal OUTOBBIMU BeK-
TOpaMU U LIeJIOUNUCIEHHOTO CIIOKEHMSI.

3.3.3. Pewnenue mopenu

[MTocse TOro Kak MoJie/ib TOCTPOEHA, ee MOXKHO PelllnTh, TOJIOXKUB Bec ciiefa W pas-
HBIM HVDKHeN rpaHuile (B xymmeM ciyuae 0). Eciy pemarenb coobimaeT, uTo 3a-
Jlauya HeBbITTOJHMMA, TO TPOU3BOAUTCS TOIBITKA PEIIUTh €e CHOBA C BeCOM ciiefa
W + 1. 9TOT Ipoliecc OBTOPSIETCS, [IOKA He OyIeT HalileHO pelleHMe ¢ MUHU-
MaJbHbIM BECOM.

K umcny momynspubix SMT-pemarteneil ¢ MOAaepskKKOii OGUTOBBIX BEKTOPOB
oTHOCsATCs Boolector u Z3. 3amaun hbopMynupyoTcs 160 C MMOMOIIBIO 3aBUCS-
miero ot peinarens API, n1160 B mMpoKo noagepskuBaemMoM daiiioBom popmare
LibSMT.
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3.4. ICTOPUYECKAS CMPABKA

MeTonpl aBTOMAaTHU3alMM MMOMCKA JIMHEMHBIX CJIeOB IPUMEHSIJIMCh C MePBBIX
IHel TMHeHOTro KPUIITOaHa/lM3a, HauMHas C MeToAa BeTBel U rpaHul, Maiyn.
[MTpumepHo B 2010 romy MOMy/ISIpHONM anbTePHATUBOI CTaAM TOTOBbIE pellaTenn
MILP u SAT, a K HacToSAIIeMy BpeMeHM HaKOIMIach OOMIMPHAS IUTepaTypa Io
3TOMY BOIIPOCY.

CrpaTerusi MIMPOKOro cjaefa Obuia MpefjoskeHa JJaMeHOM B ero JOKTOPCKOi
JIVICCepTaLM, a BIIOCIEACTBUM Pa3BMUTa B COBMECTHOI paboTe ¢ PaiiMeHoM. Biiou-
Hblii mudp Rijndael, neskamuit B ocHOBe mpuMepa u3 pasmgena 3.2.1, 6bUI CIIPO-
ekTupoBaH JlameHom u PajimeHom B 1997 rony, a ero 128-6uTtoBast Bepcus 6bi1a
CTaHgapTU30BaHa HallMOHAIbHBIM MHCTUTYTOM CTaHAAPTOB U TexHonoruii CIIA
(NIST) B 2001 ropmy.

XoTs TepMUHOIOTHS «IU@P TuIa ARX» IMOSIBMUIACh IT033Ke, IepBble MNP, CIIpo-
eKTYPOBaHHbIE HA OCHOBE 3TOTO I0IX0/1a, ObUIN OITyOIMKOBaHBI ele B 1980-x romax.
Brounsiii mudp Speck, MCHoIb30BaHHBIN B KaUeCcTBe IIpMMepa B paspene 3.3.1, mo-
sBuicst B 2013 romy. D beKTUBHBIN aITOPUTM BbIUMCIEHNST KOPPEJISIIINIA TMHETHBIX
anmnpoKCUMaUWii sl CJI0’KeHMS TI0 MO0 BIiepBble onmcan YoiwipeH B 2003 rony.
VipormeHHas dopmyna B TeopeMe 3.3 mpuHagiaeskut Llymbre—-Teecy.

3.5. JIUTEPATYPA
Beaulieu, Ray et al. (2013). The SIMON and SPECK Families of Lightweight Block Ci-
phers. Cryptology ePrint Archive, Report 2013/404. url: https.//eprint.iacr.org/2013/404.

Daemen, Joan and Vincent Rijmen (Dec. 2001). «<The Wide Trail Design Strategy».
In: 8th IMA International Conference on Cryptography and Coding. Ed. by Bah-
ram Honary. Vol. 2260. LNCS. Springer, Berlin, Heidelberg, pp. 222-238. doi:
10.1007/3-540-45325-3_20.

Schulte-Geers, Ernst (2013). «<On CCZ-equivalence of addition mod 2"». In: Designs,
Codes and Cryptography 66, pp. 111-127.

Wallern, Johan (Feb. 2003). «Linear Approximations of Addition Modulo 2"». In: FSE
2003. Ed. by Thomas Johansson. Vol. 2887. LNCS. Springer, Berlin, Heidelberg,
pp. 261-273. doi: 10.1007/978-3-540-39887-5_20.

3.6. YNPAXHEHUS

YnpaxkHeHue 3.1

B sTOM yIIpakHeHUM MCCIeIYIOTCST CBOICTBA Iara MixColumns e MOHCTPALIIOHHOTO
mmdpa Tuma Rijndael. B paspene 3.2.1 66110 OTMEUEHO, UTO 3TO OTOOpaskeHMe COOT-
BETCTBYeT 6JIOYHOJI MaTpuIie, COCTOosIeli 13 6;10K0B 3x3 Hap F,.

0o 71 I I
M =

NN~
~~ O

I 1
0 I
I 0
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1. Tloxkaskute, uTo M 0o6paTtuMa, 1 HaiiauTe 0OPATHYIO eif MaTPUILY.
2. Yemy paBHO UMCJIO TMHEIHBIX pa3BeTBIeHUlt M?

*YnpaxkHeHue 3.2

PaccmoTpuM memoHcTpanMoHHbIi mudp Tumna Rijndael us pasmena 3.2.1. Tlokaxku-
Te, 4YTO

1) abcomoTHasT KOppessius JIIOO0TO [IBYXPAayHAOBOTO JIMHEHOTO ciefa
He TpeBbImIaeT 1/24;

2) abCoMIOTHAST KOppeJsiius JTI060T0 YeThIPpexpayHIOBOTO JIMHETHOTO ciena
He IpeBbImaeT 1/21.

YnpaxHeHue 3.3

B aTOoM yripaskHeHUM UCCIIeAYIOTCSI HEKOTOPbIe CBOVICTBA YMC/a pa3BeTsiaeHmuit B(M)
MaTpuLbl M Win JTMHEAHOro orobpaxenns X = Mx Hap F, (cm. onpeznenenue 3.1).
[Tpenmnonoxum, uto M — MaTpuiia pasmepa bmxbn 1 94To Bec XaMMIMHTa OTIpeeieH
OTHOCUTEIbHO h-GUTOBBIX GIOKOB.

1. Hoxaxkwure, yTo eciau M obpatuma, To B(M) = B(M ).

2. Hcnonb3ys onpeneneHne Ynuciaa pa3BeTBIeHUI, TOKKATE, YTO BeC XIMMUH-
ra KaXI0ro 37leMeHTa BeKTOpHOro npoctpanctsa C={u || v|v € Fy"u u = M'v}
He MeHbIle B(M). Kakoe BeKTOpHOe mpocTpaHcTBO C cooTBeTCTBYeT M~1?

3. TlokaxkuTe, YTO YMCIO pa3BeTBIeHMII M He TIpeBbIlIaeT n + 1.

B iuTepatype 1o Teopuu KOAMPOBAHMSI BEKTOPHOE MPOCTpaHCcTBO C Ha3bIBAETCS
On10uHbIM K0OOM. BepXHsist rpaHuiia n + 1 umcia pa3BeTBIEHMIT Ha3bIBAETCS 2pAHU-
yeti Cunznmona. MaTtpuiia M ¢ 4ncjioM pa3BeTBIeHUII n + 1 Ha3bIBaeTCsa Mampuuyell
¢ MakcumanwbHoiM pazdenequem, ot MDS-MaTpuiieit (maximum distance separable).

* YnpaxkHeHue 3.4

B 3TOM ympaskHEeHMM BBOIUTCS KOHKpPETHOe mocTpoeHne MDS-MaTpuil, OCHOBaH-
HOe Ha TOJMHOMAaX Haj, KOHEUHbIMHU IMOJSIMU. [I03TOMY ISl €r0o pelieHus Heob-
XOIMMO 3HaKOMCTBO C TeOpMeli KOHEUHBIX Mojieit. Kak 6bUI0 cKa3aHo B yIpakHe-
Huu 3.3, maTpuua pasmepa bnxbn nag nonem F,, cocrosimasi u3 bxb 6;10K0B, Ha3bl-
Baetcst MDS-MaTpuiieit, eciin ee uncjio pasBetrsiaeHuit B(M) paBHo n + 1.

1. Tlycrb F,, — KOHEYHOe IOJe MOopsiaKa 2bu L: E), — [, — mpou3BOIbHOE JTN-
HejiHOe oToOpakeHue. [IokakuTe, 4TO CylecTByeT obpaTtumoe F,-mHeiiHOe
orobpaxkenne f : F — F. u marpuua M pasmepa bnxbnuap F, Takue, 4To X =
B (M"B(x)) paBHO L. [TokaskuTe, UTO YKCIO pa3BeTBAeHNI M yooBIeTBOPSIET
COOTHOIIEHUIO

B(M) = m;t())c wt(x) + wt(L(x)),

e wt(x) — UMC/I0 HeHY/IeBbIX JIEMEHTOB X € ).

2. TIycTb p,— MOMMHOM CTeneHu < n — 1 ¢ Ko3pPUUMeHTaMu X,, ..., X , THE X,, ...,
X — 371eMeHTbI BeKTopax € F};. [TokaxuTe, 4TO JJIs1 M0ObIX &, ..., @, € ! crie-
nymouee orobpakenue L: F — ! sB/ISeTCS TMHEAHBIM:
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px (o)
L:x+— :
D (o)
3. Tlocrpoiite a,, ..., a, € F,, TaK, 4TOObI MaTpuIia M, IIOCTPOEHHAs 110 QYHKLMM

L, vimesia 41CI0 pa3BeTBIeHU n + 1.

Kon, cooTBercTByOMMin MaTpulle M (CM. yripakHeHue 3.3), Ha3bIBaeTCsd KOLOM
Pupa-ConomMmoHa.

YnpaxHeHue 3.5

S-65o0k B 6;110uHOM Idpe Rijndael ocHoBaH Ha OTOGpaskeHUM X — 1/X B KOHEYHOM
none F,,. Ilycts B : F,, - 2 — o6paTumoe MHeliHOe 0ToOpakeHMe, A — MaTpulia pas-
mepa nxnuap F,, a b - Bekrop, npunaiexaumii F). Onpegenum S-6/10k S: F— ) kak
AB~1(1/B(x)) + b, ecmu x # 0,

B [IPOTMBHOM CJTy4ae.

Sx) =

Llenb 3TOrO yIpaskHeHMs — I10Ka3aTh, UTO BCe HETPUBUAIbHBIE JIMHEVHbIE alllIPOK-
cumatmu mmdpa AES MMeloT HU3KyI0 abCOMIOTHYI0 KOppesiuio. [IJist ToKa3aTelbCTBa
3TOTrO pe3y/bTaTa MOXXHO BOCIIO/Ib30BaThCs CIENYIOILeN OLIeHKO cymm KioocmepmaHa:

Z (_I)Tr(x+c/x) < 2n/2+1

xelfy,

roe Tr: Fg—F,— dbyHKIMS Cnema, a c € IF,, — KOHCTaHTAa. s penieHMS 9TOTO yIIpask-
HeHMS He0OX0IMMO 3HAKOMCTBO C TeOpMei KOHeUHBIX IT0JIe.

1. TlokaxuTe, YTO JOCTATOYHO HANTU BEPXHIOI TPAHUILY KOPPEISIUIl T1HeN-
HBIX aNmnpokcumanuit GyHKIUY, onpeneeHHoi Kak x — S1(1/B(x)) onst x # 0
n0w~0.

2. JIOKaskKMUTe, UTO abCOMIOTHAST KOPPESIIysS BCEX HETPUBMAIbHBIX JIMHEITHBIX
anrpokcumaluit S He rpeBbimiaeT 2172,

3. Haiigure onucanue S-6ymoka mudpa Rijndael 1 BoIuncanTe ero Koppessiiy-
OHHYI0 MaTpuily. CpaBHUTE CO CBOMM Pe3y/IbTaTOM AJIsl 1 = 8.

YnpaxxHeHue 3.6

Wcnonb3yliTe MeTOM, BETBEN U TPaHULL, CMEIIaHHO-1eJI0UMCIeHHOE JIMHEHOEe MPO-
rpammupoBanue (MILP) miyu SMT, 4To6bI aBTOMAaTU3UPOBATh ONTUMM3ALMIO CJTe-
OB B IEMOHCTpalMOHHOM Indpe u3 pasgena 1.1. [Ijisg pelreHusT 3TOTO yIIpakHe-
HMS BOCTIO/Ib3YITeCh OOHUM U3 CeIYIONX UHCTPYMEHTOB:

QO  1106BIM SI3BIKOM ITPOrPaMMUPOBAHMS 1151 peain3aliiii MeTOIa BeTBel 1 IpaHMLI;
O Python c makeTom Google OR-Tools! myst cosganmst u pernenust MILP-moneneit;
O Python c maketom PySMT? g5t cosganust u pemienust SMT-Moperneit.

L https.//developers.google.com/optimization.
2 https.//github.com/pysmt/pysmt.


https://developers.google.com/optimization
https://github.com/pysmt/pysmt.
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I/ICHOJ'H:3YH CBOIO MO€/Ib J€MOHCTPALMIOHHOT'O IJ.II/IClJpa, pemmTe Cieayroiye 3agadn.

1. TIpoBepuTsb pe3ynbTaThl U3 IpuMepa 2.3.

2. HaitTu nuHeHBIN cIef 1Mo MSITY payHIaM ¢ Koppessiyeit 25,

3. BbIOpaTh OOVMH U3 IMHEIHBIX CJIEIOB U3 MPebIAyIIeil 3aJaun M HAlTK Bce
JIMHEJIHbIe CJIeIbl IJIS1 TOM Ke almpOKCHUMAal U,

YnpaxHeHue 3.7

Bocmonb3yiiTech MILP, UTOObI CMOIEIMPOBATh PaCHpPOCTpaHeHMe JTMHEHBIX Cie-
IIOB B AeMOHCTpalnoHHoM Imdpe tuma Rijndael 13 pasmena 3.2.1.

1. U3 ympaxkHeHus 3.2 cJIedyeT, YTO MaKCMMaJIbHAsI aOCOMIOTHAST KOPPETSIIINS
JAVMHEHOTO cJiefia TI0 YeThbIpeM payHaaM He TpeBbiliaeT 27'¢. Haiigure cien,
JIJISI KOTOPOTO 3Ta OLIEHKA pean3yeTcs.

2. [Ins HaligeHHOJ BbIllle TMHEHO alllpoKCMMAaly HaliiuTe TMHEeHBIN el
(M cemsl) ¢ IpeAbIaYIeli o BeIMuMHe abCoMI0THO Koppesieii. 06cy-
I1UTe, KaKye CJIeICTBMUS BBITEKAIOT U3 9TUX JOIIOJHUTEIbHbIX C1€I0B.

YnpaxHeHue 3.8

Bocnonb3yiitech SMT, uT06bI CMOAEIMPOBATH PACIPOCTPAHEHNE JIMHEHBIX Cile-
OB B I€MOHCTpallMOHHOM Inudpe Simon ¢ pasmepoM 6y10Ka 32 61Ta, OMMCAHHOM
B ynpakHeHuu 2.9.

1. TIpoBepbTe pe3ynbTart, HaliIeHHbIV BAMU B yIpaskHeHuu 2.9.
2. CyliecTBYIOT JiX ellle KaKkue-TO JIMHeHbIe CJIefbl AJIs1 TOM e TMHEIIHO ar-
MPOKCUMAIIUY, KOTOPBIE CJieyeT IPUHUMATh BO BHUMaHMe?

* YnpaxkHeHue 3.9

Bocnonb3yiitech SMT, uT06bI CMOZEIMPOBATH PACIIPOCTPAHEHYE JIMHETHBIX CIEIOB
B mmdpe Speck ¢ pasmepom 6y10Ka 64 61Ta, ONMMCAaHHOM B pasgene 3.3.1. Haiinute
OITMMAJIbHBIV JIMHEHBIN cjef, 110 ceMyu payHzam. PeannsyiiTe mepBblil aqropuTm
Mairyu, uTo6bI BOCCTAHOBUTD OIVH 6UT MHMOPMAIMK O CEKPETHOM KJTIOUe, U MPOo-
BepbTe, pabOTAET JIV OH B COOTBETCTBUMU C OKUITAHUSIMMU.
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CratTMcTMKaA IMHEMHOro
KpUNTOaHanu3a

Omnpepenenne 3¢HEKTUBHOCTM IMHETHOTO KPUIITOAHAIN3A — 3TO IIPUJIOKEHME CTa-
TUCTUYECKOI Teopuu. B 9T0J I1aBe Mbl pacCMOTPMM HEKOTOpbIe 6a30BbIe TOHSTHUS
CTaTUCTUKY U OOCYIMM, KaK OHM VCIIOJIb3YIOTCS IJISI OLIEHMBAHMSI CTOMMOCTM JIN-
HEJHBIX aTaK ¥ BTOPOro aJropuTtMa Maiyu B 4aCTHOCTH.

4.1. CTATUCTUYECKUIA BbIBOL,

[TapamMeTpuueckoe olleHMBaHMe U MTPOBepPKa T'UIIOTe3 — Be TeCHO CBSI3aHHbIE 3a-
Jauy CTaTUCTUYECKOro BbiBoma. O6e OHM BaskHbI /ISl aHa/IM3a JMHEeHbIX aTak, I10-
9TOMY B HACTOSIIIIEM pasfiesie Mbl JaauM 0630p 6a30BbIX NPUHIMUIIOB. OCHOBHBIM
pe3yinbTaTom sBJisieTcsl TeopeMa 4.1 0 IpoBepke T'MIIOTe3bl O COBITAZEHUM IBYX
HOPMaJIbHBIX paclipefe/ieHui1 ¢ OAMHAKOBOI aucriepcueil. OHa HEOOHOKPATHO MUC-
TOJIb3YETCS B 9TOJ KHUTE. B IIpuioskeHnM A TIpuBeIeHbl HeOOXOIVIMbIE CBEIEHNS
0 HOpMaJIbHOM pacrpeneneHnn.

4.1.1. CratucTUYecKue oLeHKH

[lycte X — cyvaiiHast BeJIMUMHA C pacIipeiesieHnemM BeposiTHocTeit Py, rie 6 — He-
M3BeCTHBIN MapameTp. Hampumep, peAronoxiM, 4To X MMeeT HOpMaibHOe pac-
npefiesieHe CO CpeJHUM U U JUcrepcyueil o, Ho Mbl He 3HaeM 3HaueHus p. s
KpaTKOCTM 0603HAUYMM 3TO YCI0BUE X ~ N (U, 02).

HeusBecTHbIl mapaMeTp 6 MOKHO OLIEHUTD, UM «BbIBECTU», HA OCHOBE 8b6[00PKU
X}, ..., X VI3 pacIpesie/IeHus P,. OyerKoti (CTaTUCTUYECKOTO) TapaMeTpa 6 pacrpese-
neHust P HasbiBaeTcst PyHKIy f, KOTOpast 0TOGpaskaeT BbIGOPKY (X, ..., X, ) HA Be/IN-
YMHY OLIeHKM ITapamerpa 6.

lMpumep 4.1. TUIMUHOV OLIeHKOVi cpepHero U = E(X) IydaiiHOl BEeIMYMHBI X SIBJISIET-
cs1 86160pOUHOE CpedHee

~ I ¢
w(xy, ... xg) = 7 in.

i=1

Ecu cpepHee pacripefesieHtst X — HeM3BECTHbIN apaMeTp, TO 3Ty OLIEHKY MO3XK-
HO VICIIONIb30BATh /ISl BBIBOJA €r0 3HAUeHus.  ©
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Ii1st 06CYsKIEeHMSI CTaTUCTUUECKMX CBOYICTB OIIEHOK MBI Oy/IeM pacCMaTpMBaTh CaMy
BBIOOPKY KaK C/Iy4aliHyIo BelMuuHy. Pacrpesiesienne crydyaitHoii BBIGOPKM (X, .. 5 X))
3aBMCUT OT pacripeiesienus P, a Takske OT cTpaTeruyt GOpMUpOBaHus 131>16op1<1/1 Hpoc—
Teiilast CTpaTerus — BbI60pKa C BO3BpAllleHMEM: B 9TOM CIIy4ae X,, ..., X, He3aBVCHMbI
1 BCe MMeIOT pacripefenenue P,. OueHka f mapamerpa 6 Ha3bIBaeTCsl HECMEILEHHOA,
eun

E  fxg,....xq) =0.
Xl,..A,Xq

BBITh MOXXET, BOIIPEKM MHTYUIIVY CMeIl[eHHbIEe OI[@eHKY MHOTA ObIBAIOT TIOE3HBI,
B 4aCTHOCTY KOIZ@ f(X , ..., X ) C GOJIBLIOI BePOSITHOCTBIO G/IMBKO K 6.

Mpumep 4.2. BbIOOPOUYHOE CpenHee, ONpeaeleHHOe B puMepe 4.1, SBsieTcs: HecMe-
II€HHOJ OLIEHKOJ CpeHero CrydyaiHoi Be/IMuMHbI X. B camom ferne, mycTb (X, ..., xq) -
cTyyaiiHas BhIOOpKA, TaK YTO YaCTHOe (MapruHajbHOe) pacipeseeHne X, COBIajaeT
C pacripenenenueM X st i = 1, ..., q. [TockonbKy

GE AL x) = B Zx, = —ZE(XI) =E(®x),

X
.4 i=1 z_]

BbIﬁOpO‘IHOG cpenHee SABJISIETCS HeCMelleHHOM OLLeHKO CpenHero X. =g

[ToMyMO cpefHero omeHKM, MbI JOJDKHBI YUUTHIBATb, HACKOIbKO CUJIBHO OIIEH-
Ka OTKJIOHSIETCS OT CBOEro cpemuero. OqHOI 13 Mep TaKOro OTKIOHEHMUS SIBJIIETCS
ICIIePCUST

2
V fxi,....xg)=_ E (f(xl,...,xq)—u),

X1,...Xg X150 Xg
roe u— cpegHee OLEeHKN. Ecnn OLleHKa fHECMEI.HEHHaH, TO U= 0.

Ipumep 4.3. O603HaunMm o? gucrepcuio X. Ecim obpasupl X, ..., X SIBJISIIOTCS] He3a-
BUCUMMBIMMU CJIyYaliHBIMU BeIMUMHAMM C TAKMUM K€ YaCTHBIM pacipefeneHueM, Kak
Y X, TO YICIIepCysl BbBIGOPOYHOTO CpeHEero paBHa

q
’V ,u(xl,...,xq)_ le__zz (Xz)——

- Xg
1—1

Tp€Tbe PaBeHCTBO CjieayeT M3 TOro, 4To AMCrepcuss CyMMbl HE3aBMCUMBIX CITy-
YaliHbIX BEJIMUNH paBHa CymMe IU/ICl'IepCI/II‘/JI C/iaraeéMbIX.

4.1.2. Mposepka runores

Llenb nposepku cmamucmu4eckoti 2unome3sl — JOKa3aTh JIO)KHOCTb TUITOTE3bI O pac-
TipefeJIeHN BepOSITHOCTEN TPY HAIMUIMYM HeollpedesieHHocTelt. IIo comtameHnio,
TUIIOTEe3a, JIOKHOCTbh KOTOPOJi CelyeT YCTaHOBUTD, HA3bIBAETCST HYJIEBO IUITOTE-
30i1. Ee yacTo cpaBHMBAIOT CO BTOPOJi TMITOTE30i1, KOTOPAsl Ha3bIBAETCS aJbTepHa-
TUBHOM. ITO KjIaccuueckasi MHTEPIIPETAlNsl TPOBEPKU CTAaTUCTUUECKUX TUIIOTE3,
BBeleHHas B o6uxon ®uiepoM. B KpumnroaHaause 60jee eCTeCTBEHHO CIe0BATh
mHTepnpeTaiuy HeitmaHa-IIMpcoHa, MpM KOTOPOI MpoBepKa CTAaTUCTUUECKUX
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IUIIOTe3 pacCMaTPUBAETC KaK 3ajaya NMPUHATUS pelleHus (MU «pa3IudeHusI»).
B Takom cirydae anbTepHAaTUBHASI TUTIOTE3a CIMTALTCSI KOHKYPUPYIOIIEIA.

[TpoBepka runoTessl IpMHUMAET Ha BXOJe 3HaUeHNe CTATUCTUKU KpUTepus, a Ha
BBIXOJle COOOIIAeT, CIeIyeT I OTBEPTHYTh HY/IEBYIO ruIoTe3y. CTaTUCTUKA KpUTe-
pus — 970 GYHKIMS HabMOgaeMbIX JaHHBIX (BIOOPKM). Hampumep, i IpoBepKu
TUIIOTE3bI O TapamMeTpe 6 pacrpenenenns P, CTaTUCTUKONM KpUTepys Mor/ia 6b1 6bITh
OLleHKa 6.

B aTo0it r1aBe mpemnosaraeTcs, YTO CTaTUCTUKA KPUTePUS f SIBJISIETCS BelecT-
BeHHOW GyHKIIMel ¥ UYTO IMPOBepKa TMUIIOTe3bl 3aK/IlouaeTcs B CpaBHEHUU
t=flx, ..., xq) C TIOPOTOBBLIM 3HaueHueM t. Eciau t > 7, TO IpoBepKa He OIIpOBep-
raeT HyJIeBYIO TUIIOTe3Yy («IIpuHUMaeT» ee). Eciu ke t < 7, TO HyJleBas TMIIOTe3a
orsepraercs. O603HauuM t,_ 3HaAUeHME CTATUCTUKU KPUTePUs [ CIydaiiHO
BBIGOPKM, TOJTYyUYeHHOE B IPEAIIOI0KEHUY HYJNeBOi TUIIOTe3bl. AHAJIOTUYHO
0603HauMM t , 3HaUeHMe CTATUCTUKYU KPUTepUs AJIsl CIydaiiHoi BbIGOPKM, IO~
JIyUeHHOe B MMPeAIIoa0KeHUY aJbTepHATUBHOI TUITOTe3bl. [IJ1s1 110607t TpoBep-
KU TUIIOTE3bI BaXKHBI BE BEPOSITHOCTU:

P=Prft_, >1],
P =Prft, > 1].

BeposTHOCTh P, Ha3bIBAETCS 6ePOAMHOCINGI0 UCMUHHO NOJIOMUMENbHO020 Pe3Y/lb-
mama, Wi (B KPUIITOAHAJIN3€e) 8EPOSIMHOCMbIO YChexd, a P, — 6epoamHOCmbio J103#-
HONOJI0XUMeNbHO20 pe3yvimama. B ob1iem ciryuae Bceria CyllecTByeT B3aMOCBSI3b
Mexny Py 1 — P, TOTOMY YTO MPY YMEHbIIEHUY T YBeJIMUMBAETCs Kak P, Tak u P,
(HO OOBIYHO Ha pasHble BeJMUMHBI). DTO O3HavaeT, 4To Hu P, Hu 1 - P_He MoryT
CIYXKUTh XOPOLIMMM MepaMM KauecTBa, eC/IM pacCMaTpUBATh UX 110 OTHEIbHOCTH.
Kpunrorpads! MHOTIA UCIIONB3YIOT CJIELYIOUIYIO Mepy KauecTBa, KOTopas Ha3biBa-
eTCsl NpeuMyujecmeom.

P~ P,|.

3aMeTuM, YTO 3TO OIpefeseHNe CUMMETPUYHO OTHOCUTEIbHO HY/IE€BOW U ajlb-
TepHATUBHOII rumoTe3. [IoHSITHe MTpeUMyIIecTBa BbIOPAHO MPOM3BOJIbHO. [IpyTue
MepbI 00CYKAAIOTCS B I7IaBe 7.

Ilanee B 3TOM pasjiesie Mbl U3YUMM MIPOBEPKY CTATUCTUUECKUX TUIIOTE3 Ha TIPU-
Mepe CpefHero HOpMaJIbHOTO paclipefiesieHus. B aTom cjydae Hy/neBas TUIIOTe3a
YTBEPKIAET, UTO pacipeieieHe CTaTUCTUKU KpUTePHSI SIBSETCSI HOPMaJIbHbIM CO
cpenHuMm U # 0, a aJibTepHATUBHASI — YTO 3TO HOPMaJIbHOe pacripefiesieHue ¢ HyJie-
BbIM cpemHuM. O6e IMIIOTe3bl YTBEPKIAIOT, UTO CTAHIAPTHOE OTKIOHEHVE PaBHO
o/Vq. Kak 06¢ykaanoch B IpumMepe 4.3, 9To cTaHZapTHOe OTKJIOHEeHVe BHI6G0POYHOrO
CpemHero q 06pasIioB OT paclpeaese s CO CTaHIAPTHLIM OTKJIOHeHueM o. CuTya-
LM B 11eJIOM TT0Ka3aHa Ha puc. 4.1.

Crnenyromuii pe3yabTaT BaskeH IJIST aHAAM3a JIMHENHBIX aTak. OH UCIIONb3yeT-
CS1 Ha TIPOTSDKEHUU BCeii KHUTU. B Teopeme 4.1 @ ob6o3HauaeT PyHKIMIO pac-
npefeneHNss HOPMaabHOIO paclipefe/ieHNsl C HyJIeBbIM CpeIHUM U eJUMHUYHOMI
Jucriepcuei.
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N (00 2/q) N (o %/q)

Hynesas
runotesa

anbTepPHATUBHAA
rmnortesa

o(at - w/o )/ \o(-var/o)

0 T u

Puc. 4.1. PacnpeneneHve npu HyneBoi M anbTepHATUBHOM rMnoTe3ax

Teopema 4.1. /Ina nposepku 2unome3swl, 8 Komopoti 86160pKa cpasHuUeaemcs ¢ nopo-
20M, umoGsl pasiudums 08a HOPMAnbHbIX pacnpedeneHust ¢ 00UHAK080l ducnepcueti
o0¥/qu cpedHum u # 0 (Hynesas eunomesa) u y = 0 (anemepHamusHasi 2unomesa), e-
possmHocmo ycnexa Psu 6epossmHOCmb JI0#CHONONOXUMENbHO20 pesynomama PF < PS
y008/1emeopsiom COOMHOWEHUI0

(q’_l(Ps) - <1>—1<PF)>2
q fr .
/o

Lokazamenscmeo. Ilpeanonoxxkum, uto u > 0. IToxoxkee paccykaeHne MpoOXOauUT U OIS
u < 0. Kak mokasaHo Ha puc. 4.1, IpoBepKa IIpUHMMAET HYJIEBYI0 TUIIOTE3Y, KOraa
CTaTUCTUKA KpUTepus (paBHAS CAMOMY BbIOOPOYHOMY 3HAUEHMIO) MPEBOCXOINT T.
Kak u Bbile, 0603HauuM t_ 3HaYeHue CTaTUCTUKU KPUTEPUs sl CTyYaiiHOM BbI-
GODPKM B IPEATIONOKEHNM UCTUHHOCTY HYJI€BOJ TUIIOTe3bl, a t | — ee 3HaueHue s
CJTyYaiiHOV BBIOOPKM B ITPEITIONOKEHNM aIbTePHATUBHOM I'MITOTE3bI.

B MpeAonoke i UCTUHHOCTY HY/I€BOM IUIIOTE3bI CTATUCTMUKA KPUTEPUS MEeT
HOpMaJIbHOE pacIipeieieHe co CPeqHUM UK Aucepcueit 02/q. BeposiTHOCTb ycre-

Xa paBHa BE€POATHOCTHU TOr'0, UTO tnull 60JIbIIIe T, KOraoa HyjieBas ruriore3a MCTMHHA:

Ps = Pr[ta > ] =1 - @((t = 0)/(0//9) = (Vg (i — 1) /0).

Otcrona Vqr/o =Vqu/o - ®'(P,). BeposTHOCTb JIOKHOIIONIOKHUTENBHOTO Pe3yIib-
TaTa — 5T0 BEPOSTHOCTb TOTO, YTO t,, Gonblie T, KOrAA MCTUHHA A/IbTePHATVBHAS
rUrnoTesa:

Pr=Prltye > 1] =1-®(t/(6//9)) = ®(— /g 7/0).
DKBUBAJIEHTHO Vq1/0 = —®7(P,). 3 3TUX IBYX BbIPAXKEHMIA JIJIsI Vqt/o onyuaem
! (Ps) = /g /o + 7 (Pr).
M3meHeHMe MOpsiKa WIEHOB U BO3BeeHNe B KBaApaT JaeT MCKOMBIii pe3yabTaT

npu ycnosun, uto ®'(Py) > ®7'(P,). ITockonbKy ® CTPOro BO3pacTaeT, MocjieaHee

YC/IOBME SKBUBAJIEHTHO P > P.. m|
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4.2. BOCCTAHOB/EHME KJIKOYA C MOMOLLbIO
NMPOBEPKW CTATUCTUYECKUX MMMOTE3

Hanomuwum (cMm. paspen 1.4.2), 94To anroputm 2 Maiyu BbIYUCTISIET SMIIMPUUECKYIO
KOPPEeJIALNIO JIMHEeMHON amMpoKCMMalMy BHYTPEHHe uacTu mmdpa I BCeX
BO3MOXXHBIX 3HAUEHMII peJIeBAaHTHBIX OMTOB K/IIOYA B €ro BHEIIHel yacTu. DTOT
MTOIXO, TIOpa3yMeBaeT, YTO SMIIMpPUUECcKast KOppesius 60sblie (110 abCOTI0THOM
BeJIMUMHE) [IJIs IPaBUIbHOTO KITI0Ua, YeM 1151 HelpaBUIbHBIX.

C TOYKM 3peHMs ITPOBEPKU CTAaTUCTUUECKUX TUIIOTE3, A1 KaKO0M SMIIMPUUECKOiA
KOPPeJISIVA, BBIYMCIEHHOM aTopUTMOM 2 Mailyi, Mbl JOJIKHBI PEIITUTD, SIBISIETCS I
COOTBETCTBYIOILIMI K/TFOU TTpaBUIbHBIM. Eciu cyliiecTByeT K BO3MOXHBIX KJTl0Ueit, To,
YTOOBI OCTABUTD HaMb0JIee MHOTOO0EIAIOIIX KAaHAMAATOB, TOTpebyeTcst K TpoBepoK
rurnoTesbl. [Ipeanoaokmum, 4To 15 BCeX STUX IPOBEPOK BEPOSITHOCTD yCIiexa paBHa P,
a BEPOATHOCTDb JIOKHOIONIOKMUTEIbHOTO pesynbraTta paBHa P.. Ilo ompenenennio,
BEPOATHOCTb BOCCTAHOBJIEHMsI ITPAaBU/IbHOIO KIr0Ya paBHa Pg. Kpome Toro, cpentee
YMCTIO KITIoUeii-KauanaaTos paBHo P+ P(K - 1) = P.K.

B cnepyronux ABYX pasenax aHIU3UPYeTCs YMCIO0 M3BECTHBIX OTKPBITHIX TEK-
CTOB, HEOOXOAMMOe anropuTMy 2 Maiyu, 94To6bI € BEPOSTHOCTBIO Py BOCCTAaHOBUTD
TPaBMIbHbI YACTUYHBINA K/IIOU KaK OIMH U3 IPUOIM3uTenbHbIX P K Kimodeii-KaH-
muaatoB. C TOYHOCTBIO A0 0OCYsKAAeMbIX HIDKe alllIPpOKCUMAIVIi 3TO TO JKe camoe,
4TO MHPOPMALVOHHAS CIOKHOCTDb Pa3/MIeHNsl C BePOSTHOCTBIO ycrexa Py 1 Bepo-
SITHOCTDIO JIOKHOIIOMIOKMTEIBHOTO pe3y/braTa P, Ha OCHOBE JIMHEIHOII allpPOKCH-
Maluu BHyTpeHHel yactu mmdpa. B pasmene 4.2.1 paccmaTpuBaeTcst Cryuaii, Korma
JIMHeliHas anIpoKCUMaIlus UMeeT U3BeCTHYIO (He 3aBUCSIILYIO OT K/IHoua) Koppessi-
uio. Ciryuail HeM3BeCTHOM Koppensiuy obcykmaeTcs B pasgene 4.2.2.

4.2.1. UsBecTHas Koppensuuma

Iyisg KpUIiToaHa/IM3a TUTTMYHA CUTYaIlMsl, KOT[la aHATUTUKY TOYHO HEM3BECTHBI pac-
npeneeHus, KOTOpble ITPOBepKa TUIIOTEe3 HOKHA PasanuuTh. UT06bI MOKHO ObLIO
MPOaHAIMU3MPOBATh CTOMMOCTD JIMHEHBIX Pa3IMUMUTeNel, Mbl TIPEIJIOKUM MOOEb,
T. €. IPeJITONIOXKNM KOHKpETHbIe pacrpeesieHNs ¥ BHITTOIHUM HEKOTOPbIE TOTTOTHM-
TeJIbHbIE alIIPOKCUMAIVN. B 3TOJ I71aBe Mbl HAUHEM C TOBOJIBHO rpyb0ii Mo, KO-
TOpasi Ha3bIBAETCS «IIPOCTOI». YTOUHEHME IIPOCTOI Mofen 00CysKIaeTcs B rase 7.

B mpocToit Mofieny HyseBasi TUIIOTe3a YTBEePKAAeT, YTO KOppessiiys JIMHeHO
anmpokcumanyu ¢ # 0. AnbTepHaTMBHAsI TUTIOTe3a YTBEPKAAET, UTO KOPPEeJsIs
8 mouHocmu pasHa Hys0. KopHU TIocieiHelt TUIIOTe3bl JieskaT B MPeTIoN0KeHNN,
YTO HeMpaBUIbHbIE KIIOUM JO/DKHBI JaBaTh SMIIMPUUECKYI0 KOppessuio, 6oee
OMU3KYIO K HYJTIO; 9TO MPEeATIookKeHe M3BECTHO IT0/ Ha3BaHMEM «TMIIOTe3a paH-
IOMM3aLVY C HEIIPaBUIbHBIM KITIOUOM». IHTYUTUBHO ITOHSITHO, YTO HEIpaBUIbHAsI
JloTajika «paHIOMU3UPYET» CTATUCTUKY KPUTEPUSI, YTO TO/DKHO PUBOIUTH K KOP-
pensium, 61IM3K0M K HYJTIO.

B m1aBe 7 GymeT Ioka3aHo, UTO Jake JIMHEIHbIE alllIPOKCHUMAIM PAaBHOMEPHO
pacrpee/ieHHOM CTydaitHOl epecTaHOBKY WK QYHKIMU PEIKO MMEIOT KOppesisi-
1[I0, B TOYHOCTYM paBHYIO HYII0. ClleqoBaTeIbHO, MPOCTast MOIeIb Heo6s13aTeIbHO
SIBJISIETCSI TOUYHBIM OTOGpaskeHMeM peasibHOCTH, a ITOTyUYeHHbIe C ee TOMOIIbI0 pe-
3y/IbTAThI CJIeAyeT TPAKTOBATh KakK armpoKCMaIuin.
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B HpOCTOﬁ MOAeIN JeJTaTCA CIeAYyoIne JOIMMOITHUTE/IbHbIE TEXHUYECKME ITPpe-
ITIOJIOXKEeHMS.

Masiasi Koppeasiuusi: KBaapaT KOPPEeJsiuM IIPeHeOPeskuMOo MaJj 110 CPaBHEHUIO
C eqUHULIEN.

Bosnbime gaHHbIe: KOJIMYECTBO JAHHBIX ¢ IOCTaTOUHO BEJIMKO, TAK UTO, HAIIpUMep,
MpuOIVKeHNEe GMHOMMAIBHOTO PacIipeiesieHss HOPMaJIbHBIM SIBJISIETCSI TOUHBIM.

Mogenb BI:IGOpKI/I: BbI60pKa OTKPBITBIX TEKCTOB ITPOU3BOONTCS CJ'[y‘laVIHbIM " paB-
HOMEPHBIM o6pa30M C 8038pauieHuem. Orcroma, B YaCTHOCTH, ClenyeT, 4To 06-
pa3nbl HE3aBMCUMBI.

OG6BIYHO 3TU TMPEIITONIOKEHNST PEATUCTUYHBI, HO MPY HEOOXOOMMOCTU OT HUX
MOSKHO OTKa3aThCsl 6e3 0COOBIX TPYAHOCTEN (CM., HallpuMep, yIipaskHeHue 4.1).

B mipocToii Mogenyu nHGOpMalOHHAs CIOSKHOCTD JIMHETHOTO Pas/IMUUTENSI O -
ChIBAeTCs, MO CYyLIeCTBY, Teopemoii 4.1. I paBHOMEPHOIO CIy4aliHOTO BXOJa X
1 COOTBETCTBYIOIIErO BbiXoAa y = F(X) onmpeaenum ciydaiiHylo BeTUYnHYy

7 = (_1)MTX+va'

[To ompenenenuto, E(z) — Koppessius JuHeHOM anmpokcuManmu (u,v) GyHK-
unu F. Eciu McTMHHA Hy/eBasi TMIIOTe3a, TO Koppessius paBHa c¢. Ecim ke uctuHHa
aJbTepHATMBHAS TUIIOTE3a, TO OHAa paBHa Hy/0. Kpome Toro, E(z?) = 1 mjig mo6oit
ruroTe3bl. CiemoBaTeabHO, IJIs1 HyJeBoi rumoTe3sl V(z) = 1 - ¢2~ 1, a gj1s1 anbrep-
HaTuBHOI V(z) = 1.

Habop g “3BeCTHBIX OTKPBITHIX TEKCTOB 1 COOTBETCTBYIOMIMX UM HIM(GPTEKCTOB,
VIHaue FOBOPS — 3HAUEHMIA Z, = (—1)*x"%, . z, = (-1)¥**Y,, COOTBETCTBYET BHIOOP-
Ke Z.. BbITIO/THSIeMble HaMU CTAaTUCTUUYeCKMe TTPOBEPKM OCHOBAHbBI Ha BbIOGOPOUHOM
CpelHeM WV IMNUPUUECKOL Koppeasyuu

/6:

q
>
i=1

Kak o6cyskmanoch B pasmene 4.1.1, BBIGOPOUHOE cpefHee SIBJISIETCS OI€HKOIA
cpenHero. VIHbIMM CJIOBaMU, SMIMpPUUECKasT KOPPEeasIius — 3TO CTaTUCTUYeCKast
OILleHKa KOPPEeJISILIUNA.

[TocKoNMbKY BhIOGOPKA 113 BXOIOB IIPOM3BOIUTCS C BO3BpaIlleHMEeM, CTydaifHbie 06-
pasupl z,, ..., Z, He3aBMCUMBI IPU obeux rumoresax. Ecam q BeIMKO, TO U3 IE€HT-
pasibHOV TpenenbHON TeopeMbl (TeopeMa A.l B mpuioxkeHuu A) cienyeT, UTO
C IpUOIVKEHHO COBITalaeT C HOPMaIbHBIM paciipefesnenyeM. B cury mpumepos 4.2
1 4.3, cpefiHee ¢ paBHO UCTMHHOMY CpeJJHeMY I10 TeHepaabHO COBOKYITHOCTH, T. €.
0 W ¢, a gycrepcus ¢ paBHa AMUCIIepPCHH TI0 TeHepanbHOi COBOKYITHOCTH, TIOfie-
JIEHHOJi Ha pasMep BBIOOPKMU @, T. €. 1/q. TToaToMmy 13 TeopeMmsl 4.1 ciaemyeT Takoii
pes3yJibTar.

| =

CnenctBue 4.2. HHOOpMAyuoHHAs CJIOHCHOCMb JIUHELIH020 pa3audumes 8 NPOCMoti Mo-
denu, 20e UCNONB3Yemcs JIUHEUHAs annpoKCUMAayust ¢ U38ecmHoli Koppensayueti ¢, pasHa

. (d’_l(Ps) - <1>—1<PF>)2

c
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2de P, — eeposmuocme ycnexa, a P_< P
pesynemama.

g — 6EPOSIMHOCMb JIOHCHONOJIOMUMEIBHO20

Lokaszamenbcmeo. JOCTATOYHO MOMOXUTb U =c¥ 0 = 1 B Teopeme 4.1. O

4.2.2. HeusBsecTHasa Koppensiuus

Iyis GOMBIIMHCTBA aTaK, OMMCAHHBIX B JIMTEpaType, KOPPeIsLuus JTMHEeNHONM arl-
MIPOKCUMMAIIMM 3aBUCUT OT (HEM3BECTHOrO) Kioua. Kpome TOro, 4acTo JMHeHbIe
aTmpoKCcUMaIuy 6bIBaeT TPYTHO BBIUMCIUTDL TOYHO, Aa)kKe KOTJA K/II0YU M3BECTEH,
ITIOTOMY UTO B KOPPEJISIIMIO MOTYT BHOCUTD BKJIaJ, MHOTO JIMHETHBIX CJIETOB.

Korma koppensiuusi HeM3BeCTHA, OCHOBHASI TPYIHOCTb MPUMEHEHUS] KPUTEPUS
13 pasmeina 4.2.1 3ak/I0uaeTcs B TOM, UYTO HEM3BECTEH 3HAK Koppesnsiunu. OgHa 13
BO3MOKHBIX CTPATETMii — OTAEIbHO PACCMOTPETH CIyUay MOMOKUTENbHOI U OTPU-
1IaTeJIbHO KOPPEJISIIINiA, BHITTONIHUB IBE IIPOBEPKM TUITOTE3 AJIS KaXKIOTO BO3MOXK-
HOT'O K/TI0oUa. DTO YBEJMUMBAET BEPOSITHOCTD JIOKHOTIONOKUTEILHOTO pPesy/IbTaTa,
ITOCKOJIbKY KOJTMUECTBO KITIOUeii-KaHaAMIaTOB MPUOIM3UTETbHO yaBanuBaeTcs. JIpy-
rast crpaterusi — paboTaTh CO CTaTUCTUKOI KPUTEPUS, He 3aBUCSINEH OT 3HaKa C.
Hampumep, MOXKHO pa3paboTaTh KpUTepuii, OCHOBAHHBII Ha |C| MM, UYTO SKBUBA-
7IeHTHO, Ha ¢2. Hy/eBasi I'umoTe3a MpMHMMAETCS, ecy abCOMOTHAS BeIMYMHA MK
KBaZpaT KOPPEeISLUU MIPEBOCXOIUT MOPOT 7. DTOT KPUTepuit paboTaeT mpu ycio-
BUM, UTO abCOTIOTHAS] KOPPEISIMS TIpU HY/IeBOI IMIIOTe3€e 3HAUUTEIbHO OOJbIIle,
yeM IpU aTbTePHATUBHOIA.

Crnemyroiasi TeopeMa JaeT BepOSITHOCTD ycIlexa, KOrja |c| M3BeCcTHa, HO 3HaK € He-
m3BecTeH. s mudpoB ¢ yepemoBaHMEM KIII0Ya 3TO COOTBETCTBYET CIyJalo Jiv-
HEJTHBIX aTITPOKCUMAIlNIA, B KOTOPBIX JOMUHUPYET KOPPEJISIS OTHOTO JTMHENHO-
ro wiega. O6mmit cryvaii, Korga |c| Takske 3aBMCUT OT KJTI0Ua, 0OCYKIAeTCs MO3Ke.
B TeopeMe 4.3 menaloTcst TaKye ke MPeAIIoNoske s, Kak B IIPOCTOI MOJIENH, C TeM
OTJIMYMEM, UTO ITPOBEPKA OCHOBAHA HA aGCOMIOTHOM 3HAYEHMM MM KBaJpaTe dM-
MIMPUYIECKOI KOPPEISILIVIN.

Teopema 4.3. BepossmHoCmMy ycnexa JUHeLiH020 pasiuyumesss 8 Npocmotii moodesu,
OCHOBAHHOU HA ab6conomHOU enuuuHe UlU K8adpame IMNUpUUeCKoll Koppeasyuu
U ucnosv3youjeli JUHeliHy annpoKCcUMayurw ¢ U3eecmHoll abcoilomHuoll Koppens-
yueti |c|, pagHa

Ps = ®(®~(Pr/2) + Iclv/q) + (D7 (PE/2) — Il V),

20e q — UH(OPMAYUOHHAS CLOHCHOCMY, A P, — 6epOSMHOCMb J10HCHONONOHCUMENBHO20
pesyivmama.

Lokazamenscmeo. DMIIMpPUUEcKasi KOppensins énun IIPU HYJIeBOJ T'UIIOTe3e MMeeT
HOPMaJIbHOE paclpeneeHne co CpegHUM ¢ U nucnepcuent 1/q. AHaJIOTMYHO SMITN-
puyecKasi Koppesius éah IIPU anbTePHATUBHO TUIIOTe3€e MMeeT HyJlleBoe CpefHee
u gucnepcuto 1/q.

A A
[TockonbKy €2 > T 9KBUBAJIEHTHO |C| > VT st T > 0, He MMeeT 3HauUeHus, OyIeM Jiu
MbI JCITOIb30BaTh aOCOTIOTHYIO BEJIMUMHY KOPPeIsuuy uiam ee kBagpart. CiemoBa-
TeJIbHO, [ T > 0 BepOSITHOCTD JIOXKHOTIOJIOKUTENBHOTO pe3yibTaTa PF paBHa
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Pr =Pr|[Co] > 7] =2@( — J/q7).

PelreHye 3TOro ypaBHeHMUs] OTHOCUTE/BHO T JaeT Vqr = —-®7(P_/2). BeposaTHOCTb
ycnexa P paBHa
Ps = Pr[[Chuil = 7]
= Pr[Cnun = 7] + PrChun < —7]

= ®(—/q(t — 0)) + D(—/q(r +0)).

HOCKOJ’[]:KY 9TO BbIPpa’KeHME SIBJISIETCS YeTHOM (I)YHKLU/IEVI OT C, ero0 MOXHO I1epe-
IIMcaThb B BuUae

Ps = ®(—/q7 + lcl/q) + ®(—/a7 — lcl/q).
TTozncraHoBKa V(g = —®'(P_/2) npUBOIUT K MUCKOMOMY pe3yJIbTarTy. O

Ecii BepOSTHOCTD JIOKHOITOJIOKMTEIBHOTO pesyibraTa P, J0CTaTOYHO Maja, TO
BbIpaXkeHue [J1s1 BepOSATHOCTU yCIlexa B Teopeme 4.3 XOPOoIlO allpOoKCUMUPYeTCs
P = ®(P'(P/2) + lclVq). CnefgoBaTenbHO, B 9TOM cydae MH(GOPMaIMOHHAS CJI0XK-
HOCTb IMeeT BUJ,

N (<1>_1(Ps) - CD_](PF/2)>2

c

B [TPEIIONOKEHNN, UTO Py > P /2.

Teopemy 4.3 MOKHO MCIIOb30BaTh, Aaske eC/IM a6COTIOTHAS BETMUHA KOPPesIs-
1M 3aBUCUT OT KiTo4a. B IaBe 7 MoOKasaHO, UYTO KPUTEPWUIT SIBISIETCS ONTUMAaITb-
HBIM, KOTJIa OT K/TI0Ya 3aBUCHUT TOJIbKO 3HAK, HO He B 06IieM ciayuae. YTOObI Mpo-
aHaIM3MPOBAThH BEPOSITHOCTD yCIIeXa B C/Iyuae, KOTa || 3aBUCUT OT K/TI0Ua, BhIpake-
Hue /7151 P B TeopeMe 4.3 ciefiyeT yCpeJHUTD 10 K/TI04y. DTO MPOMJITIOCTPUPOBAHO
B CJIEAIYIOIIEM TIPUMEDE.

lpumep 4.4 (Bo3BpaT K npumMepy 2.3). B aTOM npumMepe BepOSTHOCTb yCIiexa pas-
JIMUNUTENIST OIpenesisieTcsl Ha OCHOBe JMHelHol ammnpokcumanyu (000000001,
000010000) mJ1st TpEX payHAOB AEMOHCTPAIMOHHOTO mudpa 13 pasmgena 1.1. B mpu-
Mepe 2.3 ObIJIO BBIBEJIEHO CIIeyIolee BbIpaKeHME 1T KOPPEeTSIINA:

c=(1) /8 (1 +(-1y/2)(A + (-1)%/2),

VIV [1J1S1 KBAZpaTa KOPPeJIsLn:
2
2= ((1 + (=12 2)(1 + (—1)“3/2)) /64.

OTtcropa c?= 1/2'° nns 25 % xmoueit, ¢*= 9/2'° nusa 50 % xkmioueit u ¢?= 81/2'° nia
25 % xmoyeii. Ha puc. 4.2 iokasaH rpaduk 3aBMCUMOCTY BEPOSTHOCTH ycIiexa P or
q TIpY TIOCTOSTHHOT BEPOSITHOCTY JIOKHOTIOJIOSKUTeTbHOTO pe3y/ibTaTa. BeposiTHOCTD
ycriexa paBHa ycpegHeHM0 GOpMYIIbl M3 TeOpeMbI 4.3 OTHOCUTETBHO KITI0Ua. =
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14
------- c=+ 1/32
081 |---c=%3/32
— =% 9/32
06| |— overall
N
04 |
0.2+
0 - - : : : - : - : - - -
20 21 22 23 24 25 26 27 28 29 210 211 212

Puc. 4.2. BepoatHoCTb ycnexa Pg Kak GYHKUMA OT g AN IMHEMHOro pasnuyuTtens us npumepa 4.4
npu Pr=0.002. Kp1Bas nonHOM BEPOSTHOCTU yCnexa SBASETCS B3BELUEHHOM CYMMOW KPUBbIX 4NS1
BCeX Tpex NOoAMHOXECTB Kntoven, T. e. overall(g) = ¥4 case,(q) + V2 case,(q) + 4 case,(q)

4.3. CTPATErMM BbIBOPKMU

B mpenpimyiiem pasfeiie mpeanoaarajoch, YTO MIPOU3BOAUTCS paBHOMEpPHAsl CITy-
yajiHas BbIGOPKA OTKPBITHIX TEKCTOB C BO3BpallleHreM. B 3ToM ciiyyae oOpasiibl He-
3aBucuMbl 1 [{l i< q|u'x=V'y}| =¥ (z + 1)/2 umeeT GMHOMMAILHOE pacTIpese-
JieHie, KOTOpOe Mbl alllIpOKCUMIMPOBAIM HOPMaJIbHbIM, ONIMPAsICh HA 1I€eHTPaIbHYIO
TpefenbHYI0 TEOpEMY.

Ewtn BhIOOpKA OTKPBITBIX TEKCTOB ITPOM3BOAMTCS 6e3 BO3BpAIleHMS, TO CIy-
YajiHble BeIMUMHBI Z, He ABJISIOTCS He3aBUCUMMbIMM: IIPU Kak[0l BHIOOPKe 3Haye-
HUSI +1 BEpOSITHOCTB, UTO CJIEIYIOIIVIM OYyIeT BbIOpaHO 3HaUYeHMe +1, yMeHbIIaeTcsl,
¥ Ha060pOT. MOXKHO IOKa3aTh, UTO B 3TOM c/Iydyae BeamumHa [{1 <i<qlu'x =Vv'y}|
MMeeT TUIlepreoMeTpUUecKoe pacrpeneneHne, KOTOpoe Takke MOKHO amIipoK-
CMMMPOBATh HOpMaJIbHBIM. [10 CpaBHEHMIO C HOPMaJIbHBIM pacnpeneneHeM, arn-
MIPOKCUMMPYIOIIMM 6MHOMMAIbHOE, CpeIHEee TO sKe caMOe, a IVCIIepCcusl OKa3bIBa-
eTCsl MeHbIIIe: OHA YMHOXKaeTcsl Ha KO3 UIMeHT

2" —q i q

— T x1-

2m — 1 2n

)

KOTOPbIi YMeHbIIaeTcsl, KOTAa g CTPEMUTCS K 2.

Bbribopka ¢ Bo3BpalleHMeM MPUBOAUT K 6osee POCThIM (opmyrnam, a BbIGOpKa
6e3 Bo3BpalieHus — K GopmysnamM, KOTOpbIe MPeICcKa3bIBAOT 6ojiee HU3KYI UH-
(hopMaIMoHHYIO CTOXXHOCTb. Ha MpakTHKe, KOTIa KOMMUECTBO 06Pa3I0B q BEIUKO,
MOV 6bI BOSHUKHYTD TPYOHOCTYU C TAPaHTHe! YHUKATbHOCTY OTKPBITBIX TEKCTOB,
MMOTOMY UTO aTaKYIIIEeMy IIPUIILIOCH ObI 3aTIOMUHATH, KaKye 3HaUeHNUs yKe BCTpe-
Ya/IiCh paHblle. ITa MPaKTUUecKast MpobaemMa He BO3HUKAET, eC/I PEKUM PaboThI
6;0uHOrO MMKdpa rapaHTUPYeT OTCYTCTBME MOBTOpeHUi. Hampumep, Tak GbiBaeT
B pekuMe CueTurKka U MPOU3BOLHBIX OT HETO, CKaXkeM B peXMMe C ayTeHTuduKa-
umeti lanya (GCM).
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4.4. BOoCCTAHOB/EHME KJIOYA C UCMOJIb30BAHUEM
PAHXXUPOBAHUS KJTHOYEN

CymiecTByeT aJibTepHATUBHBIN MOAXOM, K BOCCTAHOBJIEHMIO KJTI0Ya, KOTOPBI 4acTO
MCIIONIb3yeTCs Ha TMpaKkTuKe. BMecTo TOTO YTOGBI BBITONHSATH ITPOBEPKY TUIIOTE3
IJISI SMIOVMPUIECKON KOppeassiuuy KaKIOT0 KI4a, HY’KHO BBIBECTU CIIMCOK KITIO-
yeli-KaHIUIaTOB, OTCOPTUPOBAHHBIN 10 JOCTOBEPHOCTM B MOPSIAKE YObIBAHMS (TI0
yOBIBAHUIO aGCOMIOTHOI SMITMPUYECKOV KOPPEInymn). ITOT MOIXOM HAa3bIBAETCS
PaHICuUposaHue Kawuetl.

PamxupoBaHue KiIouel He SIBISIETCS YeM-TO MPUHIUINAIBHO OTAUYHBIM, M0-
CKOJIbKY Ha MPaKTUKe COXPAHSIETCS TOIHKO YaCTh TAOIUIIBI KITFOUEli C HAMBBICIIMMU
panramu. Kaxk u paHblile, IOJTHAS aTaka 0ObIYHO BKIIIOUAET MOCIeIHMIA 1Iar, Ha KO-
TOPOM YTaAbIBAIOTCS U POBEPSIOTCS OCTABIINMECS HEM3BECTHBIMM OUTHI.

BaxxHoe mpeuMyIecTBO paHXMPOBAHUS KIIOUEl 3aK/I0YaeTcsi B TOM, YTO OHO
TepIMee K HETOUHOCTSIM MofeNn. [IeiiCTBUTEIbHO, AJIs MG POB, TOCTPOEHHBIX 13
9JIEMEHTOB C HU3KOI HEeJMHEeTHOCThIO, TakKMX Kak ARX-1mdpsl, ruroresa paHmo-
MMU3alUM C HeMPaBMJIbHBIM KJIIOUOM, UCITO/Ib3yeMasl B MPOCTOM MOAEeNI, OTKIOHSI-
eTCsl OT PeaIbHOCTH.

TOYHO TTpoaHAIU3MPOBATh MHGOPMALIMOHHYIO CJIOKHOCTh PAHXKMPOBAHUS KITIO-
yeli TpyoHee, YeM B cJTydae MpoBepKu rumnore3. OqHaKo ey CAenaTh JOTOTHUTEb-
HbIE MMPeATIOI0KEeHNS, TO aHa/IN3 yrpouiaeTcsi. KOHKpeTHO, paHXXpoBaHMe KITouei
MOYKHO TPOAHATM3UPOBATh C IIPUMEHEHMEM NopsoKosslx cmamucmuk. ITycTb Ilel,
Iﬁzl, ceey IGKI — abCOoJIOTHBIE BEJIMUMHBI SMIMPUUECKUX Koppesiuii K kioueii. [To-
PSITKOBBIMM CTATUCTMKAMM Ha3bIBAIOTCS CTyYaiiHble BEJIMUMHBL S, S,, ..., S, TOJy-
YeHHbIE [yTeM COPTUPOBKH |C,, [C,, ..., [C,/, TAK 4TO S < §,< ... € S, C BEPOSITHOCTBIO 1.
BenunHa s;Ha3bIBa€TCS i-¥i OPSAIAKOBOM CTATUCTUKOI.

[TpennonoxkumM, 4TO SMOMPUYECKME KOPPEeTSUUM Pa3JINYHbIX HeINpPaBUIbHbBIX
KJII0Ueli He3aBUCUMBI ¥ OOMHAKOBO pacrnpenenensl. Eumm unwio kiwoueli K gocra-
TOYHO BEJIMKO, TO TIOPSIKOBAST CTATUCTMKA OUEHb ITOX0Ka Ha KBAHTWIbHYIO QYHK-
uuio (06paTHYIO K GYHKIMM pacIipeneieHns) abCoMIOTHO BeTMUMHbI Iﬁil SMITUPU-
YeCKMX KOppesinii HellpaBUIbHbBIX K/I0Uel. B MpocToii Moaeny 3Ta KBaHTU/IbHAS
byuKuMs p = O(p - 1)/2 / Vq. B 9acTHOCTH, i-9 TOPSIKOBAs CTATUCTUKA YIOBIET-
BOpSIET TPUOIVKEHHOMY PaBEHCTBY

1, (i—-K
si~x —& .
Ja 2K

B 5TOM paBeHCTBe 3HaK = O3HA4aeT, 4To S, 6/M3Ka K IpaBoii YaCTu C BBICOKOI
BEPOSITHOCTBIO.

oo Kiroueli, OCTaBAsSIeMbIX B KayeCTBe KaHAWAATOB, MPUHSITO 3aMMChIBATh
B BUJe 279 TAe a Ha3bIBAeTCS NpeumMyulecmeom 60CCMAaHoBieHUsl Kawuad (He MyTaTh
C IpeuMYyIIeCTBOM B KOHTEKCTe MpoBepKu rumnoTes!). PaH>kupoBaHue Kiouen mpu-

BOIUT K yCIIEXY, €C/IM abCOMIOTHAST BeJIMUMHA SMITUPUUECKOI KOPPEeISIIuy 60sblie
K(1 - 279)-71 nopsiAKOBO CTaTUCTUKH, T. €.

1
S|k(1-2-ay) A —= &7 (2 ¢ l).

NG
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OnHaKo 3TO B TOYHOCTU COBMAZAeT C TIOPOTOBbIM 3HaUEHMEM JJIs1 TPOBEPKU TU-
nores ¢ P_.= 27 TIo3TOMY IIpY TeX JKe MPeATOIOKeHMsIX, UTO B paspere 4.2.2,

.~ <¢-1<Ps> - <1>—‘<2—“—1)>2

c

Hanmomuum (cm. paszen 4.2), uto BennumHa P.K Taxke 6bl1a XOpolIeii arnmnpok-
CUMaLyeli CpeJHero 4yciia OCTalMXCs KI4Yell B [I0AX0Ae, OCHOBAaHHOM Ha I1POo-
BepKe I'UIIoTe3.

4.5. UCTOPUYECKAS CMPABKA

B cBoeit cTtaTbe O MpPUMEHEHUM JMHETHOTO KPUIITOAHaAM3a K GIIOYHOMY ImuUd-
py DES Mauyu pan oueHKy MHGOPMAIMOHHON CJIOKHOCTM ¥ BepPOSTHOCTYU
ycnexa cBoeil araku. Celmuyk IpoaHaJIM3MPOBaa MPOLEAYPY PaHXXMPOBaHUS
KITIoUelt 6ojiee MeTaabHO, OMMPAsICh Ha IIPEATIONOXKEHMUs IIPOCTOM MOmenu w3
paspmena 4.2. VHopMmaliiMoHHasi CIOKHOCTb BBIOOPKM 6e3 BO3BpalleHus] Oblaa
MpoaHaM3MpoBaHa aBTopamu B pabore Ashur, Beyne, Rijmen 2020 1 He3aBUCUMO
Bbronmo 1 HioGepr, Ha3BaBIIIel ee «IPyroii M3BeCTHO MOMEIbIO OTKPBITOT'O TEKCTAax.

CyliecTByeT MHOKECTBO PaboT IT0 CTATMUCTUKE IMHEITHOTO KPUITTOAaHa/IM3a, B KO-
TOPBIX PacCMaTPUBAIOTCS YTOUYHEHMS MPOCTOI MOMENN U ONTUMAaabHble METO[bI
MIPOBEPKM I'MITOTE3. ITU BOIIPOCHI OOCYKIAIOTCS B IIaBe 7.
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4.7. YNPAXHEHMS

YnpaxHeHue 4.1

Monnuduumpyiite ciencTie 4.2, 4To6bl OHO OCTaBAJIOCh BEPHBIM 0€3 MPeAIIooKe-
HMS O «MaJIOV KOppesiLiin» U3 IPOCTOI MOIENN.

YnpaxxHeHue 4.2

Mopuduuupyiite Teopemy 4.1, cniefctsue 4.2 u Teopemy 4.3 [Jis CIydasi, KOT/Ia BbI-
60pKa OTKPBITHIX TEKCTOB MTPOM3BOAUTCS 6€3 BO3BpallleHNIs.
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B m1aBe 1 6b1710 06BSICHEHO, KaK JTMHEIHbIE allIIPOKCMMAIIMY MOXKHO MCIIO/Ib30BaTh
JIJIST OpTaHM3alMK aTak C BOCCTAaHOBJIEHMEM KJTKo4a Mo asiroputmy Manym 1 wim 2.
B aT0i1 T/1aBe MbI 60jIee MPUCTATBHO PACCMOTPUM JTOPUTM 2 U €ro YITydIlleHMUs.
CamMoe BaskHOE Y/IyYIleHVe UM OCHOBHAsl TeMa 3TOi IaBbl — «METOJ OGbICTPOro
npeo6pasoBanust Dypbe».

5.1. BOCCTAHOBNEHME KJTIIOYA MO AJITOPUTMY 2

Hamomaum (cMm. rmaBy 1), 4TO aTaka ¢ BOCCTAHOBJIEHMEM KJIKOUA I10 JITOPUTMY
Marrymn 2 pas6buBaeT mudp Ha BHYTPEHHIO M BHEITHIO YacCTH, Kak ITOKa3aHo Ha
puc. 1.4. Euiu y TMHeHOM anlpOKCUMaIi BHyTPEeHHel 4aCTy pa3peskeHHbIe Mac-
KM, TO 3a4aCTyIO ee MOKHO BBIUMCIIUTD, 3HAST HEGOJIBIITYIO YaCTh OTKPBITOTO TEKCTA,
mmdpTrekcTa M payHAOBBIX KIIOUeil. DTO IPUBOIUT K MIPOIECCY YACTUUHOTO IMnd-
poBaHus u JemnpupoBanus, okasaHHOMY Ha puc. 5.1, rie F, u B, umeror meHb-
IIyI0 0671aCTh OTIpeiesieHMsI ¥ 06/1acTh 3HAUEHMIA, YeM BHYTPEHHSIS 4acThb E.

[Tpexxne yem mepexoauTh K YIYUIIeHUSIM HauBHOTO MOAXO0Aa, 3aKI0YaI0Ierocs
B YaCTMYHOM IMGPOBAHUM U IelnbPpUPOBAHUM KaXKI0 Mapbl (OTKPHITHIN TEKCT,
mMGPTEKCT) I/IST KAKIOTO BO3MOKHOIO KITI0Ya, MMEeeT CMbIC/ CUCTEMATU3MPOBATh
aTaky C BOCCTAHOBJIEHMEM KJTI0Ua, BBE/SI TEPMUHOJIOTHUIO JIJIs1 OCHOBHBIX IIar0B 3TO-
ro Impolecca.

MopgenupoBaHue. [IepBbIM 1IaroM SIBJISIETCSI HAXOXXAeHMe TTOAXOASIei TMHEMHOI
anmpoKCUMALIMK U OIIpefesieHNe ee KOPPeIsiuy (C TOUHOCThIO A0 OIIMOKM MO-
IepoBaHMs), BKIIOUast B ee 3aBUCYMMOCTY OT K/Iioua. DTOT LIiar 6bIT pacCMOT-
peH B I71aBax 2 u 3.

Ouctmnnsuyst. Kak mokasaHo Ha puc. 5.1, i BbIYMCIEHUS JIMHEITHOM amIpoK-
CUMaIMy BHYTPeHHel 4yacTu mmdpa HeoOs3aTeTbHO 3HATh OTKPBITBIA TEKCT
U IUAPTEKCT LEeTMKOM. JUCTUIISIMS — 9TO IMPOLIECC U3BJIeUeHNsT pejieBaHTHOM
nHbOpMaINM U3 rmap (OTKPBITHIN TEKCT, MUOPTEKCT). XOTS MPY HAMBHOM ITO/IX0-
Ile 5TOT IIar TPUBUAJIEH, MMEHHO OH COCTAaBJISIET CYTh YIYUIIEeHNI, 06CYsKIaeMbIX
B pasgenax 5.2 u 5.3.
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BHYTPEHHSAS 4acTb

Puc. 5.1. YactuuHoe wudposaHme 1 aelinbprpoBaHMe BHELLHEN YacTK Wwudpa

Ananus. Ha stom miare OaHHbIe aHa/IM3UPYIOTCH, YTOOBI CO34aTh CIIMCOK CaMbIX
BEpPOSTHBIX (‘IaCTI/I‘-IHbIX) Kioueii. OGBIYHO OJIsT 9TOr0 HY>KHO BBIUYMC/INUTD CTa-
TUCTUKY KPUTEPUS OJIsI Ka’)KOOIr0 BO3MOXXHOI'O K/Iro4da. 3aTeM CIIMCOK CTAaTUCTUK
Kpurtepuda COPTUPYETCS MM CPAaBHMBAETC C IIpeaorpene/ieHHbIM IIOPOrOBbIM
3HaueHyueM. CTaTUCTHUUECKE aCIIeKThI 3TOTO nmpouecca 06Cy7K,I[aJII/ICb B I/1aBe 4.

Ilomck. Ha rociiemHeM 1miare aTaky C BOCCTaHOBJIEHMEM KTI0ua o1rpenesseTcs ImoJi-
HBIN K104 IMIyTeM MCYEePIIbIBAIOIIETO ITOMCKa B CIIMCKE OCTaBIIMXCS KaHAMIATOB.

5.2. NMopxon Mauym

W3noskeHue anroputMma 2 camuM Mailyy BKIIOYaI0 ONTUMM3ALMI0, KOTOpast OIypaeT-
cs1 Ha GoJiee TIIATENBHBIN 1IAr JUCTUIUILMA. [IpeATIoNnoskuM, 9YTO MMeeTCs g rap (0T-
KDBITBIV TEKCT, IMPPTEKCT), M 0603HAUMM i-Ji yceueHHbIit obpasel (x,y) € I x [F. 3mech
CJIOBO «yCEUEHHbIVi» 03HAYAET, UTO X, ¥ Y, BKIIIOYAIOT TOJIbKO Te GUThI, KOTOPbIe HE0OX0-
JVMBI JI7IS1 BBIUVMCIEHMS IMHEMHO alllTpOKCUMAIIV/ BHYTPEHHEl YacTy mmdpa.

B o6o3snauenuax Ha puc. 5.1 cymecTByoT cemerictBa Gyukumit F,: F; — F,
u B, : F,— F, Takue, 4TO Oll€HKA KOPPEISUUN JMHENHO anmpoKCUMalu BHYT-
peHHei yacty mudpa paBHa

q
Z(_l)Fl(xi)+Bk()’i) —

i=1

Ck,l =

1 1

- - Zal(xi)bk(yi), (5.1
q 955

1=

rae a(x,) = (-1)F9u b,(x,) = (=1)%*. TIpu HauBHOM moaxoze (5.1) BEIYMC/ISAETCS IJIs
Kaxkmoro 13 K BO3MOKHBIX 3HaUeHMI K ¥ [AJ1s1 KaXKI0To M3 L BO3MOKHbBIX 3HAUEHMI [,
TOr/Ia TTOJIHAsI BpeMeHHasl CJIOXKHOCTD orepanuii mnudpoBaHus 1 aemndbpupoBaHus
paBHa gKL. BbIllieyrIOMSIHyTasT OITMMM3aIs YIyUIIaeT STOT HOAXO0I, KOraa q 60b-

e Zmin{s, t}.

5.2.1. OnHOHanpaBNEeHHbIN cny4vai

CHauaia pacCMOTPUM C/Ty4aii, KOTa BHEIHSIS YacTh COCTOUT M3 OJHOTO Uiy 6ojee

PayH/IOB TOJIbKO B KOHIIe mivdpa. To ecTh CyIiecTByeT Juilb L = 1 BOSMOXHBIX 3Ha-

YeHUT YaCTUYHOTO Kitoua [. YTOObI MOJYePKHYTh JaHHBIA (HaKT, OITYCTUM MHIEKCHI [
B opmyie (5.1):

q

Go=— Y ale) b,

1
1
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Ty. o o
rae a(x) = (—1)* % gy HeKoTopoit Macku u. IIpaByro YyacThb 3TON (HOPMYIIbI MOKHO
nepenucaTh, CrpynnupoBaB BMeCTe YeHbl, B KOTOPBIX Y, IPUHMMAET OIMHAKOBOE
3HaveHue. JTo faeT GopMyIy

_ 1
Go= ) be(y) D a8 ().

yelF i=1

3Iecb CyMMY MOKHO MHTEPIIPETUPOBATh KaK IPOM3BeLeH e MaTPULLbI Ha BEKTOP.
lelicCTBUTEbHO, OIIpefenM MaTpuily B pazmepa Kx2!, s7ieMeHTbl KOTOPOI MHIEKCH-
POBaHbI YACTUYHBIMM KITHOYaMU K 1 3HAUEHUSIMU Y, ¥ BEKTOD W CJIEAYIOLIVIM 00pa3oM:

B,y = br(y),

q
1 ,
wy ==Y a(x;) 8" (),
4 i=1
HpI/I TaKMX OIIpeaeIeHnAX BEKTOP 6 C JJiIeMeHTaMMn Gk paBeH 6 =Bw. 9TO0 IIpUBOAUT
K GJIeyIIM 11aramM IUCTUIISIUN 1M aHa/In3a.

JucTUanSuus. BelauciuTb BeKTop w. [IJist 3TOro TpebyeTcst q BHIUMCIEHUI a, 10-
CTYIIOB K TaMSITV U CIOKeHUIA. [IJisI cOXpaHeHMs BeKTopa W TpebyeTcsl coxXpa-
HUTD 2! ymcer.

AHanm3. BerumMceInTh Ipon3Be/ie e MaTPUIIb Ha BEKTOP ¢ = Bw. DTO Mpou3BeieHNe
MOXXHO BBIUMC/INUTD, HE XpaHS caMy MaTpuily B. B BBIUMCIUTENBHON CIOKHOCTU
npeobagaeTr CroMMocTb 2K YaCTUYHBIX Jeln(prpoBaHmii (BbIUMCIEHNUI b,).

[MomHas acMMITOTMYECKass BpeMeHHasl (JIOKHOCTh paBHa O(2'K + q) 1o cpaBHe-
Huto ¢ O(gK) 111 HAMBHOTO METOAA.

lpumep 5.1. B 3TOM IpuMepe UCIONb3yeTCsl TpeXpayHAa0Bas JMHeHas arIpoKCu-
MaLys U3 IpuMepos 1.3 u 2.3 [J1s1 opraHu3alyy aTaky C BOCCTAaHOBJIEHMEM KIIIoua
Ha JeTbIpe payHza. Ha puc. 5.2 mokasaHa sta TpexpayHIoBas JMHeHAs anpoK-
cuMalus (HeHyJeBble MaCKM M300paskeHbl SKUPHBIMY JIMHUSIMU) U OUTBHI, YIaCTBY-
I0lIYe B YaCTUYHOM AemnbpupoBaHum (KUMpHBIe JMHNUN). [I0 PUCYHKY BUIHO, UTO
IOJDKHBI OBITh M3BECTHBI TPU 6MTa MIMbPTEKCTa 1 YTO TPU OUTA TIOCTeIHETO payH-
JIOBOTO KiTIoua Heobxomumo yragats. Otcioga K = 8 u t = 3. [I0CKONIbKY KOPPesLus
armpoKkcuMauu 6;m3sKka K ¥s, monaraem q = 64.

dbd  bod  dbdd

Puc. 5.

N

. ATaka C BOCCTAHOBJ/IEHMEM KJIHOYA Ha YETbIPE payHAa AEMOHCTPALMOHHOIO Wwndpa
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I[Tpu ucnonb3oBaHMM 64 CITyUaitHBIX 00Pa310B, 3G POBAHHBIX KITFOUOM, COCTO-
SIUM M3 ONHUX HyJIel, ar aHa/in3a BKIUaeT caeAyolee Mpou3BeieHne MaTpu-
1bl Ha BEKTOD (MHIEKChI, IpUHagIexkamue [F3, yropsamoueHsl IeKCMKOrpaduueckn):

—247] [—1 -1 I -1 1 I -1 1] 5
—18 -1 -1 -1 1 1 1 1 -1 6
—12 1 -1 -1 -1 -1 1 1 1 1
I [-14 —1 I -1 -1 I —1 1 1 1 1

64 24 1 I -1 1 -1 -1 1 -1 64 | —6
18 1 1 1 -1 -1 -1 -1 1 —4
12 —1 1 1 1 I -1 -1 -1 —4
4] L1 -1 11 -1 1 =1 -1 =
~———
¢ B w

OcHoBbIBasiCh Ha TipuMepe 2.3, KOppessiuus s Kaoua, COCTOSIIEro U3 omHUX
Hy/ei, paBHa —¥%:. [IoaTOMY amMnupuueckasi KOppeassumns —2%%6. = =% — %% Ajis npa-
BWJIBHOTI'O KJIIOUa — ITPaBAOTONO0HbIN pe3yabTat. Eiv 3HaK Koppensiinyn Heu3Bec-
TeH, TO camble BeposiTHble KaHAuAaTel — 000 1 100.

3aMeTuM, UTO TUIIOTe3a PaHAOMM3ALUM C HeIIPpaBWIbHBIM K/IIOUOM, YIIOMSIHYTAasI
B IVIaBe 4, ST 3TOrO IpMMepa HecIpaBedJiBa: KOPPeIsiuy AJist G0JIbIIMHCTBA He-
MPaBWIbHBIX KITIOUEi He GJIM3KM K HYJIIO, a IPMMEPHO PaBHbI ITPOU3BEIEHNI0 /5 Ha
KOPPEJISILINIO JIJIST PAaBWJIBHOTO KITIOUA. DTO OOBSICHSIETCSI TEM, UTO YaCTUUHOE Iemmmnd-
PMPOBaHME C HEITPAaBUIbHBIM KJIIOUOM I10 CYTH Jiejia J0OaBJIsSeT B (P OIVH JIVIITHNIA
(3aBMCAIIMIT OT KIOYa) S-6JI0K, a camble 3¢G(eKTUBHbIE JTMHEMHbIE alllTPOKCUMAIN
9TOro S-6JI0Ka MMEIOT KOoppensnyio 5. Bonbliasi Koppessiius sl HeITPaBWIbHOTO
kmoua 100 60s1ee youBUTENIbHA, OHA OOBSICHSIETCS B YITpaskHeHuM 5.1. o>

5.2.2. iIByHanpaBneHHbIi cny4ai

OnTuMu3salys, BBeIeHHas B pasmene 5.2.1, 060061aeTcst Ha CIydait, Koraa BHEITHSS
YacTb COCTOMT M3 OFHOTO MJIM HEeCKOJbKMX PayHAOB B Hauase u B KOHIe Imudpa.
B sTom ciiyuae popmysna (5.1) mepernucbiBaeTcs IeqyoOIMM 06pa3om:

1 & 1 &
a,1=6—12az(x,~)bk<y,~)= > az(x)bk(w328%)&@».

i=1 (x, y)€F$ xIF) i=l
Onpenenum matpuily A pasmepa 25xL, matpuily B pasmepa Kx2' u maTpuny
W pasmepa 2x25:
Ay = ar(x),
Bk,y = bk('x)1

1 q
Wix= D8 ()8 ().

i=1

TIpy TaKMX OIpeie/IeHNsIX MaTpuLia ¢ pasmepa KxL ¢ smeMeHTaMu 3klpaBHa mnpo-
M3BemeHNI0 MaTpull, BWA. ITosToMy maru AUCTWUIALVY M aHAIM3a Heo6XomaumMo
MOAVOUIIMPOBATD CIEIYIOIINM 00pa30oM.
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Ouctuansuus. Beraucantb Matpuily W. JIjist aToro TpebyeTcst q BBIUMCIeHit a u b,
IOCTYIIOB K MaMSTU U CJIOKeHMUiA. [IJig coxpaHeHust MaTpulibl W TpebyeTtcs co-
XpaHUTb 25" yncent.

AHanus. BelunwinTh npousBegeHne MaTpuL] ¢ = BWA. ET0 MOSKHO BBIYMC/ISITh KaK
(BW)A unu kak B(WA). TakuM 06pa3oM, CTOMMOCTb BbIUMCI€HNIT paBHA

min {2LT, + 2KLT,, 2°*KT, + 2KLT},

rae T u T, — CTOMMOCTM 4aCTUYHOTO WM(PPOBaHMS U AelMPPUPOBAHMS COOTBET-
CTBEHHO. [I7151 3TOTO TpebyeTcst coxpaHUTh He 6onee KL + max{2L, 2°K} unce.

Kak nmpaBmiio, K > 2ty L > 2%, 1O3TOMY aCMMIITOTMYECKAsI BEIYMCIUTENIbHAS CJI0XK-
HOCTb cocTaByisseT O(KL2™™s54 + ). DTo yiydiiaeT HaMBHbIN ITOAXO/, KOTAA g > 2mintst,

B HeKkOTOpBIX Cayuyasx pasBepTKa Kiawua BBOLUT COOTHOIIEHMS MeXIY KiIoua-
vy k u 1. IX MOXKHO MCIIOIb30BATh ISl YCeUeHMsl MaTpUIbI C. [IpMHMMAs 9TO BO
BHMMAHe MPY BBIUMCIIEHWH ¢, MOKHO JOGUTHCS JOTIOMHUTETLHOTO YCKOPEHMSL.

5.3. METOA BbICTPOrO NPEOBPA30BAHMS (DYPbLE

Camas moporasi 9aCTb OIITMMM3VPOBAHHOTIO ITOIX0Ia K BOCCTAHOBJIEHMIO K/TI0Ua 13
pasgena 5.2 — BbIUMCIEHNE TIPOM3BeNeH)sI MaTPULIbl Ha BEKTOp Bw B OfHOHAIIpaB-
JIEHHOM CJTyJae U Tipou3BeneHust Matpuli, BWA B nByHanpasieHHOM. OKa3bIBaeTcCs,
YTO MaTPUIII A 11 B 4aCTO MMEIOT CIeIMaIbHYIO CTPYKTYPY, 611aromapst KOTOPO¥ 9T
orepaly MOKHO YCKOPUTbD.

5.3.1. UMpKynsHTHas CTpyKTypa

Eciiu payH/I0BbIe KITI0UY TPUOABISIIOTCS K COCTOSTHMIO B Havasie U B KOHIe mudpa,
T0 pynkuym F, u B, umeror Buz Flln Iz(x) = F,’Z(X +1)u Ble kz(y) =B,,(y + k,) nnsa Heko-
TOPBIX QYHKIMIA F,’2 u B;Z, VHJEKCMPOBaHHbIX K/II04aMu [, 1 k,. 3HAUMT, CyIIeCTBYIOT
TaKxke a, u b,, Takue, 4TO

a1, () = ap, (x + 1),
by ||k (V) = b, (v + k).

Orciopma cnenyet, 4To y MaTpuil A u B cBoeobpasHasi cTpyKkTypa. TouHee, ,ZLJIH JI1o-
6oro I, o6o3HaunM A" KBafApaTHYIO IIOAMATPUIly A C 31eMeHTaMu Al =a (Xt L).
N5 mo6oro k, MOXHO aHAJIOTMYHO OINpPee/IUTh B"2 — xBampaTtHyIo nonmanMuy B

K — I k
C 3JIeMeHTaMu BkZI’X = b, (y + k). Marpuupl A2y B HasbIBAIOTCS YUPKYISAHMHbIMU
mampuyamu.

Onpenenenue 5.1 (LMPKYJASHTHASI MaTpuiia). Matpuiia M pasmepa 2"x2" MHAEK-
c1poBaHHas anemMeHTamu [, Takast uro M, =M, . 1y Beex X, y € [, HazbIBaeTcs
LM PKY/ISTHTHOIA.

CymecTByeT Gosee oblee ormpezeneHNe IVPKYISTHTHBIX MaTpUIl, B KOTOPOM
[’} 3aMeHeHO IPOM3BOJIbHOV KOHEUHOM TIPYIIOi. BO3MOKHO, BbI yKe 3HAKOMbI
C IMPKYJISTHTHBIMY MaTpULIaMy, MHAEKCMPOBAHHBIMY LIVK/INYeCKO rpynmoi Z/NZ.
Ho B 3TOM paspesne Mbl OrpaHMYMM OOCYKIeHMe onpeneneHeM 5.1.
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MMpumep 5.2 (UMpKyASIHTHAs MaTpuila). Matpuila B B mpumepe 5.1 sBiseTcs
IUPKYISHTHOM. HampuMep, epBbIMU IBYMs €€ CTPOKaM OyIyT

-1 -1 1 -1 11 =1 1
-1 -1 -1 1 1 1 1 =1}
[To cpaBHeHMIO C TIEPBOJ CTPOKOIA, 3/IeMEHTbhI B COCEIHUX YETHBIX M HEeUEeTHbBIX

nosuuusax (Hymepauus HaunmHaeTcs ¢ 0) mepecTaBieHbl. DTO COOTBETCTBYET MpU-
6asennio 001 K MHIEKCaM CTONOLI0B KaK 3/1IeMEeHTOB [F3. [

Oxa3pIBaeTcCs, UTO MpOU3BeAeHNe LUPKYASHTHONM MaTpUllbl pa3mMepa 2Mmx2M
Ha BEKTOP MOXXHO BBIUMCINTD 3a O(m2™) apudMeTnueckux omnepauuit. IIpu sTom
TpeJnojaraeTcs, UYTo B MaMsITU XPaHUTCSl OJHA CTPOKa MaTpuiibl. B pesynbrate
aHaIMU3 MOXKHO YCKOPUTb.

OpHoHamnpaB/JAeHHbIN ciaydai. [as BbIUMCIEHUSI BW OOCTaTOYHO BBbIYUCIUTH
npousseneHne B“w nyis Bcex 3HaueHmii k,. Kaxxmoe mpousBesieHe MaTPULIbI
Ha BeKTOp TpebyeT 2! yacTUUHBIX AemmudpupoBanuii u O(t2Y) apudmMeTnyecKux
onepaiuii. CyieoBaTeIbHO, BO BPEMEHHOJ CJIOKHOCTY IpeobiialaeT CTOMMOCTD
2'K, = K K, yactununbix gemmdpuposanmii u O(t2'K,)) apudmeTnyeckux omnepa-
uuii. CpaBHUTE €O CI0XKHOCTBIO 2'K K, MeTozia 13 pasiena 5.2.

JIByHanpaB/ieHHbIi crydaii. IIpoussenmenye B2WA"? MOKHO BBIYMCIATH Kak
(B2W)A" umu xak B2(WA"). Be3 orpanmyeHns 06LIHOCTY PACCMOTPUM II€PBbIi
cny4aii. [Ipoussenenue B2W BbumcisieTcsl MyTeM YMHOXEHMUSI [VPKY/ISTHTHO
mMaTpuupl B2 Ha 2° cron6uos W. Jlns BbrumcieHus: mpoussemenus: (B2W)A"2 2t
CTpOK B“W yMHOXaloTCs Ha UMPKYISHTHYI0 Marpuiy A2 ClemoBaTenbHO,
B 0011e/i CJIOKHOCTH TIpeobnagaeT cTouMocTb K K, L L, yaCTUYHbIX IU(POBaHMI
unu pemmdpuposannii u O(min{s,t}K K L L)) apudmeTndecKux ornepamuii.

W13 paspena 5.3.2 cTaHeT SICHO, YTO MHOTMe apudmeTuueckye ornepanum Mox-
HO aMOPTU3MPOBaTh, Korga K, u (mnn) L, BeJMKu, XOTs 06111ast CI0OKHOCTD IIPU 3TOM
He U3MEeHUTCS.

Ecm K=K K,uL=L L, To 061masa BpeMeHHas CJ10KHOCTb paBHa O(KL) 4aCTU4HBIX
mmbpoBanuit u gemmdpupoBanuit u O(min{s,t}KL) apudmeTnuecKux oreparuii.
CpaBHUTE €O CJIOKHOCTBIO O(2™"sIKL) MmeToma 13 pasgena 5.2.

TTpM UCTIONb30BAHUM 3TOTO METOAA TPYAHO YCeub MaTPUILY C, YTOBBI yUecThb Mo-
TeHIMajbHbIe CBA3M MeXay K u L, KOTOpble MOIJIM MOSIBUTBCSI B Pe3y/IbTaTe pas-
BepTKM Kintova. OHAKO JIMHETHbIE CBSI3U YUECThb BCE JKe MOKHO, TIOJDKHBIM 06pa3oMm
MOAMOUIIMPOBAB aJITOPUTM YMHOKEHUS MATPUII.

5.3.2. YMHOXXeHME Ha LUPKYNSIHTHbIE MaTpULibl

VYMHOXeHNe, B KOTOPOM y4acTByeT LUMPKY/ISIHTHasE MaTPULa, MOXHO BBIIIOJIHUTD
3(pdeKTUBHO, BOCIIOIb30BABIINCH aJITOPUTMOM OBICTPOrO IpeobpasoBanus Dypee.
OTO CBSI3aHO C TEM, UTO, KaK ITOKa3bIBaeT TeopemMa 5.3 Huske, mpeodbpasoBanme Oy-
pbe AMaroHaIM3UpyeT UUPKYISHTHYIO MaTpuily. IIpeo6pasoBanue dypbe (1 af-
JAMTUBHOJ Tpymsl F7) ompenenseTcs cleayloIyumM o6pasom.
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Omnpenenenne 5.2 (npeobpasoanue ®Pypobe). [Ipeobpasosannem Pyppe F Ha-
3bIBAETCS JIMHEIHBIN OMepaTop, KOTOPhI OTOOpaskaeT BellleCTBEHHbIE BEKTOPEI V,
MHJIEKCYPOBaHHbIe 311eMeHTaMu [, B BelleCTBeHHbIe BEKTOPbI V= F (v), UHIE€KCH-
poBaHHbIe 37ieMeHTamu [F7, ciemyommm 06pasom:

—~ T
Uy = Z (_l)u xvx-
xelf;
DKBMBAJIEHTHO, B BUZle MaTPUI[bl OTHOCUTEIBLHO CTaHAAPTHOrO 6asnca
m
1 1
F =
=[]
i=

O6parnaa x F, MmaTpuuia pasHa F, /2" (ynpaxkxHeHue 5.2). Cleqyommuii pesynbTaT
TIOKas3bIBaeT, uTo F AMaroHaau3npyeT UUPKYISTHTHbIE MAaTPUIIBI.

Teopema 5.3 (AyaroHaaM3anys HUPKYISTHTHBIX MaTpuIIL). [Tycmo M — yupkyasHmHas
mampuya pasmepa 2mx2" ¢ nepeoii cmpokoii r. Ecnu t = F (), mo

70---00

7001 i
M =3, ) J,. .

Lokazamenscmeo. dieMeHT (U, V) MaTPUILIbI B [IPABOil 4aCTU paBeH

i Z ?w (_l)va+uTw — L Z ?w (_l)wT(u—&-v).
2m 2m

m m
wely wely

~ T
[TongcTaHOBKA Ty = er]yrzn (=" *ry naer

1
30T e T = 3 O v+ x) =

om
m m m
wely xel) xeFy

[ToCcKONMbKY 371eMeHThl MaTPULIbI B IPABOi YACTU SIBJISIOTCS (PYHKUMSIMU OT U + V,
9TO UMPKY/ASHTHAas Mmatpuua. Kpome Toro, mocKonbKy r paBHa IepBoii CTpoke M, 3Ta
MaTpulia paBHa M. O

Teopema 5.3 cpasy ke maeT 3 (PeKTUBHBIN aJTOPUTM BBIUMCIEHNS IPOM3BeIe-
HMSI MAaTPUIbI Ha BeKTOp Mv. CHavasna BbramcisieM F;! (v). [list sToro Tpebyercs m2"
apudmeTnUecKuX orepalmii, Kak IT0Ka3aHo B yIIpaskHeHuy 2.5. 3aTeM BbIYMUCISIEM
MIpou3BeIeHNe OMaroHaTbHOI MATPUIIbI U V. JIIs1 9TOrO HeO6X0AMMO 2™ yMHOKe-
Huit. HakoHel1, BbrumcisieM mpeoopasoBanme Oypbe pesyibTaTa.

Mpumep 5.3. Bo3Bpallasich K mpumMepy 5.1, cHauasa BbIUMCIMM peobpasoBaHme Oypbe
[1epBoii CTPOKU M:
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r—17 -1
—1 —1
1 1
—1 —1
1= 1
1 1
-1 -1
1 1

=)

3aTeM BBIUUCINM Hpe06pasoBaHMe dDypbe W ¥ YMHOXMM De3yJjibTaT Ha AMaro-

-1
-1
-1
1
1
1
1
-1

1
-1
-1
-1
-1

1

1

1

-1

1
-1
—1

1
1

-1

1

1 -1

—1
1

-1

1

1 -1

1
1
1
-1
-1
-1
-1
1

HaJIbHYIO MaTPpUILY Dc BEKTOpOM ;'\Ha AMaroHalanm:

0 -8 0
0 0

0 10 0

0 —6 0

D@Fsw) = —4 34|~ | 136
4 ) 8

—4 8 32

i —a|l 4] | 16]

BoruncieHne o6paTHOrO rpeodpasoBanus Oypbe AaeT MCKOMbIN pe3y/IbTaT:

-1
1
1
1
1
—1
-1
—1

1
-1
1
1
-1
1
-1
-1

1

—1

1
1

-1

1

r—17
-1

0
0
0
0

4
—4
| —4

4|

0 —247
0 —18
0 —12
—~ _ 1 0 —14
C=§31(D9:3W)=§93 136 = 24 |
-8 18
—-32 12
_—16_ B 14_

[TpaBast 4acTb COBITAAET C Pe3YIbTATOM, IIPMBEIEHHBIM B pumMepe 5.1.

5.4. ICTOPUYECKAS CNPABKA

BbiiesieHne Tpex IIaroB B aTakax ¢ BOCCTAHOBJIEHMEM KJIoua ObUIO BBeIEeHO Ma-
Iy B CTaThe II0 SKCIEPUMEHTATbHOMY KpuIlToaHanusy mudpa DES; B Heit
YIIOTPEOISINCh TEPMUHBI «IIO/ICYET AAHHBIX» (IUCTUIISILIMS), <[TO/ICUeT KIuei»
(aHaMM3) U «MCYEPIIBIBAIOIINIA TTOMCK» (TTOMCK). Tam ke ObLT BIIepBbIe MPeIIoKeH
MTOMIXO, ONMCAHHbIN B pasgene 5.2. Meton 6bIcTporo rpeobpasoBaHust Oypbe 13
pasnena 5.3 6bu1 ormcaH B pabore Kopmapna, Cranmaepra u KBusporepa.
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5.6. YNPAXHEHUA

YnpaxxHeHue 5.1

B npumepe 5.1 6bUI0 OTMEUEHO, UTO HEMpaBMUIBHOMY KiTiouy 100 COOTBETCTBYeET
O0JbIlast SMIMpPUUECKast KOPPeIsIs.
1. O6bsicHUTE 9TO HAGMIOAEHME U TTOKAKUTE, YTO KOPPESLNSI paBHA B TOYHO-
CTU V5.
2. TIpenronaoxkum, 4TO MpaBUAbHOE 3HAUEHMeE BCeX TpexX OUT KiIoua He paB-
Ho 000. ByayT aM mo-mpeXXHeMy CyIIeCTBOBAaTh HeMpPaBUJIbHbIE KIIOUU
¢ 6onbIoit Koppensineii? Kakue?

YnpaxxHeHue 5.2
ITokasxuTe, uTO MaTpua, obpaTHas K F , papHa F, /2.

YnpaxHeHue 5.3

CeepTka u & vIBYX BEKTOPOB U U V IJIMHbI 2", UHIEKCUPOBAHHbIX 37ieMeHTamu [,
ornpezensieTcs Kak

(u®v)y = Z Uy Vxiy.

m
xelfy

1. Ilycte M - UMpKy/ISSHTHasi MaTpulia C IepBoii cTpokoi u. [Tokaskure, 4TO
Mv=u®v.

2. Tlokaxkwure,uro F (u ®v)=F (u) © F, (v), rme © — M037IeMEeHTHOE MPOu3Be-
IleHue.
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MHO)XeCTBeHHbIM JIMHEeMUHbIN
KpUNToaHanus

Ecnmu umeeTcst 6osiee OQHOI JIMHEMHOI anIpoOKCUMAaIliM, TO eCTeCTBEHHO IOIIPOo-
60BaTh 3a€CTBOBATh MX BCE OMHOBPEMEHHO. DTO HA3bIBAETCSI MHOKECTBEHHbBIM
JIMHEeHBIM KPUITTOAHAIM30M. B 11epBoJi 4acTy JAHHOJ IJIaBbl MHOKECTBEHHbIN JIV -
HEeTHBI KPUIITOAHAIN3 00CYKAAeTCsT B OOIMIMX UepTax. BTopas yacTh mocBsineHa
YaCTHOMY CJTyUalo, KOTIa MHOXECTBO MacoOK 06pasyeT BEKTOPHOE MPOCTPAHCTBO, —
OH Ha3bIBAETCSI MHOTOMEPHBIM JIMHETHBIM KPUIITOAHATM30M.

6.1. MHOXECTBEHHbI/ JIMHEMHDIA KPUMTOAHA/N3

Viges MHOXKECTBEHHOTO JIMHEITHOTO KPUIITOAHA/IM3a 3aK/IIUaeTcss B TOM, UTOObI
VICTIONIb30BaTh GoJee OHON IMHeliHOM annpokeumanym F : Fi— 7.

6.1.1. MHOXecTBEHHbIe IMHEHbIe annNPOKCMMaLMK

MHOXeCTBeHHOJ JIMHeliHOoM anmpokcuManyeit Gyukuym F @ F) - [F7 Ha3piBaeTcs
MHOeCTBO A & [F)x [F mlap BXOAHbIX M BbIXOAHbBIX Macok. Kaxkmas mapa (u, v) € A
ABJISIETCS JIMHEIHOI anmpokcumanmeii F ¢ koppensueii CT . EMkocme A paBHa

CapA)= 3 (CF,)>
(u,v)eA
(1, 1)#(0,0)

[TpuunHa BBeeHMS 3TOV BeJIMUYMHBI COCTOUT B TOM, UTO OHA OIMpeAessieT Hau-
JIYUIIYI0 BO3MOXKHYIO MH(POPMAIMOHHYIO CJIOKHOCTh MHOXXE€CTBEHHO JIMHEITHO
aTaku, OCHOBAHHOJ Ha A. MbI 06CYIMM 3TO HIUKe U TOKaKeM B I1ase 7.

[ TIOCTpOeHUST pa3IUIMUTeNs C MCIOIb30BaHMEeM MHOXXECTBEHHO JMHEHOI
anmnpokCcUMManuu A OLeHUM KaXXIYI0 U3 KOPPensiuii Cvfu, roe (u, v) € A. Torma Bo3-
HMKaeT 3a7aua MPOBEPKU TUIIOTe3 C MHOTOMEPHBIMM pacipeieieHUsIMU, HO HUKe
MOKa3aHo, UTO YacTo ee MOYKHO CBeCTM K OHOMEpPHOMY CJTyuaro.

[Tpu yCcoBMM UTO KOJIMYECTBO alllIPOKCUMAI[Mi1 He CJIUIITKOM BeIMKO 0 CpaBHe-
HUIO C YMCJIOM 00pasIioB, UCIIONb3YEeMbIX MIJISI OLIeHKM KOPPesINii, MHOTOMepHast
LieHTpaabHas pefeibHas TeopeMa (TeopeMa 2 U3 IPUIOKeHUS A) yTBepXKIaeT, UTO
COBMECTHOe pacIipeieJieHle OlleHOK KOppessiliuii alnfpoKCUMUPYETCsSI MHOTOMep-
HBIM HOPMaJIbHBIM pacrnpepeneHueM. [1o cpaBHEHUIO C OLHOMEPHBIM CIy4aeM TYT
eCTb MOTeHIMabHAasl TPYJHOCTDb: OLIEHKM Pa3IMYHbIX JIMHENHBIX allllpOKCUMAInii
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Heo0s13aTeIbHO He3aBYICYMBI, TOTOMY UTO OCHOBAHbI Ha OJHMX M TeX 3Ke Mapax (OT-
KPBITBIN TeKCT, mudpTrekct). Ho MHOrOMepHbIi1 HOpMabHbIl CTy4yail Bce ske Mo/l -
JlaeTcsl aHa/IM3y, MIOTOMY UTO KOBapMallMOHHbIe MaTPUIIbI YIaBJIMBAIOT BCe 3aBUCK -
moctu. Ha camom fene cienyommii pe3ynbTraT IIOKa3bIBaeT, UTO HelleHTPalbHbIe
KOBapualuy 06bIYHO MTPeHe6PEsKMMO MaJIbl.

Teopema 6.1. ITycmo (u,, v)u (i, v,) — UHeliHblE annpokcumayuu @yukyuu F c amnupu-
ueckuMU Koppeasyusamu c u c coomeemcmeeHHo. Ecnu c u c oyeHusaiomcst N0 00HUM

u mem xce q napam (omkpbzmbzu mekcm, wiugpmexcm) ¢ Hesaeucwvzbuwu U pasHoOMepHO
pacnpedeneHHbIMU CLyUatiHbLMU OMKPbIMbLMU MeKCMamu, mo u Kosapuayust pagHa

=\ _ (F F F
COV(Cl,CQ) - (Cv1+v2,141+u2 CUI Mlcvz,uz)/q'
A A
Lokazamenscmeo. KoBapuanus €, u €, paBHa

COV(’C\l ,’(':\2) = IE(’cTc}) - E(/El)E(/C\z) = E(/(?l/c\g) CF CF

Vy,uy T v, Uzt

O603HaUMM (X, V), --.) A(x , qu) rmapbl (OTKPBITHIN TEKCT, IMUGPTEKCT), UCIIOIb30-
BaHHbIE 11 BHIUMCIIEHNS C, U C,,. [IepBbIii WieH BbIPaKeHVSI BbIIIE MOXKHO PACKPbITh
B BUJIE

v, Uy T2, U2

1 J T Tx: glg—1) .
= —ZE((_I)(vH—vz) yi+ui+uz) x,) AU B2 c

A q?
1 qg—1
_ F F F
Cv1+v2,u|+uz +— q CU] M|CU2,M2'
Borunranne C*  CF  u3 06eux yacTeit JaeT MCKOMBI pe3y/abTar. O

vy vty

VY Teopembl 6.1 eCTb ABa BaXKHBIX CJIeACTBMS. [lepBoe — TO, YTO KOBapMalMOHHAS
MaTpulia He TTOJTHOCTbIO OIIPeIeIsieTCs KOPPesIUsIMU JIMHEeMHBIX alllIpOKCUMAaI i
u3 A, ecivt A He 3aMKHYTO OTHOCUTEIBHO CJIOKeHMsI. BTopoe — uTo KoBapuauus oiie-
HOK pa3HbIX KOBapualyii Ha MPAKTYKE YAaCTO OKA3bIBAETCS IPEHEOPEKMMO MaJIOJA.
[IpyunuHa B TOM, UTO €C/IM TOJbKO IJisI F He CylecTByeT UCKIIOUUTENbHO CUIIbHBIX
JIMHEIHBIX alllPOKCMMALIii, TO KOBapualuy ropasao MeHblle OVCIepCuil OTaenb-
HBIX OLIEHOK. /IeliCTBMUTENbHO, 13 TeopeMbI 6.1 ciemyeT, YTO AUCIEPCUM TPUOII-
SKEHHO paBHBbI 1/q, TOrga Kak KoBapualuy npuoIMsKeHHO paBHBI ¢/q, e ¢ — Koppe-
JISIUS IMHEHOM anmpokcuManyy F. KoBapmalioHHass MaTpuiia OleHOK XOPOIIO
anIpoKCUMMUPYETCS AMaroHaJbHOM MaTpPUIIEH TP YCJIOBUM, UTO ¢ MHOTO MEHbIIIe
1/J/]A] (TuniuaHbIi cydait) win 1/|A| (xyammit crydait).

lpumep 6.1. Ilycte A = {(u,, v), (u,, v,)}, toe (u, v,) = (000000001, 000010000)
u (u,, v, = (000000110, 000001000) — MHOkeCTBEHHAs IMHEHAS aTllIIPOKCHUMAINS
AeMOHCTpaluMoHHOro mudpa us pasgena 1.1. B cuny npumepa 2.3, (u,, v,) umMmeer
KOPPEeSLMIO
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D8 (1+ (=1yy2)(1 + (-1)%/2),

roe k, =k +k +k,+k +1,Kk=k +k nk=Kk.+Kk,. Anagornuso koppensuus (u,,
v,) paBHa (IIpoBepbTe!)

1)M/8 (1 +(-1)%/2),

rme A, =k +k,+k +k, +k ui =k +k,+ 1. Kak ciemnyer us reopemsl 6.1, Koa-
A o o

pUanyoOHHasg MaTpuUIia € 3aBUCUT OT KOPPEISLMM JIMHEHHO armpokcuMaumu (u, +

u,, v, + v,). AHaJIu3 CJ1e0B II0Ka3bIBaeT, UTO KOPPEJISALMS 3TOM anmpoKCUuManum

paBHa

(1m/8 (1 + (-1y),
roe = k0+ k1+ kz+ k10+ k22+ k30+ k31+ 1u K= K2+Az'

Bribepem Takoii K/IIOY, YTO k, = A, = U, = K= A, =1m k= u,= 0. B srom ciayuae
CpelHee BEKTOpa SMIIMPUUECKUX KOPPEeISILVii C paBHO

E(¢) = — ﬁﬁé]

Kosapuauyonsas matpuna E((€ - E(¢))(C - E(C))") paBHa

1 I —1/4]  1[9/1024 3/512]
ql-1/4 1] ¢ | 3/512 17256

BTOpBIM UjIeHOM B BbIpaskKEHM BbIIlI€ MOKHO ITpeHe6peyb.

HekoTopbie BbIGOPOUYHBIE OLIEHKM KOPPESIVii MoKasaHbl Ha puc. 6.1. B atom
cryyae KoBapuauyeii mpeHe6peub Heslb3s, IOTOMY YTO BEeKTOp (U, + U, V, + V,) ObL1
BbIGpAH TaK, UYTO €ro abCoMIOTHASI KOPPEJISLys OueHb BelnKa. JIMHUM ITOCTOSTHCTBA
IJIOTHOCTY BEPOSITHOCTU (HaIpMMeED, SJUIMIIC Ha puc. 6.1) 06bIUHO 6Gojiee GIM3KMU
K OKPYKHOCTH. ©

1/4

1/8

-1/8

-1/4

\ | \
-1/4 -1/8 0 1/8 1/4
c

[y

Puc. 6.1. OueHku koppensuumii ¢ g = 64 obpasuamu (100 obpasuamu)
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6.1.2. Paznuuutenu

[Tycts 61, e 6‘ A — OLIEHKM KOppeJSLyii IMHEeMHBIX allIPOKCUMAaINIA OIS MHOKECT-
BEHHO TMHETHON anmporcuMaru A byukium F. TIpenmonoxkum, uto A He comep-
SKUT TPUBUAJIBHOM JiHeiHOM anmpokcumalnu (0, 0). [Ijist cTaTUCTUIeCKOro aHaIn-
3a MCIOJIb3YyeTCsl TPOCTasi MOJie/b 13 I7IaBbl 4 BKYIle C HEKOTOPBIMMU JOMOTHUTEb-

HBIMU ITPEAII0JI0KEeHMIMM, KOTOPbI€ MbI OOBSICHUM HIKE.

Vi3BecTHBIE KOppensiuy. [Ipeanonoxmm, 4to Bee Koppensiuyu CF, rae (u, V) € A
M3BECTHBI M UTO BCe HelleHTpa/IbHbIe KOBapUaIluy MPeHeGPeKMMO Masbl. B mpuH-
1¥IIe, TOCTPOeHMe Pas3IMdUTeNIs C MCIOMb30BaHMeM A — 3alada MHOTOMepHO# cTa-
TuCTUKM. OZ[HAKO MBI MOXEM CBECTH ee K OJHOMEPHOI1, B35IB JIMHEITHYI0 KOMOMHA-
LU0 OLIEHOK €, ..., €, B KAUECTBE CTATHCTUKY KPUTEPUSI:

[A]

th = Z w; €.

i=1

Urobel gucnepcus t, ocTaBanach MOCTOSHHONM (PaBHOM 1/q ¢ TOYHOCTBIO 10 He-
GOJIBIION MOTPEIIHOCTH), BECA W, ..., W, IOJDKHBI YOBJIETBOPSITH COOTHOLIEHUIO
4 w2 = 1. Ecii 06pasipl CrydaiiHbl M PABHOMEPHO pacIipefie/ieHbl, TO cpegHee t,
paBHO HYJII0 — ITpu yoimoBuy uto (0, 0) € A. OmHako ecv 06pasiibl BBIOpaHbI U3 M-
pa, To cpenHee t, paBHO
[A]
]E(tA) = Z w; Cl'}:[’ui.

i=1

Teopema 4.1 1oka3bIBaeT, YTO MHGOPMAIMOHHAST CJIOKHOCTb Pas3/IMUUTENISI, OC-
HOBaHHasl Ha CTaTUCTMKe KpuTepus t,, 06paTHO MPONopLUMoHanbHa KBagpary E(t,).
[TosTromy MMeeT CMBICT MakCMMM3UPoBaTh [E(t,), OCTaBIIsAs OUCIIEPCHUIO MTOCTOSTH-
HOI1. B cyuty yripaskHeHust 6.1 3Ta 11e/1b TOCTUTAETCsI, eCIM BbIOPATh

F

Vi, Ui

2 (Chu)

;U

w; =

B rakoMm crydae cpegHee paBHO +/Cap(A). ITosToMy, B cuiny Teopemsi 4.1, MHpOP-
MalMOHHAsI CJIOKHOCTh ImponopuyuoHanbHa 1/Cap(A). TouHee, B IIpOCTOM MO
C TIpeHeOPEXMMO MabIMM HEeIeHTPAJIbHBIMY KOBapuausaMyu MHGOpMaIMoHHast
CJIOXKHOCTbD  paBHA

(@1 (Ps) — o1 (Pp))’
Cap(A)

rae P - BepOSITHOCTb ycIiexa, a P, < P — BepOSTHOCTD JIOKHOIIOJIOKUTEIbHOTO pe-
3yibTaTa. B rnaBe 7 1okasaHo, UTO 3TO 3HaU€HMe, 110 CYIEeCTBY, ONITUMAaIbHO.

lpumep 6.2. PacCMOTPUM MHOXXECTBEHHYIO JIMHEVHYI0 allpPpOKCUMAaLI0 U3 TpU-
Mepa 6.1. [Ijs TOro Ke Kaua, UTO M paHbllle, EeMKOCTb paBHA %o, M CTATUCTUKA
KpuTepus t, paBHa
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3 2
th = ——=¢1 — —c¢a.
V13 V13

T'McTorpaMma pacrpeneieHns CTaTUCTUKY KPUTepus ToKasaHa Ha puc. 6.2. o

HeusBecTHbie Koppensuumu. Koppensiimy IMHeHbIX aripokcuManuii 06bI4-
HO 3aBUCST OT KJTIOUa, IIO9TOMY MCIIO/Ib30BATh OIMMCAHHYIO BbIIIE CTpAaTeruio 6e3
yragbIBaHus 6GUTOB K/Tl0Ua HEBO3MOXKHO. CHCTeMaTUUeCKuii CrIoco6 pelleHus 3Toii
1po6ieMbl TIpeiCTaB/IeH B IIaBe 7. HeonmTuMaabHbIi 06IIMiT MeTO, 1 JIyUIInii Me-
TOJ, AJIs CJTyuast, KOTIa 3HaKM KOPPeJsLNii HeM3BeCTHbI, 06CYKIAI0TCST HIKE.

0.10

0.08

0.06|
0.04|-

0.02|

Macca BeposTHOCTM

0 T
0 Vi3
32

Cratuctrka kputepus (2° 06pasLoB ¢ GUKCUPOBAHHLIM K/HOUOM)

Puc. 6.2. uctorpamma cratuctukmn kputepua t, ana 1000 skcneprmeHToB

[TpocToit mpakTUUeCKUi KpUTePUit OCHOBAH Ha JIMHEITHO KOMOVHALIY KBaIpa-
TOB OI[€HOK KOPPEeISILNIA:
[A]
th = Z w; (’C\z)2

i=1

CraTucTuka KpuTepus t, He SIBJISIETCS] HOPMAJIbHO pPacIIpe/ie/IeHHOM, Jaxke eciu
BCE OLIEHKM C, ..., 6‘ . ABISIOTCS TakoBbIMMU. TeM He MeHee ec/iM 3HaueHue |A| Be-
JIMKO, TO HOpMaJIbHOE pacrpeneneHne 6yaeT Xopoimm Ipubaskernem. [lostomy
IUISI OLIeHKM MH(POPMALVIOHHOM CJIOKHOCTY IIPM 3TOM IIPEIIIONIOKEHUI JOCTATOY-
HO OIIpeJie/INThb CpesiHee ¥ aucriepenio t,. Criefyionias CTaTUCTHYeCKast IeMMa aeT
HY>KHBI HAM pe3yJIbTarT.

Jlemma 6.2. ITycme X, ..., X, — NONAPHO HEKOPPEJIUPOBAHHbIE CTyUALIHbIE BETUUUHbI CO

CpeoHuMU U, ..., i, U ducnepcueli o>. Cpedree Y| wx*pasHo Y| w(o*+ u2). Kpome mozo,
1

eCU X , ..., X, HOPMAJILHO pacnpedenetsl, mo ducnepcus pasua 20, y,. w (o> + 212).

Zokazamenbcmeo. Pe3ynbTaT, Kacaloluiics cpegHero, cienyeT U3 Toro Qakra,
4TO CpefiHee X’ PaBHO 0>+ L2 ¥ UTO E(xx) = 015 i#j.Eamx,, ..., X HOpMAaJbHO
pacmpenesieHbl ¥ TOTIApHO HEKOPPEIMPOBAHbI, TO OHM HEe3aBUCUMBbI, TTIO9TOMY UX
KBaJpaThl TAKKE MOMAapHO HeKOPpeIUPOBaHbl. Pe3ynbTaT, Kacaoumiics JUCIepCun,
CJlemyeT U3 TOro, YTo



R/

6.1. MHOXXeCTBEeHHBIIi TVHEMHBIN KPUTITOAHANNU3 % 83

2 4 2 2 4 2 2\2
V(x7) = E((xi — wi)*) +6pio” + pui — (uy +0°)
4 2 2 4
=E(x; —wi)?*) +4pjo” —o
=20%+ 4:“1202
PaBeHCTBO B ITepBOii CTPOKE — Pe3ysIbTaT HECIOKHOTO BbIUMCIEHMS, CM. YIIPaXkK-
HeHMe 6.2. Ha mociemHeM 1are MCIOIb3YeTCsl TOT (PaKT, UYTO YeTBEPThIi MOMEHT

HOpManbHOTO pactpenenens N(0,1) paBeH TpeM. DTO MOKHO J0Ka3aTh C MTOMO-
IIbI0 MHTEIPUPOBAHMS TI0 YACTIM:

o0 2 o0 2 e 2
/ xte ™2 dx = 2/ x3 (—x e /2) dx = 3/ xZe™* /2 dx,
—0o0 0 —00

r7ile HOpMUPOBOUHbBIN KO3 GUIIMEHT 1/+/27 OmylleH. m]

Ecn 06pasibl paBHOMEPHO pacipe/esieHbl, To, 0 JeMMe 6.2 ¢ i, = [,= ... = 0
u o’= 1, cpenHee t, paBHO Y'Y w./qu nucniepcus paBHa 2/q%, e YA w? = 1. Ecmm
06pa3u1;1 BbI6paHbI u3 mwudpa, TO cpegHee PaBHO (B CuIy JeMMbl 6.2 ¢ u.= CF
u o= 1/q)

Vil

[Al [Al

LS T

l_l i=1

BripaskeHue ISl JUCIIepCuy AJIMHHEe, HO OHO GJIM3KO K 2/q* TIpU YCJIOBUM, UTO
q MaJio 0 CpaBHEHMIO C 1/((?;4)Z UL BCeX (U, V) € A. DTO NPeaIIoNoXeHMEe pa3yM-
HO, T. K. B IIPOTMBHOM C/Ty4ae OFHOI ammpoKCHMMAaNu yKke 6bUIO ObI JOCTAaTOYHO.
Cnsur t, Ha }¥, w/q TIOKa3bIBaeT, 4TO 3a7a4a MPOBEPKM TUIIOTe3 CBOAUTCS K pas-
nmuennio pacnpenenennit NN w(Cy )% 2/q%) u N0, 2/q%). Ilo Teopeme 4.1 ¢ ¢*
BMECTO q UMeeM

d1(Ps) — @71 (Pp)
S wi(CE )

roe PS — BEPOSTHOCTD yCIIexa, a PF < PS — BEPOSITHOCTD JIOJKHOITIOJIOKUTEJIbHOI'O pe-
3yJbTaTa.

6.1)

Ota Gopmysa omnmupaercs Ha MPeaIiooXKeHUsI MPOCTOi Momenu u3 pasgena 4.2,
a Takke Ha BBINIEYIOMSIHYTbIe IIpe[IIoNIoKeHMs: HelleHTpajbHble KOBapualumu
JIOJKHBI OBITH ITPEeHeGPEXRUMO MaJbl, |A| JOKHO OBITh BEJIMKO, a ¢ MaJjio II0 CpaB-
HEHUIO C 1/(Cvfu)2 IJist Bcex (U, V) € A. DTU IONOMHUTENIbHbIE TIPENOIOKEHNS 3a-
YacTyio pasyMHbl. OmHAKO eci abCOMIOTHbIE KOppensaiuy 613Ky K 272, To mpoc-
Tasi MOJIeJIb CTAHOBUTCS HEHAIEXKHOM. [laHHBIN BOIIPOC MBI ellie 06CyauM B pasie-
e 7.3.3. Eciiu 0 KoppessiusiX BOoOIe HMUero He M3BeCTHO, TO JyYIllee, UTO MOKHO
crenathb, — BBIOPATh paBHbIE Beca W, =...=w, =1 /+/TA]. B cuiy (6.1), 9T0 IpMBOANUT
K MHOOPMAaIMOHHO CJIOXKHOCTH

ol(Ps) — o~ 1(P
qz\/m (Ps) (F).

Cap(A)
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IlaHHbBIN TTOAXO0M, HEONTUMAaJeH, IOTOMY UTO MOYTHM BCErJa MMeeTCs 3aBUCsIIee
OT KJIIoua BbIpakeHMe JJIsl KOPPeJsiiiii, KOTOpoe MOMOTaeT COCTaBUTh KaKoe-TO
npencTaBieHe 06 UxX SHAUeHUSIX.

[IpocTeitimmii mpuMep — KOTa M3BECTHbI aOCOMIOTHbIE BEJIMYMHBI KOPPEJISIIii,
HO HeM3BeCTHbI X 3HAKU. B TaKOM cilyuae cieflyeT UCII0/b30BaTh Beca, MPOIopIuo-
HanbHble (C} )% B cuny (6.1), nHGOPMaUMOHHAS CIOKHOCTB MTPOIOPLMOHATBHA

1 _ VA

N

BepxHsst TpaHuMIIa IPABOii YaCTU JOCTUTAeTCsl, KOrjga abCoII0THbIe KOPPeIsSLuun
BCEeX JIMHEHBIX aIlIIPOKCHUMAIMii B A paBHbL. B r1aBe 7 6ymeT mokasaHo, UTO B 00-
eM caydae 3TOT KpUTepuit Bce paBHO He onTtuMasieH. Korma 3HaKkM KOPpessIImii
PAasIMUHbBIX allIIPOKCUMMAINIi 3aBUCSIT OT OOHUX U TeX ke OGUTOB KiIoua, MHbopMa-
[IMOHHYIO CJIOKHOCTH YaCTO MOXKHO YMEHbBIINUTb.

Iaske ecv KBaZpaThl KOPPEJISIINA TAKKe 3aBUCST OT KJTI0Ua, ITPMBEeIeHHbIN BbIIIe
KpUTEepuit Bce paBHO MOKHO MCIT0b30BaTh (MMPUMEHSISI KaKyl0-TO OlLleHKY KBajpa-
TOB KOppeJIsALuii, HapuMep CpefHee, YToObl OIPenenuTb W, ..., w,), HO B 3TOM
cTyyae olleHMBaHMe MHOOPMAIIOHHONM CIOKHOCTY TEXHUYECKU TPyAHee, TOTOMY
yTO (pOpMY/Ty BEPOSITHOCTM yCIlexa CJIeflyeT YCPEeIHSTh MO0 KUy, KaK 06BsICHEHO
B paspeine 4.2.2. B rmaBe 7 OymeT IMOKa3aHO, YTO B HEKOTOPBIX CJTyUassx MOKHO
IOOUTHCS OObILIErO.

6.2. MHOrOMEPHbI IMHEAHDIA KPUMTOAHANN3

MHoromepHas JMHelHas anmnpoKcuMalus — 3TO MHOXeCTBEHHas JIMHeliHas ar-
NnpokcuManus A Takasi, YTO A SIBISIeTCS BEKTOPHBIM MPOCTPAHCTBOM HaJ, IO-
JeM [F,. [TockonbKy MHOTOMEpPHBIE JIMHEHbIE alllIPOKCMMAIMY — YACTHBIN Cryvaii
MHO)XECTBEHHBIX JMHENHBIX alllpOKCUMalMii, MX MOXHO MCIIOAb30BaTh IJIS1 T10-
CTPOEHMSI pas3/IMUMTENel TOUHO TaK Ke, KaK ObIIO OMMcaHo B pasaesne 6.1.2. OgHakKo
TOT GaKT, UTO A SIBJSIETCS BEKTOPHBIM ITPOCTPAHCTBOM, TPUBOAUT K MHTEPECHOMY
aJIbTEePHATVMBHOMY OIMCAHUIO 3TUX Pa3auuuTeNe.

6.2.1. MHOromMepHble IMHENHbIE aNNPOKCUMaLIUK

[lepBbIli HAMEK Ha TO, YTO MHOTOMEpPHbLIE JIMHENHbIe ANIPOKCUMALNU SIBJISIOT-
Cs1 YeM-TO OCOOEHHBbIM, JaeT TeopemMa 6.1: ecim A — BEeKTOpPHOe MPOCTPAHCTBO,
TO KOBapMalMOHHAs MaTpulia OLIEHOK KOPPEeJSIMii TMOMHOCThIO OIpefenseTcs
KOppensSIuusIMy JTMHENHBbIX annpokcumanyii u3 A. Tomy ecTb BecKasl IpUYMHA:
MHOTOMEpHasI JIMHEMHas alnpoKCUMMalVs SKBMBAJE€HTHA JIMHENHOW MNpOoeKuun
rap (OTKPBITBINA TEKCT, MUPPTEKCT). YTOOBI yTOUHUTD 3TO 3asIBJIeHNE, HAM ITOHAa/I0-
OSITCSI HEKOTOPbIE ITOHSATHS M (DaKThI U3 JIMHEIHOI airedpsl.

ITyctb U - BeKTOpHOE ITpocTpaHCcTBO Haf F,. [list mo6oro nognpocrpancrsa Ve U
daxroprpoctpancTBo U/V = {x + V| x € U} 9BnsieTCS BEKTOPHBIM IMPOCTPAHCTBOM
pasmepHocTy dimU - dim V. [Ipoekunsi 71,,: x = X + V gBJgeTCs TMHEHbIM 0TO6pa-
skervieM U B U/V. 1 m106bIX X, y € U 9TU TTOHSITUS CBSI3aHbI CJIEIYIOIIMM 00pa3oMm:

x=ymodVe=n, (x)=m,() =>x-yeV.
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[penmonoskuM, uto U cHaGXXeHO CUMMETPUYHON OWIMHeHoit QopMoii
(X, ¥) » X - y. WIN «CKaJSIPHBIM TTpOM3BeeHMeM». ITO OMHApHAs OoIepanus, Takast
yroX-y=y-Xx,0-x=0u (x +y) -2=x -z +Yy - 2. OpmozoHabHbIM OONOSIHEHUEM TIOf-
npocrpaHcTBa V € U Ha3bIBaeTCsl BEKTOPHOE MPOCTPAHCTBO

Vt={xeUlx-y=0nnaBcexy€ V}.

Xotst dim V*=dim U - dim V, mogmpoctpaHcTBO V* He IBJISIETCS ONoaHeHeM V
B ajire6panueckumM CMbICTIE: MOXKET CIyUnThest, uTo V N VA# {0].

lpumep 6.3 Ilycte U = ) x ) u V = A. CkangpHoe npoussenenue (u, vyu (x,y) € U
paBHO (u, V) - (x,y) = u'x +v'y. OTcioga
A={(x,y) e FixF7 |u'x +Vv'y = 0 pyist mo6bIX (U, V) € A}.

Hwke ¢axroprnpocrpanctso (F) x F7)/A* 6ymeT urpath BakKHYIO pOJb. JTO
BEKTOPHOE IMPOCTPAHCTBO TOM JKe pa3sMepPHOCTH, UTO A. =

Vcronb3ys BBeIEeHHbIE BbIlIe TOHSATHS, Mbl MOXkeM chOpPMYIUpPOBaTh Teope-
MYy 6.3. B aHanu3se ®ypbe 9TOT pe3yabTaT U3BECTEeH KaK opmyia cymmuposanus ITy-
accoua. Jta cBsi3b OymeT o6bsicHeHa B miaBax 10 m 11.

Teopema 6.3. [Iycme z — cyuatiHasi 6eJuvuHa 6 ekmopHom npocmpaxcmee U co
CKaNSApHbIM npouseedeHuem (x, y) » X -y, u nycmo V — noonpocmparcmeo U. [Ins
nt0bbix t € U

Pr(z =t mod VJ‘ |V| Z( DY ey,

veV
20e ¢, 0003Hauaem Koppenayuio CiyuatiHoii 6eUUUHbL V « Z.
Lokazamenscmeo. Ionoxkum p (t) = Pr[z = t]. Hamomuum (cm. pasgen 2.1), uto
vz =Y (=" pu(2).
zelU

ITomcrasiisist 3TO B CyMMY, I10JIy4aeM

Z(_l)v‘zcv_z = Z Z(—l)v'(Z—H)pz(Z) = Z Pz(Z) Z(_l)v-(zﬂ).

veV veV zelU zelU veV

BHYTpeHHI0I0 CYMMY MOKHO BBIYMCIUTD, IPUMEHSISI TOT JXe TOAXOM, UTO B 10-
Ka3aTeabCTBe TeopeMmbl 2.4:

Z(_l)v.(z_l,.[) _ |V|7 ecm z +t S VJ_,

s 0 B ITPOTMBHOM CJTy4ae.

Tenepsb pesynbrar ciefyer u3 Toro, uto Prjz =t mod V] =% ... p,(2). O

[TpmeHeHMe TeopeMbl 6.3 K CJIy4al0 MHOTOMEPHOI JIMHENHON allpoOKCUMalumn
JlaeT CIenyIolIii pe3yyibTar.
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CnenctBue 6.4. I[Iycmbv A — MHO20MepHAsA JuHeliHas annpokcumayus ¢pyHkyuu F:
[} — 7. Ecau X — pagHomepHas ciyuatinas éeauuura Ha Iy, mo

Pr[(x, F(x)) = (s.1) mod M]:ﬁ S Tk,

(u,v)eA
ons ecex s € Fiu t € F7. Omo omuoweHue 06pamumo.

Lokazamenscmeso. Bocronb3yemcs reopemoii 6.3 ¢ U = ) x F'u V= A, Kak B pume-
pe 6.3. CyuaitHast BemMumHa z paBHa (X, F(x)). OTHolleHMe B TeopeMe 6.3 06paTuMo;
HaxoXJeHye 00paTHOTO OTHOIIEHMS COCTABIISIET IpeaMeT yIIpaskHeHus 6.3. O

CrnepncrtBue 6.4 MOKa3bIBAET, UTO KOPPEISLMM JMHENHBIX allllpOKCUMaLuii u3 A
OTIPEeZIEJISIOT pacpesieNienne BeposiTHoCTe 7, ((X, F(X)). 9To mHeiiHas MpoeKuus
BXOIHBIX ¥ BHIXOAHBIX 6MTOB. B raBe 11 rmokasaHo, UTO OTHOIIIEHME MEXKIY Koppe-
JALMSMU Y pacIipefieleHeM BeposTHocTed m, 1 ((X, F(x)) onucbiBaeTcst mpeobpaso-
BaHMeM Dypbe, 1 06BSICHSIETCS, TTOUEMY 9TO TaK.
lpumep 6.4.Tlyctb A = {(0, 0), (u,, v)), (u,, v,), (u, + u,, v, +v,), rme (u,,v,) = (000000001,
000010000) # (u,, v,) = (000000110, 000100000). OpToroHaabHOE AOIOTHEHME At CO-
CTOMT 13 BCEX Tap (X, y) TaKMX, YTO X, + Yy, = 0mx + X, +y. =0, 171€ (X, .., X ) U Vg, ++0, Y) —
37IeMEHTHI X U Y COOTBeTCTBeHHO. CieloBaTe/IbHO, BOSMOXHBIM 6asucom (F; x F7)/
A* ~= T apnsercs

(000000000,000010000) + A*, (000000000,000100000) + A*.

B aTOM 6asvice KOOPAMHATHI TPOEKLMMA (X, ¥) mod A* TOUKM (X, y) paBHBI

X+ Y X, + X, F V).
B cuny cnenctBust 6.4, BEpOSTHOCTD TOTO, UTO (X, F(X)) = (0, 0) mod A*, paBHa V4
(1 =%5— Y16 — Va) = Vs, [
W3 cnenctBusi 6.4 ciepyet, UTO JIMHENHYIO alllIPOKCMMAaLMI0 MOKHO BbIPa3UTh
no-xpyromy. IIpaBasi 4acTp B cieqyIolei TeopemMe Ha3bIBAETCS K8AOPAMUYHbBIM €6-
KAUA08bIM pacxoxcdeHueM. JJokaszaTelbCTBO 3TOTO Pe3yabTaTa COCTaB/seT IIpeiMeT
yIpakHeHUs 6.4.

CrencrBue 6.5 (ksadpamuuHoe egknudogo pacxoxcdeHue). [Iycmo A — MHO20MepHAs
JuHelinas annpokcumayus gynkyuu F: Fp — F7. Ecau X — cayuaiinas pagHOMEpHO
pacnpedenenHas seauduHa Ha Fy, mo

1 \2
Cap(A) = |A] Z (Pr [(x, F(x)) = z mod AL] — m) ,
Z
20e cymmuposanue npoussooumcs no scem z € (Fy x F7)/A*.

6.2.2. Paznuuutenu

IMockonbKy BCsiKasi MHOTOMepHast IMHelHasT alllpoKCUMAaIys SIBSIeTCSI MHOXKeCTBEH-
HOJi JIMHEHO anipoKcUMalyei, pa3inunuTea MOKHO MOTYYUTD TaK ke, Kak oIca-
HO B pasgerie 6.1.2. OgHaKo B CBeTe CefCTBUS 6.4 CYyleCTBYeT U APYroil MOAXO/I.
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BmecTo TOro 4TO6bBI OLIeHMBATh KOPPEISIIIUY JIMHEMHBIX allliPOKCUMaLNi U3 A,
MOJKHO OLIEHUTb pacrpeesneHye BepositHocTei 71, ((X, F(X))) s crydaiiHoi paBs-
HOMEPHO paclpeneneHHON BelNYuHbI X.

N3BecTHBIE KOppenauuu. Eciin Bce KOppeisuuu U3BECTHbI, TO MU3BECTHO U pac-
npejiesieHne BeposTHocTeit 71,1 ((X, F(X))). B aToM cryyae MOKHO BOCITOIb30BaThCSI
CTATUCTUKON KpUTEPUsI

[A]|
ta =Y wi @i — pi),

i=1

raep,,..., P, ~ BEPOSITHOCT | A 3HavYeHu, npuHagaexamux (F; x F7)/At,ap,..., P, -
MX OIIeHKU. B ymmpaskHeHUM 6.5 BaM O6yeT mpe/IjioskeHO 1T0Ka3aTh, UTO BBIOOP OMTH-
MaJIbHbIX BECOB W, ..., W,, IPUBOAUT K PA3IMIUTENIO, MHHOPMALIMOHHAS CJIOKHOCTD
KOTOPOT0 06paTHO MPOIOPLMOHATbHA KBAAPATUUYHOMY €BKIMUIOBY PACXOXKIEHUIO.
B cuny cienctBus 6.5, KBaipaTMUHOE eBKIMIOBO pacxoxaeHue paBHo Cap(A), mo-
aTOMY MH(OpPMaIMOHHAs CJIOKHOCTH TaKasl ke, Kak B pasmerne 6.1.2.

HeusBecTHble Koppensiuu. Eciu Koppensiuy Heu3BeCTHBI, TO TOIYJISIPHBIM
TIOAXOIOM SIBJISIeTCST Kpumeputi [TupcoHa y*. OH OCHOBaH Ha CTATUCTUKE KPUTEPUsI

Al 2
(=Y (B — 1/1Al1)
A == —_—
1/|A
1Al
B ympaxkHeHuu 6.6 BaM 6GymeT MpeajoxKeHO IToKasaTh, UTO MHGOPMaIOHHAs
CJIOKHOCTB 3TOTO KPUTEPUS MTPONOPLMOHaibHA /| A]/ Cap(A). DTO TO Xe camoe, YTO
IJISI KpUTEepUsI C paBHBIMM Becamy U3 paspena 6.1.2, HO XyKe, UeM KpUTEpUii Ojs
HEM3BECTHBIX KOPPEJISIINIA C MU3BECTHOI aOCOMIOTHON BETMUMHOIA.

6.2.3. Ataku ¢ BbI6paHHbIM OTKPbITbIM TEKCTOM

Ilo cux Top mpeAronaragoch, YTo BXOAOM MIPUMUTHUBA SIBJISIETCS Cy4yaiiHas paBHO-
MEpHO pacrpefeseHHas BeanuuHa Ha [F). 13 ciencTBus 6.4 BbITEKaeT Takxke, YTO
MHOTOMepPHbIe JIMHEeHbIe alllPOKCMMAalMM MOTYT YTO-TO CKa3aTh O BbIXOZe, KOT/Aa
BXOZIOM SIBJIIETCSI CJTydaliHasi paBHOMEPHO pacIipefielieHHast BelnunHa Ha ahduH-
HOM IIOATIPOCTPaHCTBe ). B HeKOTOPBIX CIydyasx 3TO HabMIONeH e MTOe3HO, YTOObI
YMEHBITNUTb MHOOPMAILVMOHHYIO CJIOKHOCTD.

Eam A=A, D A, To cnencrsue 6.4 IpMHUMAeET TaKo BU,.

out™”
CnenctBue 6.6. ITycmv A — MHO2OMepHAs JuHeliHas annpoxkcumauus ¢pyHkyuu F :
) — . [Ipednonoxcum, umo A=A, @ A, tneA, S FiuA S F7. Ecaux — ciyuaiinas
PABHOMEPHO pacnpedeseHHAs BeIUHUHA HA S + AL, mo

(_l)uTS+le CF

v, u

Pr [F(X) =t mod A(J)_ut] = ﬁ
out

(u,v)eA
ons ecex t € .

Llokazamenscmeo. Ecin A = A, DA, To Takke A= Ar DAL . CremoBarenbHo, ecin
x' - cmydaiiHasg paBHOMEPHO pacrpe/ie/ieHHas BelnuuHa Ha [F), X — crydaliHas pas-

HOMEPHO paclipefie/ieHHas BeIMuyHa Ha S + AL, To
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Pr[(x,F(x)) = (s,/) mod A*] = Pr[x' = s mod Aj; A F(x)) =7 mod AZ,]
_ Pr[F(x) =7 mod Ag,]
B | Ain

)

I7ie Ha BTOPOM Iuare 6bIJI0 MCIOIb30BaHO PaBeHCTBO Al |/2"= 1/|A, |. Hakonewn, u3
cnencTBus 6.4 BbITEKAET, UTO
Pr [F(x) =rmod AL ] 1

out uTs+vTt ~F
= E (=D Cyu.
Al AT,
u,v)eEA

YMHOKeHMe Ha |A, | JaeT MCKOMBIii pesynbTar, motomy |A. [IA_ | = Al O

out

B cuny crenctBus 6.6, MOKHO HACTPOUTH Pa3IMUUTENb C BHIOPAHHBIM OTKPbI-
TBHIM TEKCTOM, BbIOMpasi OTKPbITbIe TEKCThI 13 ad(GUMHHOIO MOANPOCTPAHCTBA [F)
M OLleHMBAs paclipemesieHue Mpoekuuu mudprekcToB. Takue aTaku Takke Ha-
3BIBAIOTCS] CMAMUCMUYecKUMU AmMakamu ¢ HacsljeHuem. ITa TePMUHOIOTHS OymeT
obbsicHeHa B r71aBe 9.

Eciu koppensiiium (a 3HAUNUT, U pacripeesieHusI BEpPOSITHOCTE) M3BECTHBI, TO MH-
dhopMaloHHast CI0KHOCTb CTATUCTUUYECKOTO KPUTepus 13 pasmena 6.2.2 06paTHO
MPOTIOPLIMOHAIbHA KBAIPATUUHOMY €BKIMUIOBY PACXOXKIEHIIO, KOTOPOE PaBHO

‘l 2
|Aoutl Y (Pr[F(x) =t mod Ag,] — m) ,
t

r7e CyMMUPOBaHe MPOU3BOAMTCS 10 BceM t € [F7 /AL . XOTS 3Ta BeIMYMHA 3aBUCUT
OT BbIOOpa CMEXHOTrO Kjaacca s+Al, ee cpegHee pasHO Cap(A) Ipy paBHOMEPHOM
CTy4yaitHoM BbiOope s. ClieqoBaTeIbHO, OT TOTO, YTO BCe KOPPEJISLM M3BECTHBI, MH-

(bopmalmoHHas CJI0KHOCTb, KaK IIPaBUIo, He yiIyuiaeTcs’.
OpmHako Korga KOppessiuy HeM3BeCTHbI, MHPOPMAIMOHHAS CJIOKHOCTb CTATUC-

TUUYECKOIO KpUTepus 13 pasmena 6.2.2 paBHA +/|Aout]/ Cap(A), a He /|A]/ Cap(A).
CraJio 6bITh, UCIIOIb30BaHle BhIOPAHHBIX OTKPBITHIX TEKCTOB MPUBOIUT K MHPOP-
MAaILMIOHHOM CJIOKHOCTY, MeHbIEeN B /| Al/|Aout] = +/|Ain| pas.

6.3. 3AKJIIOYUTE/NbHbIE 3AMEYAHUS

[Tpexxae ueM 3aBepIINUTDb 00CY>KIeHMe MHOKECTBEHHOTO JTMHETHOTO KPUITTOaHATN3a,
YMECTHO OyIeT Coe/laTh HeCKOIbKO 3aMeUaHii O BOITPOCaX, KOTOPbIe MbI OITYCTMIIN.

6.3.1. BocctaHoBneHue Kiwua

ITpocToit cII0CO6 MPUMEHUTHh METOABI BOCCTAHOBJIEHMS KJTIOUa M3 IIaBbl 5 K MHO-
SKeCTBEHHOMY JIMHETHOMY KPUIITOAHA/IN3Y — IOBTOPUTh OOBIUHbIE aJITOPUTMBI |A|
pas: 1o OJHOMY [JIS KaskKIOoi armpokcumanuu. HemocTaTok Takoro moaxoma 3a-
KJTIOYAeTCs B TOM, UTO BpeMeHHas CJIOKHOCTD Il1ara aHajau3a oKa3biBaeTcs B |A| pa3
6osnbiire. CieqoBaTeabHO, XOTSI MHOXKECTBEHHBbII IMHEMHbI KPUIITOAHAIN3 YMEHb-
maet MHPOPMALMOHHYIO CJIOKHOCTb, OH, BO3MOXHO, HUKAK He YIYUIIUT BpeMeH-
HYIO CJIOKHOCTh aTaKy C BOCCTAHOBJIEHMEM KJTIOUa.

! DTOT BBIBOJ, HE YUMTHIBAET BBIMTPBIII MTPY UCIIOIB30BAHMY BIOOPKM 6€3 BO3BpaIleHMs.
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OpmHaKO YacTo MOKHO JJOCTUYB Gosbliero. Hampumep, IeTko BUAETH, UTO YITy4-
IIeHMsT BO3MOXKHbBI, KOT/Ia HEKOTOPbIE alITPOKCUMAIINM VICTIOIb3YIOT OGIIYIO BXOM-
HYI0 (MUIY BBIXOJHYI0) MacKy. CyIIecTByeT CUCTeMaTUUeCKIi MOAX0M, K 3TOi Tpoo6-
JileMe, HO eTo OIMCaHye TPeOyeT JTyUIlIero MOHMMaHMs MHOKeCTBEHHOTO JIMHEHO-
ro KpunroaHananusa. Mbl OTJIOXUM 3TO [0 I71aBbl 11.

Haxownell, nByHarpaBieHHble aITOPUTMbI BOCCTAHOBJIEHUST KIOUa M3 IJIaBbl 5
HEBO3MOXKHO COUETATh C MCIOIb30BAHMEM BBIOPAHHBIX OTKPBITHIX TEKCTOB (KaK,
COGCTBEHHO, ¥ BBIOPAHHbBIX IMGPTEKCTOB), Kak B paspene 6.2.3. IIJisg rapaHTUm
MPaBWIbHO CTPYKTYPBI OTKPBITHIX TEKCTOB B OOIIEM C/Tyuyae HeOOXOAMMbI JOTION-
HUTeNbHbIe 06pa3ibl. OFHAKO CYIIECTBYIOT MHTEPECHbIe UCKIIOUeHNsI, Halpumep
Korga abduHHOEe TOAMPOCTPAHCTBO OTKPBITHIX TEKCTOB MCIIONb3YeTCs] COBMECTHO
C YaCTUYHBIM 1M (pPOBaHMEM YPOBHS CJIOKEHMUSI C KITIOUOM.

6.3.2. HaxoxaeHue noaxopawmx JTMHEHHbIX annpoKCUMMaL M

B oroit rmaBe (M B pasgene 6.1 B YaCTHOCTM) MHOTO BHMMAaHMS ObUIO YOeJIeHO
CTaTUCTUYECKMM aCleKTaM MHOKeCTBEHHOTO JIMHeIHOTO KpuIiToaHanau3sa. UHbIMU
CJIOBAMM, MbI OOCYKIAIM, KaK MCIOIb30BaTh HECKOIBKO JIMHEMHBIX aIllIPOKCUMa-
LIMi1, @ He KaK X HaXOOUTb.

B nipuHUMIIE, METONOB U3 IIaB 2 U 3 HOCTATOUYHO AJISI HAXOKIEHMS TTOAXOASIINX
JIMHEMHBIX anmnpokcumManuii. OMHaKO caMble MOIIHbIE MHOKECTBEHHbIE JIMHEeHbIe
aTaky KOHCTPYUPYIOT MHOXKECTBEHHbIE JIMHEHbIe alllIPOKCUMaLuK payH[, 3a payH-
Iom. K aToMy BOIIpOCY MbI TaKyKe BepHEMCSI TOC/Ie IPOYTeHMsI IaBbl 11.

6.4. ICTOPUYECKAS CMPABKA

MHOKeCTBEHHbIN JTMHEIHbI KpUITOaHAIN3 ObLT MpemyioxkeH Kamucku u Po6iioy.
Bupiokos, [le Kanuuepe u KBu3kBoTep NpoaHa/IM3UPOBAIN CTATUCTUKY MHOKECT-
BEHHOTO JIMHEITHOTO KPUMITOAHaAM3a B (JIyyae, KOrJa KOppeasiuun U3BeCTHBI, a OT
KJII0Ya 3aBMCUT TOJIBKO MX 3HaK. AHauu3, IPUMEHUMBIN K CTy4al0 HEU3BECTHBIX
KOppeJsiuii, MOKHO HaiiTu B pabote Biionmo u HioGepr.

MHOTrOMepHbIi JIMHEHbINI KPUIITOAHAIN3 BIIEPBbIe ObLI MPENJIOKeH B pabore
Opmenun, Yo 1 Hiobepr. Kak 06bscHsIETCS B pasesie 6.2, MHOTOMEePHbI JTMHeTHbIi
KPUNTOAHAMNU3 B TIEPBYIO OUepelb MHTEPECYeTCs CBSI3bIO C pacripeneneHuUs M Jn-
HEJTHBIX MPOEKINI OTKPBITHIX U MINMPTEKCTOB B MTOCTAHOBKE C M3BECTHBIM (C/IEM-
cTBUE 6.4) U BbIOpAaHHBIM (CJIEACTBME 6.6) OTKPBITBIM TEKCTOM. VICIO/Ib30BaHMe
KpuTtepwust ITupcoHa y? B KpUIITOAHAINM3€e TPeIIecTByeT MHOTOMEPHBIM JTMHEHBIM
anmpoKCUMAIMSIM U BIIEpBbIe ObIIO0 MpeiokeHo BomeHs.
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6.6. YNPAXXHEHMA

YnpaxkHeHue 6.1

Iyctdb py, ..., Y, — BelIeCTBEHHbIE YMC/Ia, He BCe paBHble Hy/0. Haiitu Beca w,, ...,
1 2 — 1

W, IUIT KOTOPBIX Y | Wi = 1, Takue 4TO CymMma ). W, i, MakcumaibHa. KakoBo ee

MaKCMMaJIbHOe 3HaueHue?

YnpaxkHeHue 6.2
ITycTp X — cyiyyaiiHasi BeMuMHa CO CpeIHUM UMY IucTiepcueit o.

1. JlokaxkuTe, 4TO e€C/IM X — CMMMETPUUYHAs CaydaiiHas BeJIMUMHA, T. €. X U X
MMeIOT OMHAaKOBOe pacipefeneHne, To

E(x®) = E((x - W)* + 6170 + 1",

2. Bocmonb30BaBUINCh STUM Pe3yibTaToOM, 3aBepIInTe J0Ka3aTe/JIbCTBO JIEMMbI 6.2.

YnpaxHeHue 6.3
Haiinute o6paTHOE OTHOIIEHME B TEOpEMeE 6.3.

YnpaxHeHue 6.4

Joxaxure cnencTBue 6.5: KBapaTUUHOe eBKANA0BO pacXOXIeHe MHOTOMepPHO
JIMHEHO alnpoKcuMalnyuy A paBHO ee eMKOCTH.

YnpaxkHeHue 6.5

TTokaxkute, YTO €C/IM BEPOSITHOCTU P, ..., P, U3BECTHbI, TO MH(OPMaLMOHHAs
CJIOKHOCTh KpUTepUsl U3 pasnena 6.2.2 MpOIOpLUMOHAAbHA BeJIMYMHE, 06paTHO
KBaJIpaTUYHOMY €BKJINA0BY PACXOKIEHMIO.
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* YnpaxkHeHue 6.6

[MpoaHnanusupyiitTe MHOOPMAIIMOHHYIO CJIOXKHOCTD Pa3/IMUMTENEel, OCHOBAHHBIX Ha
kputepuu IIMpcoHa y2, B TepMUHaX KBaApaTUUHOTO €BKINUA0Ba pacxokaeHust. Tam,
rJe YyMeCTHO, OnupaiTech Ha anpoOKCUMAaIIUMN.

B TepMuMHax JIMHEHOTO KPUIITOAHAM3a OOBSICHUTE, TOUEMY CTATUCTUKA KPUTe-
pust x> umeert |A| - 1 cTereHeit cBo60IbI IJis |A| KaTeropuii.

YnpaxHeHue 6.7

Bnounbni mmop E, : F¥— F® 6b1 npoaHanM3suMpoBaH C MCIOIb30BaHMEM
JIMHEITHOTO KPUIITOAHA/IN3a, UTO TIPUBEIO K CAeAyIoUMM OIleHKaM KOppessiuii
Tpex JOMUHUPYIOMIVX JIMHEMHbBIX alllPOKCUMAIIVIA:

E ~ j 1 o 1
COilOOmO, 10--00 ~ (=D 5 + (=D rk

1 1
E ~ k k
CléOOO-nO, 10--00 ~ (=D 1 + (=% R

Ex ~ ki+k3 !
C11100-~0, 10--00 ™7 (=D Z :

Yro6bl yOEOUTHCS B IIPABMIBHOCTY STOTO aHa/M3a, ObLIM MOCTABIEHbI SKCIIEPH-
MEHTBI IJIsSI IBYX PAa3AMUYHBIX 3HAUEHUI KIoUa. B KaskIoM SKCIepyMeHTe I10 BbI-
60pKe (Cc Bo3BpamieHneM) 256 OTKPBITBIX TEKCTOB BUAA «0 * * ... *», THe TMO3UINNA,
0603HaUeHHbIEe ¥, BLIOMPAIOTCS HE3aBUCUMMO M paBHOMEPHO U3 MHOXecTBa {0, 1},
BBIUMC/ISIETCST TUCTOTPAMMa 3HAUEHMI TTePBbIX TPEX BBIXOIHbBIX OMTOB. Pe3ynbraThl
MOKa3aHbI Ha puc. 6.3.

120 [ 120 [

S

I 90|84 9 |

3 74

g 60 60| 47 50
[e]

S

=

I

35 33 g 33 o, 37
30 23 H 309H27H 16 17
7
I:Iﬂ 00 H ﬂ NN
0 0 T T T

R N 1T
000 001 010 011 100 101 110111 000 001 010 011 100 101 110 111
[NepBble TpK BbIXOAHbIX 61T MepBble TpK BbIXOAHbIX OUTA
(a) Tucrtorpamma ons nepBoro Kw4a (b) lnctorpamma ansg BTOPOro Kto4a

Puc. 6.3. Yncno BxoxaeHWM Kaxaoin KoMBMHaLMM nepebix Tpex BUTOB WwWndpTekcTa 415 BbIGOPKM

1. O6mbscHUTE, MOUEeMyY Ha puc. 6.3a 1 6.3b uncio Bxoskaenuii 100 u 111 moutn
OIIMHAKOBO.

2. KaxkoBo Haubosnee BeposITHOe 3HaueHMe OGUTOB Kimoua K, k, u k, B 3Kcrepu-
MEeHTe Ha puc. 6.3a?

3. Haiinnre sHauenus k, k, v k, Takme, 4TO 1epBble Tpy 6MTa LIMPPTEKCTA (TI0YTH)
HuKoraa He paBHbI 000.
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4. HapmcyﬁTe 3CKU3 Haubojee BEpOF{THOﬁ TUCTOTrpaMMbl OJI SKCIIepMMEHTa,

OCHOBAHHOT'O Ha TOM 3Ke K/TIoue, YTO Ha puc. 6.3b, HO A BIGOPKM (C BO3-
BpalleHreM) 256 OTKPBIThIX TEKCTOB BUAA «1 * x ... #»,

* YnpaxHeHue 6.8

Crnepyiormiye BOIIPOChI BEAYT K 00IIei aTake Ha rmocTpoenne Jlas—Meccy, ToKkasaH-
HOe Ha puc. 6.4 gjist n = 128 6ut. OTBEThI HAa IEepPBbIe YeThIpe BOIIPOCA OIIPOBEPraloT
3asiBjieHusT 0 6e30MMacHOCTY HacTpauBaeMoro 6youHoro immdpa SPCL. IMocaemHuit
BOIIPOC JIOMyCKaeT pa3anyuHbie OTBETHI.

o]
N

-

M.
%%

N

%

Pa

)

Puc. 6.4. Oanu payHa noctpoenns Jlas—Meccn. yHkums o : FS'— FS' onpenenena

Kak a(x, |Ix,) = x,|l(x, + x,), rae x, x, € [F3?

[Tpenmonoxkum, YTO CAydaifHble payHOOBbIe (GYHKIMA F, F,, ... HE3aBUCUMBbI
¥ paBHOMEPHO pacripezesnieHbl. Ciryuaiinble QyHKINMM 601ee TOgPOOHO UCCIENYIOTCS
B IIaBe 7. B 3TOM yIipaskHeHUM MOXKHO ITpeAIoaraTh, YTO BCSIKasi HETpUBUaTbHAS
JIMHEHAST anmpoKCUMaIus m-6UTOBOI CTydaitHOM QYHKIMM MMeeT KOPPEeSIINIO
*2-m2 co (JIydaitHbIM paBHOMEPHO pacipeie/ieHHbIM 3HaKOM.

1.

2.

HaiimuTe nMMHENHbBIA CJieq IJis TpeX payHI0B n-OMTOBOrO IOCTpoeHus Jlas—
Meccu ¢ Koppensinyeit, TpUOIVKeHHO paBHO 274,

OmuinTe TpexpayHAOBbIi MHOTOMEPHbIN JTMHENHBIN Pa3auduTeNb, UCIIOb-
3YIOMIVI ONpUOGIM3UTENBHO 2"+ maHHbIX. COITOCTaBbTE €r0 C y2-Pas/InunUTeIeM.
Vicronb3yiiTe BIOpaHHbIE OTKPBITHIE TEKCTHI, YTOOBI PACIPOCTPAHUTh CBOJA
pasIMUNUTeNb Ha YeThIpe PayHIa C MCITOIb30BaHMEM TOTO sKe 06beMa TaHHbBIX.
B aToM pasnmumnTese Koe-uTO HeOOBIYHO, HO ITOUYEeMY OH BCe paBHO OymeT
paboraThb JIJis Takoro mudpa, kak SPC?

[TpuaymajitTe aTaKy C YaCTMUYHBIM BOCCTAHOBJIEHMEM co00IeHus. To ecTsh 1mo-
JIYUUTE KAKY-HUOYOs HOBYIO MH(OpMaLVIo 06 OTKPBITHIX TeKcTaX. MoxkeTe
MpeLIoaraTh, YTO OTKPBIThIE TEKCTHI YK€ YACTUYHO U3BECTHBI IPOTUBHUKY.
0603HauMM nepBylo payHa0ByIo QyHKuMIo Jlas—Meccn F,. [Ipeanoxkure me-
TOJ, TIO/Ty4YeHus1 BbIXofa F, 1711 BbIOpaHHBIX BXOMOB C UCIIONb30BAHMEM MTPU-

L https.//github.com/veorq/spc.


https://github.com/veorq/spc
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MepHO TaKOro ke 06beMa AAaHHbIX, KaK IJIT aTaKy C YaCTUUYHBIM BOCCTaHOB-
JIeHMEeM COOOIIEeHMSI.

B um¢pe SPC byHkums F| onpeneneHa Ha OCHOBE KPUITTOTrpapuyeckoii QyHK-
MM SipHash-1-2. [IpeqokuTe aTaky C BOCCTAHOBJIEHMEM KITioUa C BbIGpaHHOI
HaCTPOJKO/ M ¢ BbIOPaHHBIM OTKDBITHIM TeKCTOM s F . BriBegure aTaky
C BOoCcCTaHOBJIeHMEeM Kiroua s midpa SPC ¢ MoMHBIM UKCIIOM payHIOB.

VkazaHue: ona omeema Ha 3mom 8onpoc 00H020 NUHELIHO020 KpunmoaHanusa
MOXem He xeamume.



fhasa 7

OnTuManbHas npoBepka
CTaTUCTUYECKUX rMnoTes

B npenpIayinx riaBax U B IJ1aBax 4 1 6 B 0COOEHHOCTY MbI PaCCMOTPE/IN METO/IbI
IIPOBEPKM CTATUCTUUYECKUX IUIOTE3. MbI UCIIO/Ib30BaIM CTATUCTUYECKME KPUTE-
puM, YTOOBI OTIpeNeanUTh, COOTBETCTBYET JIM 3aJaHHas SMIIMpPUUYecKas Koppess-
LIMST peaJbHOMY MM HEeIpaBMUIbHOMY KJIIouy. B 9T0Ji I1aBe MbI 60jiee cucreMa-
TUYECKM IIOJOMIeM K IIPOBEpPKe CTaTUCTUUYECKUX T'MIIOTe3 U BbIBEAEeM METO[IbI,
KOTOpbIe — B HEKOTOPOM BecbMa OrpeJieJIeHHOM CMbIC/Ie — SIBJISTIOTCS HAVJTY 41 -
MM U3 BO3MOSKHBIX.

7.1. BEPOSTHOCTHBIE MEPbI

Bo/MbIIMHCTBO Pe3yabTaTOB 3TOV ITIaBbl MPUMEHMMbI KaK K JUCKPETHBIM, TaK U K
HeIpepbIBHBIM pacIIpeie/IeHUsIM BepOSITHOCTe . UTOOBI 136€5KaTh ITIOBTOPOB, YI00-
HO BOCIIO/Tb30BaThCS SI3BIKOM TeOpuM Mepbl. 1711 YTeHMsI 9TO IIaBbl He TpedyeTcst
MpeaBapUTeIbHOTO 3HAKOMCTBA C MaTePUaIoOM, IIPU YCIOBUM UTO UYMTATETh OyIeT
MMEeTb B BUAY C/IeIyION[/e 3aMeyaHmsl.

[TpocTpaHCTBOM C MePOIi Ha3bIBaeTCsl Tpoiika (X, S, u), rae X — HEIyCTOe MHOXe-
CTBO, © — MHOXECTBO TMOAMHOXeCTB X, comepkamiee X, 3aMKHYTOe OTHOCUTETbHO
IOTIOJTHEHMST ¥ CUETHOTO OObeMHeHMsI, a U — Mepa. Mepoit Has3biBaeTcsl QyHKIMS
u: S - R, KoTopast MpUHMMAET HeOTPHULIATeIbHbIEe 3HAUEH NS, YIOBIETBOPSIET YCII0-
BUIO U(P) = 0 u sBnsgercs cuemHo-addumusHoti: u(Us A) = Y7 1(A) s Herepece-
KaloIIMXCSI MHOXKECTB A, A,, ... € G. DlIeMeHThl & Ha3bIBAIOTCS M3MEPUMbBIMIU MHO-
SKeCTBaMM.

BemecrBenHas ¢yHKIus f : X — R Ha3bIBaeTCsl M3MEPUMOI, eciu Mpoobpa-
3bl BCE€X MHTEPBAJIOB BUAa (—°, t) U3MEepUMBI. B 3TOM Ciiyyae MOKHO OIpeAennTh
MHTErpaI f 1o U3MepruMOMY MHOXKECTBY Y, 0603HauaeMblii

/ S () p(dx).
Y

TexHUUeCKMEe OeTaly olpeae/eHNs] TAKUX MHTerpajoB HAMePEeHHO OCTaBJIeHbI
3a Kagpom. [Iis Lesieii JaHHOM I7IaBbl JOCTATOUHO IMTOHMMATh ABa IMpuMepa, Ipu-
BelleHHbIX B KOHIIe 3TOr0 pa3aesa. iHorma Mbl 6ymeM roBOPUTh, UTO IBE U3Mepu-
Mble QYHKIIMY PaBHbI TOUTH BCIOAY (I1. B.), €CJIM OHM Pa3aIMyaloTCs Ha MHOXKECTBe
MepbI HYJIb.
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Mepa P : © — R, ymosJieTBopstoias ycioBuio P(X) = 1, Ha3bIBaeTCs 8eposimHOC -
Hoti. C TOUKM 3peHMs TeOpUU MePbl, pacIipe/ie/ieHNsI BePOSITHOCTEI SIBIISIIOTCSI BEPO-
SITHOCTHBIMM Mepamu. Eciu cymiectByeT usmepumas GyHKuus p: X — R Takas, 4To
ILJIST TI0OOTO M3MepUMOTro MHOKeCTBa Y

P(Y)= /YP(X)M(G'X),

TO P Ha3bIBAETCS A6COIIOMHO HeNnpepbl8HOLi OTHOCUTENIbHO Y. DYHKIMS p Ha3bIBAeT-
cst niomHocmoto Padona—Hukoduma byHRIMM P.

lpumep 7.1. Ecnu X — KOHEUHOe MHOXeCTBO U & — MHOXXeCTBO BCeX ITOJIMHOXeCTB X,
TO U MOKHO BBIGpATh TakK, UTO OHa GymeT cuumatroujeti mepoii: u(Y) = |Y| nast Bcex
Y € G. Jlioboe pacmpenenenne BeposiTHOCTel P : G —» R abCOMIOTHO HEIIpephIBHO
OTHOCUTEJIbHO CUMTaIOLIel Mepbl U

P(Y) = /Y P pdn) = 3 pl).

xeY

[TnotHOCTH Panmona—Hukoguma p(x) = P({x}) — 9T0 XOpoIIo 3HaKoMast QyHKITUS
MaccChl BEpOSITHOCTM. S

lpumep 7.2. s X = R nocTpoeHre S TeXHUYECKM HECKOJIBKO (JIOKHEE — JOCTATOYHO
CKa3aTh, YTO OHO COIMEPKUT BCE BeIlleCTBEHHbIE MHTEPBaAbI Y = (a, b). CrangapTHast
Mepa Ha R Ha3bIBaeTcss Mepoii JleGera, Ijist Hee uMeeT Mecto paBeHcTBO U(Y) =b - a.
Ectn P — BeposAITHOCTHAst Mepa, TO ee QYHKLUMS pacIlpeneiaeHus MMeeT BUI X -
P((-, x]). Ecnu dyukims pactpenenenus nuddepeniypyema, o P vMeeT II0THOCTD:

b
P(Y)=LP(X)M(dX) =/ p(x)dx.

VHTerpasn B IpaBOii YaCTU — 9TO CTAaHIAPTHBIN uHTerpan Jle6era Ha R. o

7.2. MPOCTbIE rMNOTE3bI

B aHHOM pa3/esie Mbl PACCMOTPUM ITPOBEPKY TaK Ha3bIBAEMbBIX NPOCMbIX TUTIOTES.
B aTOM CciTyuae umeeTcs HabmogeHne x 1 aBe rurnotessl (1) u (2) o pacrpeneneHnu
BEPOSITHOCTE, 3 KOTOPOTO OHO GBITIO BBIGPAHO:

I'mnoTesa (D: HabmogeHNMe X 6bII0 BHIOPAHO M3 pacnpeneneHus P,.
I'mnoresa (2): HabmoleHNe X 6bLI0 BbIOPaHO U3 pacnpenenenus P,.

ToHKOe, HO BaKHOe OTINYMe OT TOTO, UTO MbI Jejlaly B IVIaBe 4, 3aK/I04aeTcs
B TOM, 4TO runoressl (1) u (2) JO/KHBI HOTHOCTHIO ONpPee/AaTh pacipee/eHus P,
u P,. Haripumep, TUIIOTE3bI, OTIPEIeIAIoNIe TOJIbKO cpenHmue P, u P,, He SABISIOTCS
npocmasimu.

B KOHTeKCTe JIMHEITHBIX aTaK C BOCCTAHOBJIEHVEM KITI0Ua HaOIOIeHNe X SIBJISIeTCST
160 BEKTOPOM SMITMPUIECKNUX KOPPEISINiA, 1160 SMIUPUIECKUM pacIIpeeieHN -
eM JMHEeITHOM TTpoeKLuY Hab/ogaeMbIX Map (OTKPBIThIN TEKCT, InU@PTEKCT) (MHO-
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rOMepHbIit IMHeFHbIi KpuirToaHanms). ['unoresa (1) cOOTBETCTBYeT MPaBUILHOMY
KJTIOUY, a TuIoTe3a (2) — HerrpaBuabHOMY. Clle[loBaTeIbHO, 9TU TUIIOTe3bl SIB/SIOTCS
MIPOCTBIMM, TOIBKO KOTZa BBITIOTHEHbI 1BA BaXKHbIX ITPeANoaokeHus: (i) Bce Koppe-
JIALMY U3BeCTHBI U (ii) A1 HeMpaBMUIIbHBIX K/II0Ueil 06pa3ifbl CIydaiiHbl ¥ paBHO-
MEPHO pacmpefeneHbl. BTropoe npennosnoskeHne sIB/sieTCs YacTblo «IIPOCTON Mofe-
JIv» U3 TVIaBbl 4. B paspgeste 7.3 06CY;KIaeTcs, UTO ObIBAET, KOTIA OJHO M3 ITUX ITpe] -
TTOJIO’KEeHI He BBITIOTHSIeTCS.

7.2.1. Teopus HeitmaHa-TupcoHa

XoTs B Ha3BaHMM 3TOJ IVIaBbl TOBOPUTCS 00 ONMuManvHoli nposepke, MbI elle
He OIpeneiiN, YTO 3TO 3HAUYMT. HarmtoMHMM (CM. IJ1aBY 4), UTO Y JIF060Ji IPOBEPKU
TUIIOTe3 UMEeTCsl BePOSITHOCTD ycrexa Py BepOSTHOCTD JIOKHOTIOOKUTEIbHOTO
pesynbrara P.. Komnpomuce mexay P,y P, o6cyxpanca Helimanom u TlnpcoHom,
KOTOpbIe Ha3bIBa/IM BEPOATHOCTH 1 — P 1 P_4acTOTaMy OIMOOK IIePBOTO ¥ BTOPOTO
poma. C o6ouMM TUIAMM OMMOOK OOBIYHO aCCOLUMMPYETCS] HEKOTOPast CTOMMOCTb.
B o6mem cryyae oHa onmcbiBaeTcs dynkumeri croumoctu f (1 - Pg, P.), BospacTaro-
el mo obeum nepeMeHHbIM. Hampumep, B cJriyuae JIMHETHOM aTaky ¢ BOCCTAHOB-
JIEHMEeM KJToua QYHKIME CTOMMOCTY MOKET ObITh BpeMeHHast Uau MHOOpMalOH-
Hasl CJIOKHOCTDb aTaKM.

Ha miepBblIit B3IISiA, U3 BbIIIECKA3aHHOTO MOXKET CJIOKMUTHCSI BIleYaTIeHUe, UTO
He CYIIEeCTBYET OJHOTO KPUTEPUSI, KOTOPbIVi MUMHUMM3MPOBAJI ObI IFOOYIO (PYHKIINIO
croumoctu f (1 - Pg, P.). OnHako Hejiman u TIMpcoH mokasaam, 4TO TaKoii KpuUTe-
puii ectb. TOUHeeE, CYILIECTBYET KPUTEPHIT, KOTOPBI MUHU3UPYET BEPOSITHOCTD JIOXK-
HOITOJIOKUTEIbHOTO pe3yyibTaTa JJIsl TI060ro BhIOOPA BEPOSTHOCTHM ycIexa. Takoit
KpUTEPUii Ha3bIBACTCS PAGHOMEPHO HAUDOIEe MOUWHBIM, IOTOMY UTO 1 — P_Ha3bIBa-
0T TaKKe MOIITHOCTBIO KpUTEPUS.

st 0607 TMPOBEPKM ITPOCTBIX TUIIOTE3 CYIIECTBYeT MU3MEepUMMOe MHOXKe-
cTBO A («06/acTh NPUHATYUS TUIOTE3bI») Takoe, 4To rurmoresa (1) NpMHMMAaeTcs,
KOIZa X € A, a runoresa (2) — B IPOTUBHOM cityyae. OTCIofia CIeyeT, uTo P =P ,(A)
un P_= P(A). Jlemma Heiimana-IIupcoHa maer MHOXeCTBa A Takue, YTO P, MUHU-
MaJIbHO 151 AaHHOTO Pg.

Teopema 7.1 (nemma Hetimana—ITupcona). Ilycme P, u P, — éeposmHoCcmHble Mepbl HA
npocmparcmee c mepoti (X, S, w) c nnomrocmamu p, u p, (6 cmoicne Padona-Hukoouma).
na 1106020 seulecmeeHHozo T > 0 0003HAUUM

A= {rex | piw > ).
Ecnu B — usmepumoe mHosxecmeo makoe, umo P (B) > P(A ), mo P,(B) > P,(A ).
Lokaszamenscmeo. V13 onpeneneHns A _BbITEKAIOT CIeAYIONIe HepaBeHCTBa:

1 1
Py(B\ A =/ p2(0) u(dx) > ~ / P10O) 1(dx) = © PLB\AY);
B\A T JB\A, T

T

Pi(A:\ B) = /A BPI(X)M(dx) >71 / p2(x) p(dx) =t Pr(A:\DB).

T T\
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OTtcionma

1
Py(B) = Py(A: N B) + Pa(B\ Ar) > P2(A: N B) + ~ b (B\ Aq).

U3 ycnosust P (B) > P(A ) cienyet, uto P (B \ A ) > P,(A_ \ B). IlogcranoBka
9TOr0 HepaBeHCTBA B IIPABYIO 4acThb JaeT

Py(B) = P2<AmB>+% PLANB) = Pa(A; N B) + Pa(A\ B) = Pa(AL).

CnenosaTenbHO, P,(B) > P,(A_ ), 4TO 1 TpeOOBaNIOCh JOKa3aTh. O

OGacTh MPVMHSTHSI TUTIOTE3bI A , ONpeJieieHHasl B TeopeMe 7.1, COOTBETCTBYeT
KPUTEPUIO, KOTOPbIN CPaBHMUBAET CTATUCTUKY KPUTEPUS OTHOILEHMS [TPaBIOIIOLN0-
6151 t, C TTIOPOTOBOJi BEMMUMHO T. DTa CTATUCTIKA KPUTEPUS OIIPefieNsieTcs Kak
p1(x)
p2(x)

fr(x) =

Ha npakTyke 0GBIYHO MCIIONB3YIOT JIOTapUM t, — TO SKBMBAJIEHTHO, IIOTOMY
4TO jIorapudM SABISETCS BO3pacTaoeil GyHKimeii. Pe3ylbTupyromas cTaTUCTUKA
KPUTePYs Ha3bIBAETCSI 102aPUPMULECKUM OMHOULEHUeM NPasdonodobus t, :
p1(x)
p2(x)

fir(x) =log

Xots Teopema 7.1 moka3bIBaeT, YTO KpUTePUit (JTorapudMmUIecKoro) OTHOLIEHMS
MIpaBIOIIOf06MS SIBASIeTCS pABHOMEPHO Hanbosiee MOIIIHBIM, OHA He JjaeT 3HAUeHMIA
P u P.. B cienyromux IByX paszesax 3TU 3HaUeHVsI ONPeIesIsIFoTCS B IBYX YaCTHBIX
cayvasix: Korga P, u P, — MHOTOMepHbIe HOpMaJibHbIe pacrpeseneHns u Korga P,
" P, TIOYTU PaBHBI.

7.2.2. iBa MHOroMepHbIX HOpMasbHbIX pacnpeaeneHuns

B MHOXXeCTBEHHOM JIMHEITHOM KPUIITOAHA/IM3€e SMIOMpUYecKue KOppemsium mpu-
6MM3UTETPHO HOPMAaJIbHO pacIipelie/ieHbl, KOTAa YMCI0 006paslioB ¢ IOCTATOYHO
BeNIMKO. B aTOM pasmesne mccieayeTcs KpUTEPHUIA OTHOIIEHMS TTPaBaOIIOm00MsT it
CTy4yast MHOTOMEPHBIX HOpMaibHbIX P 1 P,.

[Ipenmonoxum, uro P, u P, — MHOrOMepHble HOPDMaJIbHbI€ pacIpe/e/eHus
CO CPeOHUMM U, U [, COOTBETCTBEHHO ¥ OAMHAKOBOM KOBapMalMOHHO MaTpu-
el X pasmepa Ix[. B crydae MHOKEeCTBEHHOTO JIMHEHOTO KPUIITOAHANN3a U, —
BeKTOP M3BeCTHBIX KOppensaumuii, a u,= 0 (mpocras mozenb). B reopeme 6.1 66110
IOKa3aHo, UTO ¥ ~ I/q 4acTO SIBJISETCS XOPOIIUM NpUOIMKeHMeM B JaHHOM
ciaydae. I MHOTOMEpPHBIX JIMHEMHbIX aTaK, OCHOBAHHBIX Ha 3MIIMPUUECKOM
pacrpefieJIeHMM BepPOSTHOCTEN JIMHEeNHOI MpoeKuunu 06pasioB, U, COMEPKUT
VICTUHHbIE BEPOATHOCTH, a U, = 1/l. 3ameTum, 4T0 P, 1 P, BLIDOKI€HBI B MHOTO-
MEepHOM ciy4yae M3-3a BKIKUYeHUs TpUBMUaAJbHOI annpokcumanuu (0, 0), nin,
9KBUBAJIEHTHO, MTOTOMY YTO CyMMa 3MIIMPUUECKUX BeposTHOCTel paBHa 1.
OnyCcTUB TPUBUAIBHYIO allIIPOKCUMAIUIO UM OJHY M3 SMIIMPUUYECKUX BEPOSIT-
HOCTeJ, Mbl peIlluM 3Ty Mpo6IeMy.
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[lnoTHOCTM pacripesnesieHnii BeposiTHOCTe! P, vt P, ynioBeTBOPSIeT COOTHOLIEHMIO
1 Ty—1
pi@) ocexp (= 3 =) 27 = ).

CremoBaTesNbHO, C TOYHOCTBIO [0 IMOCTOSSHHOIO MHOKUTES JIorapudmMuueckoe
OTHOIIIEHMe MTPaBaOIIof06Ms PaBHO

= — )" =) — (x — ) TE TN — )
=201 — )" x + ] o — T

C TOYHOCTBIO IO COBMTa ¥ MAacCIITaOMpPOBAHMS CTATUCTMUKA Kpurtepus t. =
1da
(4, — 1,)"Z7'X.. DTO MOKHO IIePenucaTh B BUE IMHEHOI KOMOMHALMM 3/IEMEHTOB X:

!
tida = Z w; X;.

i=1

CpenHee 3TOV CTATUCTUKU KPUTEPUs PaBHO (1, — |,)"X |, B CJTydae MCTUHHOCTY
rumnoressl (1) u (M, — 1,)"27'u, B CJTydae MCTUHHOCTY IUIIOTe3bI (2). lucrepcus paBHa
(M, = 1) (1, — 1) — cm. ipusokenue A. Beibop w o¢ (i, — 14,)"E™" MaKCUMU3UPYET
pa3sHOCTb MeXAy cpefHumMy Ayisi runores (1) u (2), coxpaHss UCTI@PCHUIO TOCTOSH-
HOJi. DTO B TOYHOCTH TOT ITOJXO/,, KOTOPbIN MbI MCIIO/Ib30BaIN B pasgene 6.1.2.

MeTop, 06CY>KOaBIIMIACS IO CUX TOpP, B JIUTEpaType MO CTATUCTMKE HA3bIBAET-
ST JIUHEUHbIM QUCKPUMUHAHMHBIM AHAAU30M. Y HETO eCTb IPOCTasi TeoMeTpuuecKast
MHTEpIIpeTauus: pacnpenenenus P, u P, pasfieneHbl TUIIEPIUIOCKOCTbIO, OPTOro-
HaJIbHOJI BEKTODY (U, — 1,)"Z™". DTO MoKasaHo Ha puc. 7.1 ayis ¥ o I. Eciu KoBapuanm-
OHHbIe MaTpuLpbl P, 1 P,He paBHbI, TO ONTMMAaIbHbIM KPUTEPYEM SIBISAETCS K8Adpa-
MuYHwIL QUCKPUMUHAHMHDIT AHATU3.

pasaendawouasn
rmnepnaocKoCTb

Puc. 7.1. Paznenenune P, v P, npamMon nuHuen

7.2.3. [1Ba pacnpeaeneHusl NOUYTU paBHbI

AHanu3 B paspene 7.2.2 MOKa3bIBAeT, YTO KPUTEPUM C U3BECTHONM KOppesimein ns
pasmenoB 6.1.2 1 6.2.2 ABISIOTCS paBHOMEPHO Haubosiee MOIIHBIMU B IIPOCTOI MO-
JleJIV C OIIOMHUTEIbHBIMMY allIPOKCUMMAaLMSIMU 13 pasgena 6.1.2. OgHako 3To npef -
ToJIaraeT, UTO Pasjin4MTe/Ib OCHOBAH Ha BEKTOPe IMOUPUUYECKUX KOppesiuit (Miamn
SMITMPUYECKUX BEPOSITHOCTE) B MHOTOMEPHOM ciiydae). B MHOromepHom cityuae
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MOXXHO CZIeaTh elle OAUH HIar U JaTh Pa3IUIUTENI0 TIPSIMO AOCTYT K TMHEHbIM
MPOEKUMsIM 7T, 1(z) 06pasLoB z,, ..., Z ..

Eciu 06pasubl He3aBMCMMBI M OOMHAKOBO pacrpefieneHsl, To P, u P, 6yayr
(-KpaTHBIMM ITPOM3BEIEHUIMM pacrpenenenuii R u R,. B yacTHoCTH, e I U T, —
IUIOTHOCTM R, 11 R, COOTBETCTBEHHO, TO P(X,, ..., X ks 1'[/ (T(x). Orcroga norapM(bMM—
YyeCKoe OTHOIIIeHVe TPaBaoNoa06s paBHO

PL(X1. ... Xg) =Zq:10 r1(x;)

tyr =1lo .
NS (X))

=1

IToCKO/bKY HAOMIONEHNUSA X, , ... , X, He3aBIUCHMBI, LIeHTPa/IbHAsI IIPe/ie/ibHasi Teope-
Ma rOBOPUT, UTO paclipeeieHne tnr/\fq CXOAUTCST K HopManabHOMYy. Cie[loBaTe/lbHO,
aCUMIITOTHYECKas] MHMOPMaIlMOHHAST CIOKHOCTb KPUTEPUS] OTHOLIEHUST TTPaB/Io-
oA006mst opeaesieTcst Teopemoii 4.1.

Ecn nerunna runoresa (1), To cpefHee t,/q paBHO

11:2=/71(X)10g IE ; p(d),

AHAJIOIMYHO, e/ UCTUHHA ruIoTesa (2), To cpefHee paBHO —, , T,

I =/r2(x)10g ZE ;

Kynbbak u Jleii6nep' HaspiBamu I, , CpedHell uHpopmayueii QUCKpUMUHAYUU
mexay runoresamu (D-(2) i (2)- @ COOTBETCTBEHHO. OHM TAKKE onpezenuImn
I, = I,,*1, KaKk pacxokmeHue Mexny R v R,. B Haum gum [, Ha3bIBAETCS PACXOH -
deHuem Kyﬂb6ar<a—ﬂeu6ﬂepa R, OTHOCI/ITEJIbHO R, a], - paCXOJfCaeHMEM IDbxeppuca
mMexnay R u R,.

IToCKOBKY ]|, — pa3HOCTb MEXAY CPeIHUMM CTaTUCTUKY KpUTEPUA t, /q Ipu yc-
n0Buy uctuHHOCTY runores (1) u (2), oHa UrpaeT BaKHYIO POJIb I/ ONpele/IeHNs
BEPOSITHOCTEN yCIiexa ¥ JIOKHOITOJIOKUTETbHOTO pe3y/ibTaTa B KpUTEPUM OTHOIIe-
HUs mpaBponono6us. OmHAKO TOYHOE COOTHOIIEHMe 3aBUCUT TaKke OT AMCIIEp-
cun t, /q. Ecnn nerunna runoresa (1), To gucniepenst pasua (V,, - I2,)/q, e

ri(x)\?
Via = / () (log - (x)) J(dx).

—J2
AHaJIOTMYHO, e/ UCTUHHA ruroTesa (2), To Aucnepcus paBHa (V,,— L )/q, toe

2
Vo = /VZ(X) (10:%’ :?g;) p(dx).

Ecm pacnipenenennst R, u R, 61u3Ku, TO BbIYMCIEHMSI YIIPOIIAET CIeAYIOIIast
JjieMMa.

p(dx).

Jlemma 7.2. ITycmo r, u r,— noumu 6ctody HeHyjiegble NJI0MHOCMU 6ePOSAMHOCMU 0N~

HocumesnbHo 06ujeli 8epossMHOCMHOL Mepbl 1L, U onpedenum I 1 Loy Vo, u 'V, , Kak no-

Kasawo svtute. Ecnu |r (x) = r,(x)| < € min{|r (x)|, Ir,(x)|} noumu ciody, mo Iz;; =1, ,+O0(E)u

1 ConomoH Kynb6ak 1 Puuapp Jleit6inep paboranu KpurroaHanuTukamu B AHB.
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w(dx) + O,

| / (r () = r2(0)?

ho=5 [ —7—7
2 r(x)

Kpome mozo, V, =V ,+O0E)uV =21 ,+0().

Zokazamenscmeo. Ecmu € ,(x) = (r,(x) = r,(x))/r,(x), TO

Io = — f F1 () log (1 + £12(0))(dx)

1
= E/VI(X)glz;Z(x)//L(d-x) _/(Vl(x)—rz(x))u(dx)+0(e3)'

0

BTopoe 13 paBeHCTB BbIllie CyiefyeT 13 pasyioxkeHus B psg Teitnopa t — log(1 + t)
B TouKe t = 0. Bropoii uen o6pamaeTcs B HyJlb, IOTOMY YTO MHTErPaJlbl I, U I, DABHbI 1.
AHayiornuHo, nonaras €, (x) = (r,(x) = r,(x))/r,(x), nonyuaem

1
b= / ra(x) €2, () (dx) + O,

JKeytaemblii pe3ynbTaT CJieAyeT U3 TOro, YTO

Umm—mun220mm—mun2 1 (r1(x) — 2 ()

ra(x) ri(x) T+e1200) ri(x)
————
1+0(e)

+O(E}r (v,

Yro KacaeTcss BTOPOro yTBepKAeHMs, Mbl CHavaja nokaxem, yto V,,— V, = O(€’):

Vig — Vo = /rz(X)Sz:l(X)10g2 (1 + &2 (x)) p(dx) = O(eY).
O(e3)

Temneps mocraToyHo Mokasath, uto V, = 2I, + O(€%). B cumy pasnoxeHus t —
log(1 +t) B psim Teiiopa B Touke t = 0, UMeeM

2
<10g r2(x)> —2log rz(x; T 2601 (x) 4+ O,

ri(x) ri(x

CrnemoBaTenbHO, V, | YIOBIETBOPSIET COOTHOILEHWIO

2
%ﬂ=/3ﬂm<bgggo uwm=2hﬂ+2/Xnu>—mu»uum+0&%

0
BTopoii unen o6pamaeTcs B HyJlb, IOTOMY UTO MHTEeTPasIbl I, ¥ I, paBHbI 1. |

Jlemma 7.2 TIOKa3bIBaeT, YTO AucCIiepcyus t; /g OMMHAKOBA KaK ISl TUTIOTe3bI D,
TaK ¥ JJIs1 TUIIOTe3bl (2) ¢ TOYHOCTBIO /10 TOTPEIIHOCTH O(g,). Tounee, nucnepcus
MpUOMMKEHHO paBHA Pa3sHOCTM MEXOY CpeqHMMU, TofeleHHol Ha q. Ha puc. 7.2
IOKa3aHa CUTyallus B 1ieJioM. ITo TeopeMe 4.1, KOIMUIeCTBO 06pas3IioB q paBHO
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(7P — @1 (Pp))’
B 2152

B IIpeAnonoxkenun, uto Py > P.. CremoBaTesnbHO, MH(DOPMAaLMOHHAs CIOXKHOCTb
06paTHO NMPONOPUMOHaNbHa pacxoxknenuio Kynbbaka-Jleiibnepa I ,. [lyisi MHOrO-
MepHO¥ JIMHEeHOI anmnpokeuMmauyy A € [F) x Y pacripegenenue R AMCKpeTHO Ha
(Fy = F7)/A*, a R, paBHOMEPHO Ha TOM K€ MHOXeCTBe. [lJis1 5Toro cryvast jemma 7.2
IaeT CJIeQYIONIYI0 alPOKCMMAINIO 2 1 ,:

1 2
2110 = |A| g(rl(z)—m>,

rjie CyMMMPOBaHMe MPOU3BOAUTCS 110 BceM Z € () x [F})/A*. 9TO B TOUHOCTM KBajipa-
TUYHOE eBKINA0BO PACXOKAEHNE, KOTOPOE, B CUITY clIencTBUs 6.5, paBHO Cap(A).

7.3. COCTABHbIE MTMMNOTE3bI

Yamie BCcero Koppeasiiyy JMHEeNHbIX alllPOKCUMAallNii 3aBUCSIT OT K/Ir4a. AHAJO-
TUYHO I/ HeIpaBMUIbHO YTaJlaHHOTO KJIloua CpefHNe SMIMPUUecKie KOPPessiiumn
SIBJISTIIOTCST (KaK MPaBMUJIO) MaabIMM 3aBUCSIIMMU OT KIl0Ua 3HaUeHUSIMMU, HO He HY-
7eM. DTO O3HAyaeT, 4To, B IPOTUBOIOIOKHOCTb pasgeny 7.2, runoressl (1) u (2)
He TOIHOCTBIO ONPee/IAIT pactpenesneHns P u P, — OHY He SBJISIIOTCS MPOCTHIMU
IUIIOTEe3aMMU.

N (-11:2,211:2/9) N (11:2,211:2/q)

@ &)

-112 0 112

Puc. 7.2. AcumntoTyeckoe pacnpeaeneHue cTaTuCTKU Kputepus norapudmMmnyeckoro OTHOLWEHNS
npasaonoaobus npu runotesax (1) u

B o61em citydae eciu 3aaH0 HabIIIOfeHMe X, TO B 3afaye O IPOBepKe COCTABHOIA
IUIIOTE3bl TPEOYeTCs PelInTh, M3 KAKOro U3 JABYX CEeMEICTB pacipemeaeHnii Oblia
Mpou3sBeeHa BbI6opKa X. To ecTb HaNIIO CIEAYIOIIE IBE COCMABHbIE TUTIOTE3bI:

T'unoresa (1): x ObUTO BBIGPAHO M3 paciipeeneHus, MpUHaIIekaero ceMeicTBy
{P96,€0,).

TumoTesa (2): x 6bIJIO BHIOPAHO U3 paclpeeneHs, TPUHAJIEKAIIETO CEMENCTBY
{P%] 6,€ 0,}.
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P9 u PY> MOXKHO IIPe/ICTaB/IATh cebe KaK IMapaMeTpU30BaHHbIe pacrpee/eHus.
Uro6bl 3a/1aua ¥MesIa CMbICH, cemericTa {P/1| 6, € 0.} u {P?2| 6, € 0,} He 06sA3aHbI
OBbITh HeNepeceKaIMMMUCI IPU YCIOBUM, YTO JJIi MHOXECTB O, M O, M3BECTHBI
amnpMOpHbIe pacripeziesieHnsl BeposTHOCTeli. Harpumep, ecin ©, cOCTOUT U3 BCex
BO3MOYKHBIX 3HaU€HMI1 OUTOB KITIOYa, OT KOTOPBIX 3aBUCUT KOPPEJISIINS, TO arpu-
OPHBIM SIBJISIETCS pABHOMEPHOE pacIipezieieHie Ha 0 . ApMOpHbIe pacrpeseeHns
Ha O 1 0, 6yileM Ha3bIBaThb 2UN0Me30li paH0OMU3AYUU C NPABUTbHbIM KH0UOM V1 2UN0-
me3oti paHdomu3ayuu ¢ HenpasulbHbIM KI0UOM COOTBETCTBEHHO. X BBIOOD 06CYyK-
nmaeTcs B pasgenax 7.3.2 u 7.3.3.

PesynbTaThl 13 pasngena 7.2 HEIIPUMEHMMbI K COCTaBHBIM TMITOTe3aM. B 4acTHO-
CTU, HEOOS3aTEeNIbHO CYIIECTBYET PaBHOMEPHO Hauboiee MOIIHBIN Kputepuit. Tem
He MeHee MOXHO HaiiTV KpUTepuu, KOTOpble MMHUMMU3MPYIOT cpenHee Ef (1 - Py(@,),
P_(6,)) KOHKpPeTHOJ (GYHKLUMM CTOMMOCTU f, Toe cpefHee 6epercss OTHOCUTEIbHO
aNpMOPHBIX pacnpeeneHuii Ha O, u 0,. dTa mpobrema obcyxaaeTcs B pasgene 7.3.1.

7.3.1. Koadduumnentnbl baieca

B oTcyTcTBME paBHOMEPHO Haubosee MOIIHOTO KPUTePHsI Mbl MOXKEM PacCMOTPETb
KpuTepuu, Haubosee MOIIHbIE B cpegHeM. To eCTb /IJIs1 BCeX CPeIHNX BePOSITHOCTEI
ycrexa E(Py(6,)) Takoit Kputepuit O/DKeH MUHMMU3UPOBATh CPEHIOI0 BEPOSITHOCTD
JIOKHOTIOJIOKUTEIbHOTO pesyibraTa E(Pg(8,)). TO 5KBMBAJIEHTHO KPUTEPUIO Pas/in-
YeHMsI TIPOCTBIX TUIIOTe3, COOTBETCTBYIOIIMX allOCTEPUOPHBIM pacrpeneneHusm P,
" P,, NIOTHOCTY KOTOPbIX P, U P, OTIPEIEIISIOTCS YCPeAHEHUEM 10 TapaMeTpam:

pi(x) = / | pl(x) qi(0) u(dh),

O;

rae p? — IJI0THOCTb p?, & q, — TUIOTHOCTb alIPMOPHOTO pacIpeieeHus.

Vcnonb3ys pesynbTaTbl U3 pasfena 7.2, CTaTUCTUKA KPUTepUsl OTHOLIeHMS
MPaBIOIION00MS AaeT paBHOMEPHO Haubosee MOLTHBIM KpUTepUit (B cCpegHeM, KaKk
6bUIO CKa3aHO BbIIIIE):

P _ [ P70 qi0) pdo)
p2() [ P5(x) q2(0) ju(db)

ne(x) =

DTy BelMuMHY Ha3bIBAIOT Takke Ko3pduuuentom Baiteca s runores (1) u (2).

7.3.2.TunoTe3a paHAOMMU3aLUKU C NPABUJIbHBIM KJIHOYOM

AnipuopHoOe pacrpesie/ieHye Ha O, BITeKaeT HeIIOCPeICTBEHHO U3 aHanm3a mudpa,
KOTOPBIN IPUBOAUT K 3aBUCSILLIEN OT K/II0Ua alllpoOKCUMAaLM KaxkK0l KOPPeISLuA.
Hanpumep, mycTb A — MHOKeCTBEHHasI JIMHENHas anlpokcuManus. AHauIu3 npmuso-
IUT K MHOXeCTBY KJIaCCOB KiI04eil K TakoMy, UTO KOppessiinm AJ1s1 Kjiacca Kiouei
k € X omnpenensioTcsa M3BECTHBIM BEKTOPOM [, € R,

Ecnut ipenmonokuTsb, 4TO KI0UM MMEIOT paBHOMEpPHOEe alipMOpHOe paclipenerie-
HJ€, TO alIPMOPHYIO BEPOSATHOCTD f, KaXKI0T0 K/Iacca Kiodeii k € K MOXKHO BbIYMCIUTD
WJIN, eCIY pa3BepTKa KJII0ua CJI0KHA, OLeHUTh. BHYTpM KaskIOro Kjiacca Kiyeli pac-
npefesieHye SMIIMPUUECKUX KOPPEISILINA SIBJISIeTCSI MHOTOMEPHBIM HOPMajlbHbIM CO
CPeIHUM U, VI KOBapMaLMIOHHOi MaTpuLeii I/q (MpubauKeHHO, KaK IT0Ka3bIBaeT Teo-
pema 6.1). CrieoBaTeIbHO, IJIOTHOCTh BEPOSTHOCTH P, TIPONOPIOHAIbHA
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i) oY fiexp (=3 =m0 (=)
keK

Takoe pacrpefeneHyue Ha3bIBaeTCsl CMECb0 MHOTOMEDPHBIX HOPMalbHBIX pac-
npeneneHuii. B mpocToii mMonmenyu sMIIMpUUecKue KOppensiiuy MMelT HyjeBoe
cpefHee ¥ KOBapMALVIOHHYIO MaTPUILy I/q TIpU YCIOBUM UCTUHHOCTY TUIIOTE3HI (2).
CrnenoBaTe/nbHO, OTHOILIEHMEe ITPaBA0II0L00MS IPOTIOPIMOHATIBHO

pi1(x) T 9 7
— fkeXp(qu X— W Mk).
p2(x) ,;C o

B 061eMm ciiydae He CYIeCTBYeT «3IeMeHTapHOT0» 3aMKHYTOT'O BbIPasKeHMs MH-
(bOopMaLMOHHOI CJIOKHOCTY 3TOr0 KpuTepus. Jlaxke ecsiv eMKOCTh (TIOUTH) He 3a-
BUCHUT OT KiTI04a, MHGOPMAIMOHHAS CJIOKHOCTh MOKET GBITh IIPOMOPIMOHATbHA
1/Cap(A), +/TA]/ Cap(A) iy 4eMy-TO TPOMEKYTOUHOMY.

PN

ﬁ 32 32 32 32 i
IMnuMpuryeckas Koppensaums

MnoTHOCTb BEPOATHOCTH

Puc. 7.3. 3aBUCUMOCTb NIOTHOCTU BEPOSITHOCTH OT IMMUPUYECKONM KOPPENnsLmum

Ipumep 7.3. s nMHENHONM anpoKCUMaLuM U3 npumepa 2.3 ¢ Koppensuneii
(-1)/8 (1 + (=1)%/2)(1 + (=1)"3/2) amocrepuopHoe pacmpeneneHue P, saBisercs
CMeCbIO IIeCTY HOPMAaJIbHBIX paclipelieIeHUi CO CpefHUMU £152, #3551 £%5;. DyHK-
LMY IJIOTHOCTY BEPOSATHOCTU p, pacrpesiesiennst P, ero KOMIIOHEHT IIOKa3aHbl
Ha puc. 7.3 mst g = 256 06pasioB. C TOYHOCTHIO 4O MOCTOSHHOTO MHOXKUTEST OT-
HOIIIEHYe TTPAaBA0TIoA06¥sI paBHO

9qx 3
—3009/327 cosh ( D )+2 306/32% Loch <%>+e‘%q(l/3z)2 cosh (%)

Iyt 6ONBIIMX @ B OTHOIIEHWM TMPAaBIOIOA00USI MpeobaafaeT ujieH, COOTBET-
CTBYIOILMIT KOppensiuuu V5. OTo OObICHSIETCSI SKCIIOHEHIMaTbHBIMMU MHOXM-
TESIMY B KaKIOM ujieHe, HauOOoIbIlnii 13 KOTOPhIX paBeH exp(—q/32?%). UHbIMU
CJIOBaMM, TIOCKOIbKY OT aTaku C BBICOKOI cpelHell BepOsSITHOCTBIO ycIiexa Tpeoy-
eTcs1, YTOOBI OHA paboTasa Jj1s1 GONbIIMHCTBA KITH0Ueli, BEPOSITHOCTD JIOSKHOTIONO-
SKUTEJIbHOTO pes3yJbTaTa [JIsl Hee B OCHOBHOM OIIpefiesieTCsl KIYyaMy C HU3KOM
Koppensiuuen. [

B yacTHBIX CTyyassx MOKHO MOJTYYUTH 3aMKHYTbIe (TIPUOIVKeHHbIE) (POPMYJIbI
I1sT MTHGOPMAIIMOHHO CIoKHOCTM. OOVH U3 TaKUX CTydyaeB — KOTA OT KToYa 3a-
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BUCSIT TOJIBKO 3HAaKM Koppensiuuii. Harpumep, mooxkum [ = |A| v IpeaIionoxkuM, 4To
CYLIECTBYIOT TaKye IOJOKUTeIbHbIE IOCTOSHHBIE C , ..., C;, YTO
(D¢
(="
Uk =
(=Dl

Kpome Toro, npeamnonoxum, uto f, =1/2! s moboro k. OTHOLIeHMe IPaBAOION0-
OMS TPOMOPIIMOHAIBHO

edCiXi + e 4qciti

1 ! !
P SO [er " e =T ——- [ [ cosh(geixi).

p2(x) keF, i=1 i=1 i=1

Ecim | BeMKoO, TO MOKHO OKMAATD, UTO qC? Mao. IT0CKOmbKy HabMIOIeHNs X, AB-
JISIIOTCS OLIEHKaMy KOPPeJIsILny, qcx, Takke majo. CreqoBaTelbHO, aCUMIITOTHYE-
cku mpu gcx,— 0 morapudmmyeckoe OTHOLIEHME MPaBAONOA06MS PaBHO (C TOYHO-
CTBIO A0 MOCTOSIHHO C)

! !
p1(x) 1 222
log—— +C = log cosh(gcixi) ~ — qecix;.

To ecTh siorapubMUIeckoe OTHOIIEHME MTPABIOITOI00MST XOPOIIIO arIPOKCUMMA-
pyeTcsl B3BeIIEHHO! CyMMO¥l KBaZpaTOB OIIEHOK KOPPeJsIuii, B KOTOPOi camu
Beca IMPOTOPIMOHANbHBI KBaipaTaM KOpPpeasnuil. 3TO B TOYHOCTU CTATUCTUKA
KpUTEPUSI, KOTOPYIO MbI UCITIOSTb30BaJIV B pasfese 6.1.2, ¢ uHGOpPMaIMOHHO C/IOK-
HOCTBIO, ITPOTIOPIVIOHATBHOIA

1
I 4
D ic1 €

CrnemyeT MOMHUTD, UYTO 9Ta MHGOPMAIMOHHAS CJIOKHOCTh ONTUMAajbHa, TOJIbKO
KOT/Ia alipMOPHOe paclpee/ieHle Kua paBHOMEPHO.

Haxownell, 3aMeTM, UTO TOUHbIe (DOPMYJIbI KOPPEJISILINIT PeaKo GbIBAIOT TOCTYII-
HbIL. [To3TOMY OIINMOKM MOJENN B O0IIeM Caydae HeU30eKHbI. ITO MOKHO ITPUHSTH
BO BHMMaHMe, MOOU(UIIMPOBAB allpMOPHOe paciipenenenne. Hampumep, MOKHO
BKJIIOUMTh HOPMAaJIbHO paciipee/IeHHYI0 OIMOKY C HY/IEBBIM CPeIHMM. DTO T0JIe3-
HO JIJIS IPOTUBOAEIMCTBUS Upe3MepHOIi YBepeHHOCTM MOIe N ¥ MOXKeT pacCcMaTpu-
BaThCs Kak hopmMa peryisspusalinin.

7.3.3.[unotesa paHaoMu3aL MM C HENPABU/IbHbLIM KJIOYOM

Kax o6cysxnanoch B pasgene 7.3.2, runoresa (1) 4acTo sIBJSIeTCS] COCTaBHOI, IOTOMY
YTO KOPPEeJISIMM 3aBUCAT OT Kitoua. Ha mpakTuke Koppemsiiyu IJisi HelpaBUIbHO
yrafaHHbIX KJIIOueii ToXe He paBHbI B TOUHOCTH Hy/0. [ToaToMy runoTesa (2) Takxke
IOJDKHA OBITh COCTABHOVA.

B mpuHIMIIe, MOKHO OIpeAeNnuTh MPUOAMKeHHbIe 3aBUCSIIME OT KI0Ja BbI-
pakeHUsT IJis1 KOppemsinii, COOTBETCTBYIOUIMX HENPaBMUJIbHO YraJaHHBIM KIIIO-
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yaMm. OgHaKo IJ1s1 9TOT0 HeOoO6XOAMM JTOTOMTHUTEIbHBIN aHanu3 mudpa, BKIOYast
BHEIIHME PayH[bl BOCCTAHOBJIEHUS KJIlOUeli, KOTOpble He MPUHUMAINCh BO BHU-
MaHue B MpocToil Momenu. CTaTUCTUIECKUIL aHAMN3 KOHILeNTYaJIbHO TaKoii 3Ke,
Kak B paspesne 7.3.2.

B OTCyTCTBME MeTaJbHOTO aHalIM3a CYIIEeCTBYeT Takke 6ojiee 0OIlee COCTaB-
Hoe yTouHeHMe runoTessl (2). Eciu yactuuHoe mudposanye u gemmndpupoBaHye
IOCTaTOYHO (JIOKHBI, TO MOKHO MPEeAIOI0XUTh, UTO OHU TMOXOXM Ha CTydaliHble
repecTaHOBKM, KOTAA K/I0U HeMpPaBMJIbHBINA. DTO MIPUBOAUT K MOJIENIN CTydaiitHOM
repecTaHOBKU, KOTOPasi TOBOPUT, UTO allpMOPHOE pacripeesieHre KOppemsiuii mpu
YCIOBUY UCTMHHOCTY TUIIOTe3bI (2) TaKoe e, KaK JIIs CIy4aiiHol epecTaHOBKM.

PacrpeneneHe Koppesiuy JMHENHON anpoKCUMaIUy CIydaiiHoi QyHKIUM
MU TIepeCcTaHOBKY JaeT CJIeAyIommuii pe3ynbrar. CXoOMMOCTb B TeopeMe 7.3 ObICT-
pasi, eciu |A| He CIUIIKOM BEJIMKO, [T09TOMY OGBIUHO OHA TAeT XOPOIIYIO alllipoOKCH-
Mauuio. JJoka3aTeabCTBO 3TOrO pe3y/abTara — IpegMeT yrpaxkHenuit 7.1 n 7.2.

Teopema 7.3. [Tycmb F — pasHomepHo pacnpedenieHHas cayuatiHas GyHKyus uiu nepe-
cmanoska ) — Fy. ITycme A= {(u,, v)), ..., (U, v)} € Fyx [} — MHOMecmeeHHAs TUHElHAs
annpoxkcumayus F makas, umo (0, 0) ¢ A. PacnpedeneHue 8epossmHocmeii ciyuatiHozo
8exmopa Koppensyuti

F

w-
C
2,y
/on

F

v, up

CX00UMCs K MHO2OMEPHOMY HOpMavHomy pacnpedeneruto N'(0, I) ipu n — oo,

Torza /15 MHOXeCTBEHHOTO JIMHEIiHOTO KPMUITOaHa/IU3a TuroTesa (2) 3aKio-
YaeTcs B TOM, YTO SMIIMPUUECKUEe KOPPeISIUY MUMEIT MHOTOMEepHOe HOpMasbHOe
pacnipenenenve N(6, I/q). AnpuopHbIM pacrpezienennem Ha 0, asiusgercs 6 ~ N(0,
I/2™). 3Has PyHKIUMIO IVIOTHOCTY BEPOSITHOCTH, HETPYIHO BUIETD, UTO arloCTepuop-
HBbIM pacIipefienieHueM mpu atom 6ymet N'(0, I/q + I/2"). [IisT OMHOMEPHOTO CIydast
9TO MOKa3aHo Ha puc. 7.4.

Puc. 7.4. Tunotesa c HEBEPHbIM K/THO4YOM, OCHOBAaHHAa Ha Mo4enun Cﬂy'—laﬁHOVI nepectaHoBKK
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dddexT Mogenu crydaitHol epeCcTaHOBKY 3aK/II0YaeTcsl B TOM, UYTO OHA YBeJu-
YyBaeT AUCIEPCUI0 alloCTePUMOPHOTO paclipele/ieHusI Ipu YCJIOBUM UCTUHHOCTU
rurnoressl (2). ITO TaKKe 03HAYAeT, UTO AUCIIepCHM 060MX allOCTePUOPHbIX pacIipe-
IeneHuii pasauuHbl. 111 BBIOOpKY 6e3 BO3BpalleHusl JUCIiepcusl TPy YCIOBUM UC-
TUHHOCTM TUIIOTe3bI (2) ¢ M3BECTHOI Koppensauueii pasHa 1/q (1 - q/2") + 1/2" = 1/q.

XOTs yTOYHEHHAas TUII0Te3a C HeBepHbIM KJII0UOM, OCHOBAHHASI HA MOJIeNIN CITy-
YyaliHOV TepeCcTaHOBKM, YACTO OKa3bIBaeT HeCYIeCTBEHHOe BMSIHME Ha OLeHKU
CTOMMOCTM aTak, 0COOEHHO Korma q <« 2", oHa BefeT K BaKHbIM BbIBOJIAaM. B co-
yeTaHUM C pasgesioM 7.3.2 OHa Jyyille 0OBSICHSIET TPYIHOCTb MCITOMb30BaHMUS JIN-
HEeHBIX aIMIPOKCUMAaLNii ¢ abCOMIOTHOM Koppessiueit ¢, MeHble 272, HauBHOe
06BbsICHEHME COCTOUT B TOM, UTO MOCKOJbKY MH(POPMALMOHHAS CJIOKHOCTh MPO-
MopuyoHasbHa 1/c%, MeIomuxCcsl JaHHBIX TOIMPOCTY HegocTaTouHo. OgHaKo M-
T0JIb30BaHle MHOKECTBEHHBIX TMHEMHbIX alllIPOKCUMAIIVii He peliaeT MmpoodaeMy.
Bonee mpaBuibHOE 06BbSICHEHME COCTOUT B TOM, UTO KOPPEJISIIUS C MU3BECTHA TOTb-
KO C TOYHOCTBIO 0 OIIMOKM MOJeNMPOBaHMS €, ecIy McTUHHA runoTesa (1), a u3
YTOUHEHHOJ TUITOTe3bl C HEBEPHBIM KJIIOUOM CJIeIyeT, YTO OIlb6Ka MOIeIpoBa-
HMUSI € TOJKHA ObITh MeHbIIe 272, 3To GymeT UTpaTh BasKHYIO POJIb B IIaBe 8.

[T MHOXXeCTBEHHOTO JIMHEHOTO KPUIITOAHA/IM3a BANUSIHME TUIOTEe3bl C He-
MPaBWIbHBIM KIIOUOM O0COGEHHO BaskHO. Ecyiu |A| BenKo, TO aHaIM3 4acTO MOKHO
YIPOCTUTD, IIOTOMY UTO JIJIST HETIPABWIbHBIX KJIIOUei eMKOCTh 6/IM3Ka K CpeTHeMy
3HaueHu1o |A|/2". 3 o6cyskmeHus B pasmerne 6.1.2 cjiemyeT, YTo eIy q MaJIo 10 CpaB-
HEHMUIO C 1/(CVF’M)2 Y KOppeJsiuuy HeM3BeCTHBI, TO

o1(Ps) — @71 (Pp)
=/2|A ,
4 =VAN A Z Ay

B IIPEAITIOJIO’KEHUM, UTO OOIIYIIE€HN U3 pa3aeiia 6.1.2 MMO-IpeXHEMY CIIpaBeIJIMBBI.

7.4. ONTUMANBHOE BOCCTAHOBJ/IEHUE KJIOYA

B m1aBe 1 yrioMmmuHacs enie OAVH MOAX0H K BOCCTAHOBJIEHUIO KIHOYa: airoputMm 1
Mairynu. DTOT MeTOoJ, MOKHO OOOGIIMTh Ha 3amady KiIacCU(pUKALMKU: 3HasT BEKTOP
SMITUPUYECKUX KOPPESLNIA, HaiiTV Hanbojiee BEPOSITHOE 3HAUeHNe OUTOB KIIoua,
KOTOpPOe OIpeaesieT STY KOPPpesiyn. [IJis JaHHO 3aJauy CYIeCTBYeT ONTUMAJIb-
HOEe pellleHne, Ha3bIBaeMoe 6aiieCOBCKUM KJIacCU(pUKATOPOM.

OnoHako pellleHMeM 3TON 3aJauy KiaccubUKALMU OeI0 He OTpaHUuYMBAETCS.
IMepBas mpobjemMa 3aK/I0YAETCS B TOM, UYTO OJHO3HAUYHO BOCCTAHOBUTDH 3HAUE-
HJe KJII0Ua MOXKEeT 0Ka3aTbCsl HEBO3MOKHO. Harpumep, eciiy KOppesinys paBHa
(=1)y/8 (1 + (=1)2/2)(1 + (-1)'3/2), TO mepemMeHa MecCT k, ¥ k, BCET/ia MPUBOIUT
K paBHBIM IIPaBAOIIOA06MSIM. DTO HabJI0IeHe BeIeT KO BTOPOIii IpobiemMe: Io-
Jie3Hee MOJIYYUTDh CIMCOK BO3MOXKHBIX KJIIOUei, ueM OgHOro KaHaupaarta. Ciemo-
BaTeJIbHO, CYIIECTBYEeT KOMIIPOMMCC MEKIY KOJIMUECTBOM KJIaCCOB KJTKOUEi 1 Be-
POSITHOCTBIO TIPaBUIbHOM KaccupuUKamn.

MbI 37ech He 06CysKIaeM ONTMMAIbHBIN CIIOCOO pelleHus] TaKMX 3a7au KIaccu-
(bukaium, MOCKOIBKY 3TO 3aBejI0 ObI HAC B HeuccaeAoBaHHbIe ned6pu. OmHaKo B 3a-
BepILeH}e 3TOTO pasjiesia CTOUT YIIOMSHYTb, UTO ITOAXO0/I K BOCCTAHOBJIEHNIO KJTI0Ua
Ha OCHOBE «aJIFTOPUTMa 2» Ha CaMOM feJie GoJIbllle ITOX0K Ha KaaccuuKauuio, yem
Ha MpoBepKy runoTes. B pasgenax 7.2 u 7.3, Kak U B I1aBe 4, MpeArioaarajaoch, 4To
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IIPOLIeCC BOCCTAHOB/IEHMS K/II0Ya MOKHO pacCMaTpUBaTh Kak (POpPMY MHOKECTBEH-
HOJ1 mpoBepky rumores. OQHAKO [P TaAKOM ITOAXOIe MHOKECTBEHHbIe IIPOBEPKU
TUIIOTE3 B OEMCTBUTEIBHOCTY HE SIBJISIOTCS CTATMCTUYECKM He3aBMCUMMBIMU. 3a-
BUCUMOCTY MEKIY OLleHKaMM KOPPeJISILINIA [JIsl pa3/IMUHbIX KJII0Ueii PO yuecTh
B CxeMe Ha OCHOBE KIacCU(MKaLn.

7.5. ICTOPMYECKAS CNPABKA

Teopus MPOBEPKU MPOCThIX runore3 HeiimaHa 1 ITupcoHa BriepBbie ObUIa IMpUMe-
HeHa K JMHEeIHOMY KpuIIToaHaau3y B pabore Bane, XKioHo 1 Bogens. Vx ananms
MPMMEHMM K MHOTOMEPHOMY JIMHEHOMY KPUIITOAHAIM3Y U CPAaBHUM C 00CysKae-
HMEeM B paspene 7.2.3.

O6miast ruIoTesa paHIOMM3alMK C HEIPaBMIbHBIM KJIIOUOM M3 pasgena 7.3.3
6bl1a BBemeHa bormaHoBeIM M Tumrxaysepom. TepMuH «paHIOMM3AIMs C Helpa-
BWJIBHBIM KJIIOUOM» OBLI IpeajiokeH XaprecoMm, Kpamepom u Maccu. [Ijist omHOM
JIMHEHON aIpOKCUMAaIMK U BBIOOPKM 6e3 BO3BpallleHMs, B YACTHOCTH, arloCcTe-
pUOpHOe pacripefeseHne CTaTUCTUKU KPUTEPUS TPU YCIOBUM UCTUHHOCTU 3TOM
TUITOTE3bI 00CYKIAIOCh B pabore Arrypa, BeitHa 1 Paiimena (2020).
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7.7. YNPAXHEHMA

YnpaxxHeHue 7.1

Hoxkaxkute TeopeMy 7.3 Ojs Ciaydasi paBHOMEPHO pachpele/leHHbIX CIydaifHbIX
dbyHKUMI. VCIToNb3yiiTe MHOTOMEPHYIO IIeHTPaIbHYIO PeebHYI0 TEOPEMY.
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* YnpaxHeHue 7.2

Hoxkaxkute Teopemy 7.3 mJist Cydasi paBHOMEDPHO pacIipefleJIeHHbIX CTy4YaliHbIX Te-
pecTaHOBOK.

YnpaxHeHue 7.3

[TycTh A — MHOXeCTBeHHas JMHelHasl anpoKCUMAINSI, COCTOSIAS U3 JIMHENHBIX
anmpoKcUMauuii ¢ koppensuuamu ¢, € RY qs mo6oro kmoua k. ITpennonoxnm,
YTO arpMOpHOe paclpenesneHye ¢, C PaBHOMEPHO pacrpenesieHHbIM CTy4aifHbIM
kiouoM K siBjisieTcss MHOTOMEpPHBIM HOpPMAajbHBIM pacripefiejieHreM C HyJIeBbIM
CpeIHUM UM KOBapUalMOHHOI MaTpulieii X. ByaemM MCIoab30BaTh MPeAoa0KeH U
MIPOCTOI MOZENN.

1. Tlokaxure, 4TO CyIIeCTBYeT JMHEIHAsI 3aMeHa NePeMEeHHbIX SMITUPUUIECKNX
KOPPeJIINii, TaKast YTO CTATUCTUKA KPUTEPUS JIOTapuPMMUUeCKOro OTHOIIe-
HMSI TIPaBAOINOAO0OMS C TOYHOCTHIO AO COBUTA M MAacCIITaOMpOBaHMS paBHA
B3BeIlIeHHOJ CyMMe KBaJIpaToB.

2. TlokasxkuTe, 4TO MHGOPMALIVIOHHAS CJIOSKHOCTD ITPOITOPIMOHAIbHA 1 / VTrETE.
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AnnpokcuMauum C HyN1eBOM
Koppensiuueu

TpaAuIIMOHHO B JIMHEITHOM KpPUIITOAHA/IM3€e MCIOAb3YIOTCS JMHElHbIe aIllpoK-
CUMAIMM C aTUIIMYHO OOJBINON abCOMIOTHOM Koppensuueit. Ho B 9Toit I1aBe Mbl
paccMOTPHUM, KaK MOKHO MCIT0/Ib30BaTh alllpoOKCHUMAaIN C HYJIeBOI KOppesiiyeii.
OTOT BapMaHT JIMHEIHOTO KPUIITOAHAIM3a Ha3bIBAETCS JIUHElHbIM KPUNMOAHAIU-
30M C Hyn1e6oll Koppensyuetl.

8.1. UnEga

I'py60 roBOpS, 151 aTaKM ¢ BOCCTAHOBJIEHMEM KITIOUA B CTUJIE aiTOpUTMa 2 Malyu
JIOCTATOYHO HATH TaKOe CBOVICTBO BHYTPEHHE uyacTu mmdpa, KOTopoe IO3BOJIsIeT
OTJIMUUTD TIPaBUIbHbIE JOTAIKM OT HEeMPaBMJIbHBIX. B TpoCTOii Monenu 13 r7aBbl 4
MpeJnosaraeTcs, YTo KOPpeasiuy JMHENHBIX allpOKCUMAaLMii OJis HelpaBuiib-
HbBIX KJIF0Yeil paBHBI HY/0. C TOUKM 3peHMs 3TOI YIIPOILEHHO MOAEeNN, TMHEHAs
anmpoKCUMaIys C HyJIeBOI Koppessiueit 6ecrione3Ha. OmHaKo, Kak 00CyXaa1och
B IVIaBe 7, KOPpeJIsUuM OJis1 HeMPaBWIbHBIX K/IIOUeli He B TOUHOCTYM PaBHBI HYIIIO
npu 6oJiee TOUHBIX TUITOTE3axX PAHAOMMU3ALNUY C HEITPABMUIBHBIM KJTIOUOM, HATIPU-
Mep B MOJe/IM CTy4aliiHO MepeCcTaHOBKM.

XOTSI U3 MO CTyYaiiHOM MepeCcTaHOBKU CeAyeT, YTO JIMHEHbIe alpoKCuMa-
LMY C HYJIEBOI KOppeJIsiiyeli MOy Obl ObITh TIOJIE3HBI 8 NPUHLUNE, HEOOXOIMMO pe-
IIATb HEKOTOPbIE MTPobeMbl. [lepBast M3 HUX — HAXOKIEHVe JTIMHETHBIX alllTpOKCMa-
LIMIA C HYJIEBOI Koppessieii. TpyaHOCTb B TOM, UTO HEIOCTATOUYHO, UTOOBI KOPPeIs-
1St 6bUTa MaJIOi, — OHA AOJ/DKHA OBITh B TOYHOCTY PaBHA HYITIO. TOI ITPOOIEMOI MbI
3aiiMeMcs B pasgene 8.2. E1le oayH BOIIPOC — SIBJISIFOTCS JIV aITPOKCUMALUY C HYJIEBOM
KOppeJIsitiieit JOCTATOUHO «IIpUMedaTeTbHbIMI», UTOOBI IIPMHECTHM TI0/Tb3Y B KAUeCTBe
pasIMyaloIIyX CBOVCTB. BEPOSTHOCTD ycItexa BCerma MOXKHO CenaTh OMM3KOM K emu-
HUIIE, €C/IM UCIIOb30BaTh BCe BO3MOKHbBIE Mapbl (OTKPBITHIN TEKCT, MIM(PTEKCT) s
BBIUMC/IEHVST KOPPEJISINN, HO YTOObI OTOUIBTPOBATD JOCTATOUHOE YMC/IO HEITPABWIIb-
HBIX KITIOUeit, JOJDKHA OBITh TAKOKe O/11M3Ka K HYITI0 BEPOSITHOCTD JIOSKHOTIONOKUTETbHO-
ro pe3y/braTa. B KOHIIe KOHIIOB, COIVIACHO TeopeMe 7.3, HyJlb ITO-IIPEXKHEMY SIBJISIETCSI
Hanbosee BEPOSTHBIM 3HAUEHMEM KOPPEJISIIIMY AJIST CTyIaifHOM TepecTaHOBKMN.

[TpuunHa, Mo KOTOPO¥ HU3KME BEPOSITHOCTY JIOXKHOTIONIOKUTENBbHOTO pe3ynbTaTa
IOCTVKMMBI, CBSI3aHa C HECKOJIBKO MPOTUBOpeYallM MHTYULMM (10 KpaiiHeli Mepe
IIJIST HeCIeMaaCTOB) CBOVICTBOM paclpeenieHuii BeposiTHocTelt. [1o mepe yBenu-
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YeHUSI UM C/Ia BO3MOXKHBIX MCXOJIOB BEPOSITHOCTH Kask0TO OT/IeIbHOTO MCX0/Ia — Taske
CaMoro BepOSITHOTO — yMeHblaeTcsl. Ho 111 BeposSITHOCTeN TOCTaTOYHO LIMPOKUX
MHTEPBAJIOB MICXOJ0B 3TO y3Ke He TaK. [[pyMeHsis naHHbIi (GakT K CIydalo JIMHETHOTO
KPUITTOAHAM3a, MbI BUIVM, UTO JJIsI [IePeCTaHOBKY, BHIOPAHHOI paBHOMEPHO CITy-
YaifHbIM 00pa30M, OOJIBIIMHCTBO MPUOIMKEHMI OYIYT MUMETh KOPPEJISIINIO, «OImn3-
KYIO K HYJ/TIO», HO KOPPeJISIIMsl, B TOYHOCTY paBHas HYJTIO, BCTpeuaeTcsl peJiko.

ATIpoKCUMMAaIMI0 C HYJIEBOJ KOppessiyueil MOXXHO MCIOJIb30BaTh B KayeCTBe
pasMyalolero CBOMCTBa IMPY YCIOBMHM, UTO HAIlla OI[eHKa KOpPesiliyi T0CTaTOUHO
TOYHA, YTOOBI PA3IUUYUTD HYIb U «OIM3KO K HY/IO». ECIM HOCTYITHA TOIBKO OFHA
anmpoKCUMaIys ¢ HYJIeBOJ KOppesilyeii, TO 3TO MPUBOAUT K MHPOPMAIMOHHO!
CJIOSKHOCTH, 6IM3KO¥ K 2" Ajist n-6MuToBOI byHKIMK. B pasmenax 8.3 u 8.4 obcyskma-
IOTCSI METO/IbI YMEeHbIeHNsI MHYOPMAIIMOHHO CIIOKHOCTH.

HakoHelr, 3aMeTMM, UTO B IPUHIIMIIE KasK0e 3HaUeHMe KOppeasium (WK Jasxke
IMaria30H 3HAUeHMI) MOXKHO ObLIO OBl MCITOMB30BATh B KaueCTBe pasIMuuTeNs,
eCJIV KOppesiys M3BeCTHA TOCTaTOYHO TOUHO. HysieBoe 3HaUeHMe SIBSIETCS 0CO-
6BIM, ITOCKOJIBbKY YaCTO ITPOIIE TTOKa3aTh, YTO HEKOTOPBIE JIMHETHbIE aIlllIPOKCHUMa-
LMY MMEIOT HYJIEBYIO KOPPEJISIINIO.

8.2. HAXOXOEHUE AMMPOKCUMALMIA
C HYNIEBOW KOPPENALMEWN

Kak moka3aHo B cineacTBuM 2.8, KOPPesUuIo JUMHEHON anllpOKCUMalUM MOKHO
3aIMcaTh B BUAE CYMMbI KOPPeJISIVit TMHEMHbBIX ¢/1efoB. XOTS JOCTATOUHO, UTOOBI
OblIa paBHA HYITIO CYMMa KOPPeJISIuii CJIefoB, TOUTH BCe alllIPOKCUMAIINY C HyJe-
BOJI KOppeJISIei, ONicaHHble B JUTepaType, 00J1alaloT TeM CBOMCTBOM, UTO BCE
JINHEJHbIe CIe[Ibl UMEeIOT HYJIeBYIO0 KOPPEeJISILINIO.

Cy1ecTBOBaHMe TMHEMHBIX alllPOKCUMALNIA, TAKUX YTO BCE CJI€Abl UMEIOT HYJIEBYIO
KOPPEJISILINIO, ¥ TOT (haKT, UTO HEKOTOPbIE 113 HIX JIETKO HAMTH, CBSI3aHbI C MCIIOIb30Ba-
HyeM (QYHKIINIA ¢ 60TBIIM YMC/IOM JIMHETHBIX Pa3BeTBIeHMT (CM. opeaenenue 3.1) u,
60J1ee 061110, C VCITOTb30BAHMEM PAYHIOBBIX (DYHKIINIA C IIPOCTOI CTPYKTYPOIA.

Ecnu Bce nuHeliHbIe Cebl BHYTPU JMHENHON aNnmpOKCUMMAaIUM UMEIOT HyJe-
BYIO KOPPEJSIINIO, TO 3TO MOKHO MPOBEPUTH C IMTOMOIIbIO aBTOMAaTU3MPOBAHHbBIX
MeTOMOB U3 IIaBbl 3. [I0CTaTOUHO UCKATh TMHEIHbIe CJie[ibl C HEHYJIeBO KOppess-
L¥el, He TIbITasiCh MaKCMMMU3UPOBATh UX KOPPESIUIO: eIV HU OJHOTO PelleHns
He HaliJileHo, TO JIMHeliHas alTpoKCUMAalUs UMeeT Hy/leBYio Koppensiuio. K coska-
JIEHUIO, 3TOT MIOAXO[] He aeT OTBeTa Ha BOIIPOC, KaKye JIMHEHbIe alllPOKCUMAalun
MMEIOT HYJIEBYIO KOPPEeJISIINIO.

Hiske MbI 06cymumM Gormee MHGDOPMATUMBHBI METOM nomepu nocepeduHe, KOTOPBIi
YacTo MOKHO ITPUMEHNTD BpyuHYI0. [Ipeskie uemM 06CYysKIaTh 3TOT METOJ, B 0OIIIEM BU/IE,
MbI IIpUBEIEM TTPUMED JIJIs1 TPEX PayHI0B JeMOHCTpaIMOHHOTrO dpa 13 pasmena 1.1.

lpumep 8.1 (ioTepst mocepenuHe). PaccMoTpuM Tpu payHAa AeMOHCTPAllMOHHOTO
mmdpa u3 paspena 1.1, mpeacTaBieHHbIX Ha puc. 8.1. DTOT mpuMep MOKa3bIBaeT,
UTO JIMHelHas anmnpokcumanus (u, v) = (000000001, 000000001) umeeT HYyIEBYIO
Koppessanyio. YTo6bl YCTAaHOBUTD 3TO, MbI PACCMOTPUM BCe JIMHEIHbIE alllIpOKCH-
Malluy ¢ BXomHo# mackoi 000000001 B rmepBoii MOJIOBMHE MKdpa U BCe TMHEITHbIe
anmnpoKkcuManyu ¢ BbixomgHoi mackor 000000001 Bo BTOpOIi ITOTOBUHE.
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Puc. 8.1. HaxoxaeHue NMHeMHOM annpoKcUMaLum ¢ HyneBow Koppensuuein MeTogoM notepu
nocepenuHe

[lycts E, =B - F, e Fu Brniokasanel Ha puc. 8.1. A umeHHO F cocTout 13 nepso-
ro payHJa U YpOBHS S-6I0KOB BTOPOTO payH[a, a B — 13 mepecTaHOBKM GUTOB BO
BTOPOM payH[ie 4 YpOBHe S-6/10K0B TpeThero payHaa. Koppenauus (u, v) Ha E, paBHa

Er _ B F
Cv,u - Z Cv,wcw,u'

9
wely

3mech, 4TOOBI TTOKA3aTh, UTO (U, V) — JIMHEHAs alllIPOKCHMMAaINs C HyJIeBOJ arl-
MIpOKCUMAIIMet, TOCTaTOYHO IT0Ka3aTh, UTO JIJIST BCEX CJIeNOB (U, W, V) MO0 Ciu =0,
m6o C§ = 0.

[Tockonbky crpoka 001 maTpuisl CS COmepsKUT HEHY/IEBbIE 3JIEMEHTHI TOIHKO
B crombuax abl, rae a, b € F,, ycnoue C‘Bw # 0 MOXKHO Ilepenmcarh B Buje

w € V={00100600a} | a,b € F,}.

Ananoruuno cron6er; 001 maTpuiisl CS comepskKUT HEHY/IeBbIe 3JIEMEHTHI B CTPO-
xax abl, roe a, b € F,. CnegoBaTesnbHO, IOC/Ie MEPBOro0 payHJa BCe MacKy, KOTO-
pble IIPUBOASAT K HEHy/IeBoi Koppensiuu, umetot Bun 0000a0010. M3 Toro, uto
cronb6ern; 010 maTpuubl C° COmEPsKUT HEHYJIEBbIE 3JIEMEHTHI TOJIBKO B CTPOKax alb,
rge a, b € F,, cnenyer, uro C}  # 0 Brever 3a co6oii

weU={c|lalb|a,b€eF,ceTFS.

Ecnu cymectByeT nuHeliHblin cnen (u, w, v) 0as1 B - F ¢ HeHyneBoii Koppensiiuer,
Tow € Un w € V, Kak 6b1I0 MoKa3aHo Bbile. OmHako U V He mepecekaroTcs, mo-
aTomy (U, V) — anpoKCUMAaIKsI C HYJIeBOI KOppesIueii.

[TpoBepbTe, UTO TO K€ paccykmeHue paboTaeT Hjs 110607 MacKu v, B KOTOPOIi
TpU CpemHUX 6uTa paBHBbI Hym0. Hampumep, Kaskmast n3 (000000001, 000000010),
(000000001, 000000100) 1 (000000001, 000000110) — nMHeVHaAs aNMpPOKCUMALIAS
C HYJI€BO KOppeJIsIyei.

B ympakuenuu 8.1 BaM OymeT Ipeasio’KeHO MTOKa3aTh, UTO BCe JIMHEHbIE all-
mpokcumanuu ¢ BxogHoit mackoit 000001000 mim 000001001 1 BBIXOAHOW MacKOiA,
B KOTOPOJI BCe GUTHI, KpOMeE TEePBBIX TPEX, PaBHbI HY/IIO, TAKKE MMEIOT HYJIEBYIO
KOppessuo. [
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B o6ieM ciyyae MeToq IOTEPU IOocepeanHe, MPOUUTIOCTPUPOBAHHDIN B TIPU-
mepe 8.1, paboraer crenyoomum obpasom. Ilycrs E, =B ° F - mmdp, roe F u B co-
OTBETCTBYIOT ITPOV3BOILHOMY Pa3/ioskeHMI0 Ha IBe yacTu. Hampumep, F Moria 6b1
COCTOATh U3 TEPBbIX I, payHI0B 1Mppa, a B — u3 ocTanbHbIX Iy payHnoB. MeTtop
ToTepy MmocepeayHe MIPUBOAUT K allIPOKCHMMAIIMSIM C HYJI€BOW KOppessiiueit st
I+ Iy payHJIOB.

HauaB ¢ BXOZHOJ MacKM U, KOTOpass OObIYHO MMeEeT CIeIMaJbHYI0 CTPYKTYPY,
HaIpuMep HMU3KMUI Bec X9MMMHTA, MbI OITIpeAessieM MHOXXEeCTBO BbIXOIHBIX MacOK
w Takoe, 4TO (U, w) Morjia O6bl MMeTh HEeHY/JIeBYI0 Koppensauuio Ha F. Kak mpaBu-
JIO, 9TO [ienaeTcsl ITyTeM paclpoCTpaHeHMsI MacoK BIepe[ payH[ 3a payHAOM, Kak
B mpuMepe 8.1. 3TO JaeT MHOXXeCTBO MacoK U, Takoe UTO

U2{welF;|C, #0}.

AHanorMyHo, HauaB C BBIXOJHOI MaCKM vV, Mbl OTIpefesisieM MHOXeCTBO Macok V,
TaKoe 4To

VolweR|cB, £o)

Il moctpoeHust V Macka v paclipoCcTpaHsieTcsl Ha3af yepes B payHp 3a payHIOM.
MuoskecTBa U 1 V 06BIYHO OMMCHIBAIOTCSI HESIBHO, HATIPUMED C TTOMOIIIO TTATTEP-
HOB VIV JIVHEVHBIX YpaBHEHMIA, a He B TepMIMHAX MX 37IeMeHTOB. Toraa Koppensnus
JIMHeHO anmnpoKcumanuu (U, v) UMeeT BUJ,

Cii= Y CluCl
weUNnV

CnepgoBatenbHO, ecyiu U N VycTo, TO (U, V) — IMHEHAas alllIpoKCUMaLus C Hyje-
BOJi KOppeJisiyen.

Bri6op anmpoxrcumanuuu (U, V) 3aBUCUT OT JeTasielt GyHKUMK. B TunuuHoOM ciy-
yae cama CTpyKkTypa F u B nipenmnosaraet ogyH MM HECKOJAbKO MePCIeKTUBHBIX
KaHIVIATOB.

8.3. Ucnonb30BAHUE AMMPOKCUMALMMA
C HYJIEBOW KOPPENSLUMENA

B arom paspene mMbl 6oee TOAPOGHO PACCMOTPUM, KakK JIMHEHbIE allIpOKCHUMa-
LIV C HYJI€BOJ KOppeJIsilivielt MOYKHO MCITO/Ib30BaTh B KAUECTBE pa3anunTens. AHa-
JIX3 TIPeAIoiaraeT, UTo AOCTYITHO AOCTAaTOUHOE KOMMUEeCTBO Tap (OTKPBIThIN TEKCT,
MMGTEKCT) AJISI BBIYMCIEHNST TOUYHBIX KOPPEJISIINIA aIipOKCYMALINIA.

Ecin koppensiyy MOsKHO BBIUMCIIUTD TOUHO, TO BEpOSITHOCTD yCIiexa paBHa efiy-
Huile. TlepBas 11eJib 3TOTO paszena — BbIUMCIUTb COOTBETCTBYIOIIYIO BEPOSITHOCTD
JIO>KHOTIONIOSKUTEIbHOTO pe3y/ibTaTa.

Ha mepBblIii B3TJIS1 L, TMHEHBIV KPUTITOAHAINU3 C HYJI€BOW KOppensiiueit MoXeT
TOKa3aThCsI HEITPAKTUUHBIM, TIOTOMY UTO JIJISI BBIYMCIEHUS] TOUHBIX KOPPesInii,
MOXO0)Ke, TPeOYIOTCST BCe BO3MOKHBIE Maphbl (OTKPBITBIN TEKCT, MKUdpPTEKCT). BTo-
pasi 1ieJib 3TOTO pasjesia — IoKasaTh, YTO MPU HATUUUM HECKOJbKUX amlIpPOKCH-
Maluii 4acTo ObIBAET JOCTATOYHO MEHbIIETO YMC/ia BBIOPAHHBIX Tap (OTKPbITHIN
TEeKCT, Mu@pTeKCT).
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8.3.1. OpHa annpokcumauus

ANmpokcMManui C HYJIeBOW Koppessiueli MOXKHO MCIOAb30BaTh AJISI BOCCTA-
HOBJIEHMSI KJII0Ua, eCIM BOCIIO/Ib30BaThCS MPOBEPKOIL CTATUCTUUYECKUX TUTIOTES.
BoNbIIMHCTBO METOIOB U3 pasaenoB 4.2 u 5.1 npumeHuMo 6e3 KakKux-1nbo u3-
MeHEeHMUIA.

Kaxk 6110 06BsICHEHO B pasferne 5.1, 6;ouHbIi mmdp pa3déuBaeTcs Ha BHYTPEH-
HIOIO ¥ BHEIIIHIOIO YaCTH, COCTOSIIE U3 (PYHKINI F,u B,. Anmipokcumanus ¢ Hyme-
BOJiI KOppeJsineit IpuMeHseTcsl K BHyTpeHHel yacTtu. OlieHKa KOppesiunn Ojisi
BHYTpeHHe yacTy BerumciiseTcs mo popmyie (5.1):

L1y T,
Crl = C_}Z(_I)Fz(szBk(y,).
i=1

B oTimume oT OOBIYHOTO JIMHEIHOTO KPUITTOAHAIM3A, JJIST BEIYMCIIEHUS /C\k[M])I
JICIIOJIb3yeM BCe BO3MOKHBIE ITapbl (OTKPBITHIf TEKCT, mMdpTeKcT). ClieoBaTeNbHO,
«OIleHKa» paBHa (haKkTUYeCcKoi Koppensiunuu. B yacTHoCTH, 3;(,1: 0, ecnu k u [ siBnsIoTCS
MPaBUJIbHBIMM KIHOUaMu. [IJis HeNpaBWIbHBIX K/IOUeli Mbl MCIIOAb3yeM TUIIOTe3y
paHAOMM3alMM C HeNpPaBMJIbHBIM KJIIOUOM, OCHOBAaHHYI0O Ha MOJe/NN CaydaiiHo
TepecTaHOBKY U3 paszeia 7.3.3. B aToi Mogenu MajJloOBepOsITHO, UYTO ék , = 0. Tounas
BEPOSTHOCTD OIIpeZeNIseTcsl CIeACTBMEM 8.2, KOTOpOe BBITEKAeT U3 bojee o6
TeopeMbl 8.1. DTa BepOSITHOCTD SIBJISIETCSI BEPOSITHOCTBIO JIOXKHOITOJIOKUTETbHOTO
pesy/bTaTa MPOBEPKMU.

Teopema 8.1 (koppensuus Ajsl CJIy4ailHOW repecTaHOBKM). ITycme F — cayuaiinas
pasHOMepHO pacnpedeneHHas nepecmaqoska Ha IF;. BeposimHocme mozo, 4mo AuHetiHas
annpoxcumayus (u, v) nepecmarosku F c u, v # 0 umeem koppenayur 4w/2"— 1, pasHa

(2/1—1)2
Pr[Ch, =dw/2" — 1] = ~ 2

27!
(1)
8 NpednoJioxeHul, umo w < 2! — HeompuyamenbHoe UUco.

Lokazamenscmeo. Cymectsyet 2"! mepecTaHOBOK Ha [Fj. [Iyist mOKasaTeIbCTBa Pe3yiib-
TaTa AOCTAaTOYHO MOJACYMUTATh KOJIMYECTBO MePecTaHOBOK, TaKMUX YTO (U, V) MUMeeT
xoppensuuio 4w/2"- 1, rae 0 < w < 2, Jlng aToro pa3obbem ) Ha 1Ba MOAMHOXKECT-
Ba: {x € Fj| u'x=0}u {x € F]| u"x = 1}. 3TO IpPMBOAUT K CJIEYIOIIEMY pacIpeIe/eHNIO
BXOJHBIX 3HaU€HMI (KaK B JOKa3aTeabCTBe TeopeMbl 1.1):

ux=0 ux=1
VIF(x)=0 w 2 -w
VIF(x)=1 2ml— w

CymiectByet 2" 3HaUeHMI1 X, Takux uTo u'x = 0. Yto Kacaercst o6pa3oB F(x), 3Ha-
YeHMs W IOJ/UKHBI IIPUHA/IJIeXXaTh MHOXKeCTBY {y € 7| vTy = 0}, a sHaueHns 2"' - w—
ero fononHeHno. ClieoBaTeIbHO, YMCIO CIIOCO60B BBIOPATh 06pa3bl paBHO
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2n71 2n7] 2n71 2
CymectByeT 2"!! crt0cO60B COMOCTAaBUTD 3T 00Pa3bl BXOAAM X, [IOITOMY YMCIIO
comnocTtasjeHuit 06pasoB F(x) BXogam x, TaKuMM 4TO u'x = 0, paBHO

zn—l, Zn—l 2
! w .

Yto KacaeTcsl COTOCTaB/leHUi o6pa3oB F(x) Bxomam x, TakMM 4TO u'x = 1,
TO MHOXeCTBO 2" — w 06pa30B, npuHagexamux {y € Fz| v’y = 0}, 1o/DKHO GbITh
IOTIOJIHEHVIEM MHOYKECTBA 3HAUEHWUIT W, KOTOPbIE YK€ ObUIM BbIOPAHbBI JJIs CTydast
u"™x = 0. AHaJIOTMYHO MHOKECTBO 3HAUeHMIt W, IpUHAJIeXXauux {y € ]Fgl vy = 0},
yke ObUIO orpeneneHo. CiiefoBaTeNbHO, MOCKOIbKY CylecTByeT 2"'! crmoco6oB
COTOCTaBUTh 06pa3bl BXOJaM, KOJTMUECTBO ITePEeCTAaHOBOK C Koppessiyein 4w/2" - 1

B TOYHOCTU PaBHO
1N 2
(Zn_l | )2 on 1
. w .

Henenne Ha oﬁmee KOJIMYeCTBO IMMepeCTaHOBOK AaeT CJIEAYIOUIYIO BePOATHOCTD:
2 2

e ey )
2] 00

Ha sTom moka3atenbCTBO 3aBepuiaeTcs. ]

CnencrBue 8.2 (HysneBas Koppesuus IS CJIydaliHOV repecTaHoBKM). [Tycme F —
Cyuaiinas pasHomepHo pacnpedeneHHas nepecmanoska Ha IFj. BeposamHocmes mozo,
umo JuHeliHas annpoxcumayus (u, v) nepecmaiosku F c u, v # 0 umeem Hynegyrw Kop-
penayuio, pasHa

2

) 2
Prcy, =0] = ﬁ = 2\/;2—"/2 +O@R2),
2n—|

KOorma n — <.

Jokazamenscmeo. Pe3ynbTat cienyeT U3 TeopeMbl 8.1, eciu MONOKUTb W = 272 ACUM-
IITOTMYECKOEe PAaBEHCTBO BhITEKAaeT U3 CIeAyIollell OLleHKN:

2N
()25 e

KOTOpas SIBJISIeTCS CJIeACTBYEM alIpokcuManum Gpakropuanta mo popmysne Ctup-
JIMHTA. m]

W3 cnepcrBus 8.2 BbITEKAeT, UTO eCaM CyllecTBYeT K BO3MOXKHBIX KJIIOUell, TO
npubausuTenbHo P.K = 0.8 x K/2"* u3 HUX OCTalOTCsA mocie GuiabTpanyuu. XoTs
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BCTPEUAIOTCs CTyuau, KOT/Ia KiTroueit 6osblie, yueM 272, 06BIYHO 3TO HE COCTABJISIET
Mpo6IeMBI, TOTOMY YTO YaCTO AOCTYITHO 6ojiee OHOI JIMHEHOI alpoKCUMalun
C HYJI€BOII KOppeJsIuei.

HenmocTaToK IMHETHOrO KpUIITOaHaIM3a ¢ HyJIeBOii Koppesuuei 3aKIodaeTcs
B TOM, UTO MTOCKOJIbKY JIJISI BBIUMC/IEHSI KOPPEISILIUY UCTOIb3YIOTCSI BCE BO3MOXKHbBIE
rapbl (OTKPBITHIN TEKCT, MnbpTeKCT), MHGOpMallMOHHas JIOKHOCTh paBHa 2™ Ecin
BHEIIIHSST YacTh M@ pa COCTOUT TOTBKO M3 OJHOTO My 6ojiee KOHEUHBIX PAyH/IOB,
T. e. F(x) = u'x, rme u - BXogHas Macka, TO, B CMJIY YIpaXHeHus 1.7, [OCTaTOUHO
3ammn@poBaTh BCe BXO/bI, IPMHAJIeXKale MHOKeCTBY {x € F}| u'x = 0}. OgHako
MHGOPMAIIMOHHAS CJIOKHOCTD 2" B GOJIBIIMHCTBE CJTyYaeB BCe ellle HelPaKTUYHA.
B paspmene 8.3.2 moka3aHO, YTO €CAM [OCTYITHO HECKOJbKO amMpOKCUMAaIUii
C Hy/IeBOJi Koppessiiiyeii, To MHGOPMAaIMOHHYIO CJIOXKHOCTh MOSKHO YMEHBIIUTD.

8.3.2. HeckonbKo annpoKcumaumi

ITycTh A — MHOTOMEpHas IMHeHas anmpokcumMariysi. ECiu eMKocTh A paBHa HYJTIO,
TO, B CUJTy CIeICTBUS 6.6,

Pr [(x F(x)) = (s,¢) mod AJ‘ Z (=" Ts+uTt o v‘u = L

(u,v)eA |A|

VIHBIMM C/TIOBaMM, eI X — CJIydaliHasi paBHOMEPHO paclipefie/ieHHasl BeIu4YuHa,
TO TAKOBOI siByisteTcs U (X, F(x)) mod A*. O6paTHOe TOXe BepHO: ecu (X, F(x)) mod
A* pacripenesieHa paBHOMEPHO, TO HEHYJIEBBIE ITaphl B A SIBJISIIOTCS JIMHEHBIMMY all-
MIPOKCUMAaLMSIMU C HYJIeBO KOppessieii.

OJTO [IaeT aJibTEPHATMBHOE ONMCaHMe MHOTOMEPHOrO JIMHETHOTO KPUIITOaHa-
JIM3a C HYJeBOi Koppessiiueil, Ho He yMeHblaeT MHGOOPMAaIMOHHYIO CJIOKHOCTD.
Onmnako ecmm A=A, DA, tneA, S FluA S F}),T0, B Cuily ClIeACTBUS 6.6,

1 Tero T 1
Pr[F(x) =t mod AZ,] = < § (—pestviel = -
| out| (1, v)EA | out|

out? ut

IJISL CJTyYaiiHOV BEJIMUMHBI X, PABHOMEDPHO DACIpeIeNeHHONM Ha § + Af. ITOT pe-
3y/IbTaT MOXKHO MCIIOb30BaTh JJIs1 YMeHbIIeHUs MHPOPMAIMOHHOM CI0KHOCTHU.
A MMEHHO JJOCTaTOYHO 3amMdpoBaTh MHOXECTBO Buaa s + Al . Torma 1yis pasinye-
HUSI HY>)KHO IPOBEPUTD, YTO MHOKECTBO BXOZA,0B X, TAKUX YTO F(x) =tmod A! , onu-
HAKOBO /IS BCeX 3HaueHmii t € Fj/AL . CnegoBaTenbHO, MHGOPMAaLOHHAS CJIOXK-
HOCTb COCTaBJisieT Bcero 27/|A, |.

pumep 8.2. Tlyctb A = A, DA ,, toe A, = Span{000000001, 000001000} u A , =
Span{000000001, 000000010, 000000100}. B mpumepe 8.1 u B ynpaxkHenuu 8.1 mno-
Ka3aHo, UTO A SBJISIETCSI MHOTOMEPHON JMHENHOM aIlIlpoKCUMaIeil ¢ Hy/lIeBOM
KOoppessiyeii sl TpexX payHOOB JeMOHCTpauyoHHoro mudpa. CiemoBaTenbHO,
e/ X — CIyyaiiHas Be/IMuMHa, paBHOMEPHO paclpee/ieHHas Ha s + AL, 1o

Pr[Ex(x) =t mod Ag, ] = 3’

rae E, — Tpyu payHia 1eMOHCTPaLMOHHOTO mudpa.
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BekTopHO€e ITPOCTPAHCTBO Ai COCTOUT U3 BCEX 3HAYEHUM X = (X, ..., X,), TAKUX
uTO X, ¥ X, paBHbI Hym0. ClieqoBaTeIbHO, X — C/IydaiiHas BeJIM4YMHa, PABHOMEPHO
pacmpenesneHHasi Ha MHOXEeCTBE OTKPBITBIX TEKCTOB, B KOTOPBbIX 3T OBa 6uTa
TTOCTOSIHHBI.

AHAJIOTMYHO BEKTOPHOE IPOCTPAHCTBO AL COCTOMUT U3 BCEX 3HAUEHMIA Y, TAKUX
4TO IepBble Tpy 6uTa y paBHbI Hy/mo. ClefoBaTeabHO, NepBbie Tpu 6uta E, (x)
OZIHO3HAYHO NpeACTaB/sgloT E, (x) mod AL . [

Tot dakT, yto F(x) mod At — cinyuaitHast paBHOMEPHO pacripezeieHHast BeJIndm-
Ha, Ha3bIBAIOT TAK)XXe CBOVCTBOM HdacoiujeHusl. B riaBe 9 Mbl BepHEMCS K 9TUM CBOVi-
CTBaM B KOHTEKCTe aTaK C HAaChIIleHNEM.

151 BbIUMCIEHUS] BEPOSITHOCTU JIOKHOTIOJIOKUTEIBbHOTO pe3y/ibTaTa MHOTOMED-
HOTO Pa3MuNTess C HYJIeBOI Koppesisiyei Mojie/ib CIy4aiiHOi epecTaHOBKM UC-
MOIb3yeTCS B KaueCTBe TUIIOTe3bl paHAOMM3alUM C HelTPaBUJIbHBIM KITI0UOM. Pe-
3yJAbTaTOM SIBJISIETCSI TIOKA3aHHBIM HIKe BapuaHT ciienctBusi 8.2. [loka3aTelbCTBO
OCHOBaHO Ha (QYHKIMM MaCcChl BEPOSTHOCTY MHOTOMEPHOTO IrUIlepreoMeTpuyecKo-
TO pacrpepeneHus, KOTOpoe MOKHO BbIBECTU C TOMOILbIO PACCY>XKAEHMSI, aHATOT U4~
HOTO IOKa3aTelbCTBY TeopeMbl 8.1. B yripaskHeHuu 8.5 BaM 6yIeT MpeasioskeHOo AaTh
TI0JIHOE N0Ka3aTelbCTBO.

Teopema 8.3. I[Tycmbs F — cnyuaiinas pasHomepHo pacnpedesieHHAs nepecmaHosxa
Ha F), u nycme A = A, @D A, — MHO20MepHAA nuHeliHas annpokcumayus Fc [A] < 27,
Beposamnocme mozo, umo Pr [F(x) = t mod AL ] =1/|A_ |0na écex t € F) u cayuatiot
8e/IUUUHbI X, PABHOMEPHO PACNPedeNeHHOll Ha s + AL Ons Hekomopozo s € L, pasHa

|A(J)_t [Aout| 2}1
<2"/|A|) /(|A$|)'

8.4. CTATUCTMYECKMIA nooxon,

B paspene 8.3 npennonaranoch, YTO KOpPeJSILMY WM paclipefesieHNsi BeposiTHOCTeN
(1J11 MHOTOMEPHBIX allIPOKCUMAIVit) TO/DKHBI ObITH BBIYMC/IEHBI TOYHO, YTOOBI MOXKHO
6bLIO MCITOMB30BATh AIIIIPOKCUMAIIMY C HY/IEBOV KOppesisiiyeil B KauecTBe pasanunTe-
Jieii. 9To TpeboBaHMe MOKHO OCJIa0UTh, HO IIEHO YMEeHbILEeHMSI BEPOSITHOCTH yCITeXa.

Kaxk 1 B 06BIKHOBEHHOM JIMHEITHOM KPUITTOAHAM3€e, KOPPEISIUU WIK — B MHO-
TOMEpPHOM CjIy4dae — paclipelie/ieHysI BepOSITHOCTE) MOXKHO OLeHUTDH C ITIOMOILBIO
CTy4aitHOI BLIOOPKY ITap (OTKPBITHIN TEKCT, MIUGPTEKCT). [T TPaBMIBHOTO KITI0Ya
SMIIMpUYEcKMe Koppeasiuu 6yIyT paBHbI HY/IIO B CpefHeM C nucrnepcueit 1/q. s
HeMpaBUJIbHBIX K/IIOUeli CpelHee SMIMUPUUECKMUX KOPPEIsInii 6JM3K0 K HYJII0, HO
He PaBHO HYJIIO B TOYHOCTH, a UX JUCHePCHs IPUOIVKeHHO paBHa 1/q. Ty nBa pac-
IpesiesIeHysl OOMHAKOBDI, KaK TPy aHa/Iy3e (MHOXeCTBEHHOI'0) JIMHETHOTO KPUIITO-
aHanM3a B IIPOCTON MOJENN C HeM3BECTHBIMY KOPPeSILVSIMY, C TEM OTIANYMEM, UTO
POV MPaBWJIBHOTO Y HENIPaBMUJIBHOTO K/II0Ya IOMEHSIIMCh MeCTaMMU.

CperHsi €MKOCTb MHOTOMEDPHO JIMHEITHON annpoKkcumanym A ciaydaiiHoi paB-
HOMEPHO pacrpeneneHHo rnepectaHoBky F Ha [F) paBHa

2
ErCap(A)= 3 Er(Cf,)" =I1Al/2"
(u,v)eA
(u, 1)7(0,0)
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He nipuBozs cTpororo noxasarenbCTBa, 3aMmeTuMm, 4To Cap(A) ¢ BBICOKOV BEPOSIT-
HOCTBIO 6/IM3Ka K CBOEMY CpeHeMy 3HaueHMI0. CieoBaTeIbHO, B MOZE/NU CTyJali-
HOII epecTaHOBKYM €MKOCTb JIMHEITHOV annpoKCUMMAaIUK C HYJIeBOl Koppensinueit
MpUOMMKEHHO OMMHAKOBA /IS BCeX HEeIMpaBWIbHBIX Kiioueil. B cury aHanmusa us
paszenoB 6.1.2 u 7.3.3, uHpopMaLIOHHASs CJIOKHOCTb Pas3/IMUUTENISI, OCHOBAHHOIO
Ha MHOTOMEPHOI JIMHEHON alIlIpOKCUMAalUK C HYJIEBOM KOppeJisiyeii, paBHa

-1 —1 ntl
g =van] T O P o (o py — 07 ) 2
Cap(A) VIAT

nyist P> P_. Bropoe paBeHCTBO OmmpaeTcst Ha anmpokcumarnio Cap(A) ~ |Al/2". Mosxk-
HO I10Ka3aTh, UTO 3TO ONTUMAJIbHO B CMbIC/IE CpeJHErO C/Iydas U3 pasgeia 7.3.1, nmpu
YCJIOBMM UTO B KauecTBe TMIIOTe3bl paHAOMM3aLUM C HENIPaBUIbHBIM KITIOUOM UC-
[10JIb3YeTCS MOJe/b CJIy4YaliHOV [1epeCTaHOBKNA.

Kaxk 661710 06bsICHEHO B pasgene 6.2.3,ecmm A=A, @D A, TO OTKPBITbIE TEKCThI
MOYKHO BbIOMPATh M3 CMEXHOIO Kaacca Al , 4To6bl yMEHbIINUTH MHGOPMALMOH-
HYIO CIOKHOCTb. TouHee, pu Py > P, MHGOPMalMOHHAs CIOKHOCTb CTAHOBUTCS

paBHOI

A
[Ainl [v/[Aout]

B camoMm perne, cpegHsst eMKOCTb OCTaeTcst 6e3 M3MeHeHMsI, HO YMCIO aIlllIPOKCH-
Maruii cHmkaercs 1o |A . UHTYUTUBHO MOHSTHO, 4TO MHGOPMAIMOHHAS CJIOXK-
HOCTb IOIIOJIHUTEIbHO YMEHbIIAeTCs B +/|Ajy| pa3 cBepx y/lIyullieHus, ONMCaHHOIO
B paspeie 8.3.2.

e T G R Uy 3 S L
q = v2[Aout Cap(A) ~(<I> (Ps) — @ (P|:)>

8.5. CTOPUMYECKAS CNPABKA

JIVHEeHbI/ KPUIITOAHAIN3 C HYJI€BOW KOppessiueit ObUT BBEIEH B paCCMOTpeHMe
BormaHoBbiM 1 PajimeHoM. OHM UCIIO/Ib30BaIM METO[, [IOTePU IocepeauHe, KOTO-
PbIif MbI OGCY;KIAI B pasgerie 8.2, YTOObI HAMTY JTMHETHbIe alllIPOKCUMAINY C HY-
JIeBOVi Koppensiuen.

CraTtucTMuecKkuit IOaxXo I, OMMMCAaHHbIN B pasgene 8.4, KOTOPbII OCHOBAaH Ha He-
CKOJIbKMX JIMHEIHBIX alllIPOKCUMAIMSIX C HYJ€BOW KOppesiyei, ObLI MpeaiokeH
BormanoBbIM 1 BaHeM. VayullieHue 3a cUeT BHIOPAHHOTO OTKPBITOIO TEKCTA BITEP-
BbI€ MCI0b30BaMM bormaHos, Jleanap, Hio6epr u BaHb.
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8.7. YNPAXHEHMS

YnpaxHeHue 8.1

[Tokaxute, uto s Beex u € F; (000001000, 000000]ju) n (000001001, 000000]|u)
SIBJISTIOTCST JIMHEMHBIMM aTlIIPOKCUMAIMSIMM C HYJIEBOI KOppensiueii s Tpex
PayHIIOB IEMOHCTPAIMOHHOTO mudpa.

YnpaxxHeHue 8.2

Ilycts E, @ F6, — F, — KOHCTpyKuMs Ha puc. 8.2 (cMm. taxke puc. 2.4). Hajigure
HETPUBUAJIbHYIO JIVMHENHYIO0 alllIPOKCUMAaLMIO C HYJIeBOJM KOppessauuein 0 Bcex
3HaueHui k.

ko
M I Y
N N .
S N ~ S
) 1 -
S | S
) N . L,
S K‘/ S
- «__
k1

Puc. 8.2. KoHCTpyKLMS € YeTbipbMa S-6nokamu

YnpaxHeHue 8.3

PaccmoTpum nsiTupayHaoBbiii mudp deiicTesns; mepBble ABa payHAa MOKa3aHbI
Ha puc. 8.3. [Tokasknre, uto e F , ..., F. — mepecranoBku, To (0f|u, u||0) — anmpok-
CMMaLMs C HyJlIeBOJ Koppernsinuyeii 4151 BceX HeHY/IeBbIX 3HaUeHUI U.

B 7 e
D

Puc. 8.3. [1Ba payHaa cetn @encrtens
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YnpaxHeHue 8.4

KoHcTpykumio «mmdpoBaHne—ImepemMenMBanue—indpoBaHue» (puc. 8.4) MOKHO
MCITONIb30BATD [IJIS1 ITOCTPOEHMST GJIOUHOTO miMdpa, OCHOBAHHOTO Ha MSATH QYHKIMSIX
C TIOJIOBMHHBIM pasMepoM Oyioka. Bamia 3afavya — OTIMYUTD BbIXOJ, KOHCTPYKIIM
«mmbpoBaHMe-TIepeMenBaHe—mudpoBaHye» OT BBIXOAA CIYYalHON pPaBHO-
MepHO pacrpe/eleHHOJi epecTaHoBKu 2n 6ut. Ha puc. 8.4 E , E,, E, E, — 6;10uHbIe
mmdpsl ¢ pasMmepoM 6J10Ka 11 GUT U CEKPETHBIM KJIFOUOM.

1. Ilpemmonosxum, yto F : F; — [F/—- mepecTraHoBKa. Hajiimure MHOrOMepPHYIO
anIpPOKCUMMAIMIO C HYJIEBOW KOppeJsiieii KOHCTPYKIUHU «IIM(ppoBaHue—
rnepeMenIMBaHue—MMQPpPoBaHMe», COmepsKaIlyo 22" TMHEeNHbIX alIpPOKCH-
MaLuii.

2. OCHOBBIBasICh Ha OTBETE Ha IPEeAbIAYIIMIT BOIIPOC, HAAUTE BpeMs M YUCIO
BBIOPAHHBIX OTKPBITHIX TEKCTOB, HEOOXOAMMbIE, UTOOBI OTIMUUTD «IIUPPO-
BaHMe—TepeMelBaHe— MG poBaHmue» OT CIyJYaiiHO PaBHOMEPHO pac-
Mpee/IeHHO TTlepecTaHOBKY 2n 6UT?

l i

E1 =)
AW
N

Y

F
any an
N h &

Y
E3 =

Puc. 8.4. KoHcTpyKumMs «lwndpoBaHMe —NepeMeLlMBaHne — UM poBaHMe»

YnpaxHeHue 8.5

[Tycts F — cryyaiiHast paBHOMEPHO pacipezie/ieHHas repectaHoBKa Ha [Fj, u mycThb
A=A, D A, — MHOTOMepHas IMHeHas armpokcumanms F.

1. [Hdoxaxwute Teopemy 8.3.

2. TlokaxkuTe, 4TO e A — MHOTOMepPHas JMHeHasl anmpoKCuManus ¢ Hy-
JIeBO¥1 Koppessiueit (I Tpou3BOabHOM GyHKIMM), TO |A| < 2°. CremoBa-
TeJIbHO, 3TO YCJIOBME BCETHa BHIMOMHSIETCS TIpU MIpUMeHeH TeopeMbl 8.3
Ha TIpaKkTuKe.

* YnpaxxHeHue 8.6

CnencrBue 8.2 u Teopema 8.3 chopmynmpoBaHbl AJIs CTy4aifHbIX ITlepecTaHOBOK, HO
JIMHEVHBI KPUIITOAHAIN3 C HY/IEBOI Koppesiliyeil MIpUMeHUM Takke K GyHKIM-
SIM, He SIBJISIIOLIMMCSI 0OpaTUMBbIMMA.
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1. [HoxaxkuTe aHamoru cyienctsusi 8.2 u TeopeMsl 8.3, koraa F — cryvaiiHast pas-
HOMEpPHO paciipefiesieHHast QyHKIMS F} — [F.

2. OObsCHUTE, TTOUEeMY U KaK yeIoBMe U, vV # 0B ciieAcTBUM 8.2 MOKHO OC/Ia0UTh,
Korpa F — ciygaiiHasi paBHOMEPHO pacrpeesieHHast GyHKIMS.

YnpaxHeHue 8.7

[lenb 3TOrO YyIipakHeHMs — HATY JIMHeJHble aTaky C Hy/1eBOJ Koppessiueil Ha Jie-
MOHCTpauyoHHbIi mmdp tuna Rijndael us paspena 3.2.1 npu HeGONBIIOM YMUCTE
payHIIOB.

1. Haiigute n1MHeNHYI0 anlIPOKCUMMAaLMIO C HYJIEBOI KOppessuuei jsl YyeTbIpex
payHIIOB.

2. O606IINTe CBOIO JIMHEHYIO amMpOKCUMMAIMI0 C HYJIEeBOI KOppessiueii Ha
MHOTOMEPHYIO allPOKCUMAIINIO C HYJIEBOI KOppeJIsilineii, KoTopast TpeGyeT Kak
MOXXHO MeHblile NaHHbIX. KakoBa momyumBIiasicsi B uTore nHbOpMalnyoHHas
CJIOKHOCTB?

3. O6061MTe CBOI Pa3saMUMTENb Ha aTaKy C BOCCTAHOBJIEHMEM K/0Ya Ha MATh
pPayH[IOB U OLleHUTe BpeMeHHYI0 ¥ MHGOOPMalMOHHYIO CJIOSKHOCTb.

*YnpakHeHue 8.8

Harinyre 1MHeHYI0 alllpOKCUMALMIO C HYJIEBOJ KOppeJIsiuet IJisl AeCSITU payHa0B
JeMOHCTpanyoHHoro mmdpa tuna Rijndael u3 pasmena 3.2.1.

YnpaxxHeHue 8.9

B aToM ymipaskHeHUM UCCIIeYeTCsT KOppeasiyuoHHas amaka Ha UH8apuaHm pasaudus
kniouell. ITycts E, : F) — F} — 6;109HbI1 M@ € YepefoBaHMeM KIIH0Ya C PayHJOBbIMM
xmodamu k = (k, ..., k). To ects E, = er o e o sz o Rkl, rae Rki(x) =R@) + k.

1. O6osnaumm d =d, || ... ||d € F)~ pasnuume MeXIy ABYMsI PayHJOBbIMU K/IIO-

Yyamu, U IMyCTh
r R
A={wo s ) Lz, € B w [T CR, L, 20

— MHOEeCTBO JIMHENHBIX CIe0B C HeHYIeBOW KOppessiueit Al alllpoKCUMaIumn
(u, u,). IlpuBenute MOCTaTOUHbIE YCIOBMSI, KOTOPBIM IOJKHBI YIOBIETBOPATH
d v A, 9TOOBI TAPAHTUPOBAHHO BBITIOTHSIJIOCh PABEHCTBO

Ex _ Ekd
Cu,H,ul - Cu,+|,u1,

rnek+d=(k+d,k,+d, .. k+d).

2. Haiigure NMuHEHYIO anlIpOKCUMAIMIO JeMOHCTPALMOHHOrO mudpa us pas-
Iena 1, MMerolyo Koppesiliyio MHBapuaHTa pasanunsl Kiadeii, HO HeHyJie-
BYI0 KOppesisiuio. [TonbiTaiiTech MaKCMMU3UPOBATh YMCIO PAYH0B.
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OcHOBHbIe 06001IeHNS TMHETHOTO KPUIITOaHAI3a ObIIM IIPEeICTAB/IEHbI B IPeIbI-
IYIIVX [JIaBaX; 9TO MHOXECTBEHHbBIV, MHOTOMEPHBIN U JIMHEMHBI KPUITTOAHAIN3
C HyJIeBOJi Koppesiueii. OmHaKo 3TO JajeKo He BCce paciIMpeHusi, IpeiokeHHbIe
B JIMTepaType. B maHHOI I71aBe MpeCcTaBieH 0030p HEKOTOPBIX HamMboIee BasKHbIX
MpeaJiosKeHUA.

BoNbIIMHCTBO 06CYKIaeMbIX HIKe 00001eHNI IMHETHOTO KPUITTOaHa/IN3a SIB-
JISIIOTCSI OTYACTY TUITOTETMUECKMMM: OHM TOKa3bIBAIOT, KaK OIpeeIeHHbIe KOM-
OMHATOPHbBIE CBOIICTBA MOTYT OBITh MCITOJIb30BAHBI [IJI aTaKy Ha KpUIITorpaduye-
CKMe MPUMUTUBBI, HO He JAIOT TOYHOrO pellelTa aHaaM3a WM HaXOXKOeHMS 3TUX
CBOJCTB. B ri1aBe 11 Mbl BepHEMCSI K 3TOMY BOIIPOCY.

9.1. ToYHbIE CBOMCTBA

Koppensuumu AMHEHHbIX alIPpOKCUMAINi OObIYHO M3BECTHBI TOJIBKO C HEKO-
TOPOJI TOrPENTHOCTHIO ANMPOKCHMMALVM, TTOCKOIbKY HEBO3MOXKHO yYeCTb BCe
nuHelHble caenbl. Kak o6cykmanoch B IyiaBe 8, IMHEHbI KPUIITOAHAIUS C HY-
JIEBOJ KOppEesueit OTINYaeTcsl TeM, YTO B HEM MCIOJb3YyeTcs TOT GaKT, 4ToO
KOppeJsins IMHeNHOM anlpoKCMMaly B TOYHOCTM paBHa Hym0. OKa3biBaeT-
Cs1, UTO GOJIBIIMHCTBO MIMPOKO NPUMEHMMBIX 0600IeHI IMHETHOTO KPUIITO-
a”anau3a (KpoMe MHOXeCTBEHHOI'O0 ¥ MHOTOMEPHOTO) OCHOBaHbI Ha IOJL0GHBIX
«TOYHBIX» CBOJCTBAX.

9.1.1. ATakM C HacbilWeEeHueM
rne A, S/ uA < F7—MHOrOMEp-

Kax 6b1710 00bsicHeHO B I7aBe 8, e A=A D A_, e
Hasl JIMHeliHas anmnpoKCMMalys ¢ Hy/IeBo Koppensauyeil pynxkumm F : F; — F7, To

1
|Aout|’

Pr [F(X) =t mod Aolut]
Ifie X — CJIyJaiiHas paBHOMEPHO pacIpee/ieHHas BeJIMUMHa Ha CMEKHOM Kiiacce A.
1 715 11060ro t € F7. VIHbIMM CJIOBaMM, €C/IM BCe 3JIeMEHThI CMEXHOTO Kacca Al
3amn@poBaHbl, TO J1060€e NpuBefeHue MMUPPTEKCTa [0 MOAYIIO AL 1MMeeT MecTo
paBHOe uuciIo pas. B miaBe 8 yke yIIOMMHAIOCh, YTO STO Ha3bIBAETCS CBOMCTBOM
HaChILEHNS.

CBoiicTBa HaCbIlI€eHMs MHOIOZa MOXXKHO HaﬁTM, AHAJIM3UPYS pacCIIpOCTpaHeHUe
SHaquMﬁ, a He JIMHelHble cjiefbl. PaKTUUYECKM MMEeHHO TaK ObLIN HaliieHbl nep-
Bble CBOJCTBA HACBIIIEHMS ellle 10 OTKPBITUSA JIMHEHOTO KpUIITOAHa/IM3a C HYyJIe-
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BOIi Koppessinyelt. OMHAaKOo TaKo¥ aHa/IN3 MHOTAA BhISB/SET TaKkKe ApyTrue CBOCTBa
mmdpTekcra. Hammpumep, HEKOTOpbIe OUTHI MMUGPTEKCTAa MOTYT OCTAaBaThCSI HEM3-
MEeHHbBIMM, KOTAA YaCTh OTKPBITOTO TEKCTa HAChIIleHa. DTO UUTIOCTPUPYETCS B CJie-
IyIollleM TIpuMepe.

lpumep 9.1. Ha puc. 9.1 MHOKeCTBO OTKPBITBIX TEKCTOB C OAHOM HACBIIEHHO S4eii-
KOJ pacIpoCcTpaHseTcsl uepe3 IATh PayHIOB AEMOHCTPAIMOHHOTO Imudpa Tuma
Rijndael n3 pasgena 3.2.1. TouHee, BXOIHOe MHOYeCTBO COCTOUT 3 BOCbMU OTKPbI-
TBhIX TEKCTOB, TAK UTO BCE SY€ViKM, KDOME MEepPBOIi, ITIOCTOSIHHBI, a IepBas suelika
NPMHMMAET BCe BO3MOXHbIe 3HaueHus u3 IF; mo omHomy pasy. HerpyzaHo pacrpo-
CTPAHUTb 3TO MHOXXECTBO Uepe3 IepBble HeCKOIbKO payHAoB Immdbpa. s 3Toro
IIOMETUM STUENiKy OYKBOJ A, ecii OHa MPUHMMAET KaXKaoe 3-0MTOBOEe 3HAUYEeHMe
OIITHAKOBOE UMJIO pa3 (HachlllleHa), 6ykBoi C, ey OHA MOCTOSIHHA, M 3HAKOM «?»
B IPOTMBHOM ci1yvae. [loce nsiTu payHIOB rapaHTUPYETCS, UTO OAHA U3 STUeeK Co-
CTOSTHMSI OYIIEeT ITOCTOSTHHOIA.

A|jc|c|jc|jcjcjcjc ccjcycycy|cyc|c
ccjcy|cy|cy|cy|c|c Ajc|c|jcjcjcj|c|c

e
ccjcy|cy|cy|cy|c|c Ajc|cj|jcjcjcj|c|c
c|icjcy|cjcic|cjc A|jCc|Cc|Cc|Cc|C|C|C
c|jcjcy|cjc A A AC|C|C|?|?|?2]|C|C
c|icjcy|cjc C A AC| C|C|?|A|?[A|A

—> — >
c|cjcy|cjc A C AC| C|C|A[?|?|A[A
cic|c|c|c A CC/C|C|[A|A|?|A|A
Al?21?21?21?7|? |A|C 20?2(?2(?(?|?|C|?
Al?21?21?21?2 1?2 |C|C 0 T T G O O B B

—> e
AJA[?|?21?2|? |A|C 20?21?72 (?2(?21?(?]?
ClA|?|?2|?(? |A|C 20?21?7202 (?21?(?]|?

Puc. 9.1. CBOICTBO A1 NATU payHAOB AEMOHCTPaLMOHHOro Wwudpa tmna Rijndael

B cuny cnepctBus 6.6, OnMcaHHOE Bblllle CBOJICTBO 9KBMBAJIEHTHO MHOTOMEPHOM
JIMHENHOV annpokeumanumu A, @D A . B yacTHocTH,

Ain = {x]|00---0 | x e F3}* = {000]x | x € FY}.

Kpome TOro, MHOXeCTBO BBIXOAHBIX MacoOK A . COCTOMT M3 BCeX MacCOK, paB-
HBIX HY/II0 BCIOy, KpOMe TOCTOSIHHOI s4yeiiku. MHOoroMepHasi amnrpoKcumaIus
A=A DA, He IBISETCS anmpoKCUMAalMeii C HyJeBOi Koppensiueii. BMecTo 31oro
cnencTeue 6.6 jaer:
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T T
D (=D = | Aol
(u,v)eA

IJIST TI0O0TO S ¥ KOHKPETHOTO t, 3aBUCSIIEro oT S. TakuM o6pa3oM, CBOMCTBO Ha
puc. 9.1 cooTBeTCTBYET GOJIbIIOMY MHOXECTBY JIMHEMHBIX alllPOKCUMAIVii, KOTO-
pble B CyMMe JAal0T OUeHb O0JIbIIOe 3HaueHMe. Ha mepBblii B3IJISI, 5TO MOXKET I10-
Ka3aTbCsl YAMBUTEIbHBIM, HO K TOMY JXe BbIBOZY MOKHO MPUIATH, pacCyskaas o -
HeHBIX cylegax. >

ATaku ¢ HacbIeHMeM ITOyYMIv 060011eHNe B IBYX HampaBieHusx. [lepBoe, Ha-
3bIBAEMOE CMAMUCMUYECKUMU AMAakamu ¢ HacslujeHuem, 6yIeT pacCMOTPEHO B pas-
nene 9.2.1. Bropoe HaripaB/ieHUE — UHME2PAIbHbLIL KPUNmoaHaiu3 — sSIBJISIeTCs ca-
MOCTOSITEJIbHOJ 06JIaCThIO MCCAeAOBAHMII HAPSAY C JIMHETHBIM KPUITTOAHATM30M.
B 9TOi1 KHIMTE OH He 00CYKIAeTCs.

9.1.2. UHBapuaHTHbIE NOANPOCTPAHCTBA

VIHBapuaHTHBIM noAnpocrpadctsoM ¢yHkumum F : ! — F? HaspiBaeTcs adduH-
HOe IMOAIPOCTPaHCTBO a + V mpocrpaHcTsa [F) Takoe, uro F(a + V) € a + V. Ecn
F - mepecranoBka, To F(a + V) = a + V. Ecin MHBapuaHTHOe MOLIIPOCTPAHCTBO
CYIIeCTBYeT, TO OHO Cpa3y ke MPUBOOUT K PACIIO3HABATENI0 C BbIOPAHHBIM OT-
KPBITBIM TEKCTOM, JIJIsI KOTOPOTO BEPOSITHOCTD ycrexa 613Ka K 1, a BepOSITHOCTD
JIOXKHOTIOJIOXKUTEIBHOTO Pe3y/bTaTa — K Hy/l10. IHBapuaHTHbIE MOAIPOCTPAHCTBA
MO>KHO MCIIO/Ib30BaTh /151 aTaK C BOCCTAHOBJIEHMEM KII04a, BbIpa3yUB YCJIOBMeE, UTO
YaCTUYHO JemnpupoBaHHbIii MNGPTEKCT SIBASETCS 37IeMeHTOM a + V, B Buje cu-
cTeMbl ypaBHeHMIT. OMHAKO 3TO paboTaeT, TOIbKO eC/I MHBAPUAHT He MUMeeT MecCTa
JIJISI HeTIPaBWJIbHO yTaJaHHbBIX KITIOUeli.

VcTopmuecku CUMTanoCh, YTO MHBAapUaHTHbIE IMOLIIPOCTPAHCTBA — CJIEICTBUE
«OYEBUIHBIX» CUMMeTpPUIt B indpe. DTO UIUTIOCTPUPYETCS CIeTYIOUIMM ITPUMEPOM.

Mpumep 9.2. EC/I UTHOPUPOBATDb PayHIOBbIE KOHCTAHTHI M KITIOUM, TO MHBAPUAHT-
HO€ TOANPOCTPAHCTBO CYIIECTBYET /JIS JIIOOOTO UMC/ia PayHI0B JE€MOHCTPALVIOH-
Horo mmdpa tuna Rijndael u3 paspena 3.2.1:

X1|Y1|X1|\YV1|X1|V1|X1|V1
Y1|X1|V1|X1|V1|X1|V1|X1
X2|Y2|X2\YV2|X2|V2|X2(V2
Y2 |X2|V2|X2|V2|X2|V2|X2

31ech x,, X,, y, U y, — TPOM3BO/IbHbIe 3HAUeHus], B3siTble U3 2. JI/1s1 60/bIIMHCTBA
KITI0Yell 3TO TOAINPOCTPAHCTBO He COXPAaHSETCS IOCae CJIOKEHUS C PayHAOBBIM
kiouoM. TeM He MeHee CyIlleCTBYeT MHOXECTBO, cofepkaiiee 22 u3 2% kioueit,
IJIsI KOTOPOTO 3TO MOAIPOCTPAHCTBO MHBapMaHTHO. OmHaKO IpubaB/eHe payHa0-
BbIX KOHCTAHT, He 00/1afaioX TaKO ke CUMMeTpPHei, rapaHTUPOBAHHO MPeIIsT-
CTBYET IPOAODKEHNIO STOTO CBOJCTBA HA HECKOJIBKO PayHIOB. >
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VHBapuaHTHbIe ITOANPOCTPAHCTBA, KOTOpPble HOEMCTBUTENbHO 3aBUCAT OT Ie-
Taseit S-6J10Ka U JIMHETHOTO YPOBHSI, ObLIM Hal[eHbl AJiS HeCKOJbKUX IIU(POB,
HauyHasg ¢ 2011 roga. DTM MOAMPOCTPAHCTBA OOBIUHO MHBAPMAHTHBI TOJIBKO JIJISI
MTOJMHOKECTBA KIII0UEli, KOTOpbIe TTO3TOMY HAa3bIBAIOTCS C1absimu Kawuamu. Yem
Oosbllle cIa0bIX KIIOUeil, TeM BBIIIe BEPOSITHOCTh yCIleXa aTaku. DT «bojee TOH-
Kye» MHBapMaHTHbIE MMOAIIPOCTPAHCTBA OOBIYHO OTBICKMBAIOTCS ITyTEM ITOPAYH/I0-
BOT'0 aHa/IM3a, XOTS U He BCe OHM MOTYT ObITh HalileHbI TAKMM CITOCOOOM.

Mpumep 9.3.Y memoHcTpanmoHHoro mudpa Tmuna Rijndael us pasgena 3.2.1 ume-
eTCsl MHBapMaHTHOE TOAIIPOCTPAHCTBO AJjsT 232 u3 2° Kioueii. A UMEHHO ITyCTh
U = {000,111}. Tak kak S(000) = 111 m S(111) = 000, umMeeT MeCTO PaBEHCTBO
S(V=1V.[lanee

0 I I IT7T[1117 [0007] 0 I I I7T70007 [000]
I 0 I I|[[000| |111 I 0 I 1][000| [000
I I 0 I[]000| |[111]° I I 0 I||11t| J111)
|/ I I 0] [000] [111_ |/ I I O] [111] [111]
0O I I I7[70007 [II17 0 I I I7[1117 [1117
I 0 I [I|[111] [000 I 0 I I||111]| |111
I I 0 I||111]  |000]|’ I I 0 If||111|  [111
|7 I I O] |111] 1000 ] |7 I I O] |111] [ 111]

B cwty cummeTtpun MaTpuiibl M, oTciofa ciefyet, uto M 69;‘: U= GB;‘: U CnepoBa-
Te/bHO, V= % U - MHBapMaHTHOE MOANPOCTPAHCTBO A MixColumns ° ShiftRows o
SubCells. Tak KaKk KaskHas siuerika payHg0Bbix KOHCTaHT paBHa 000 mau 111, BeKTopHOE
MPOCTPAHCTBO V TaxsKe SIBJISIETCSI MHBAPVMAHTHBIM MTOAITPOCTPAHCTBOM J1JISI CTIOKEHMST
C payHA0BOM KOHCTaHTOI. OmHAKO V SB/ISIeTCS MHBAPUAHTHBIM JJIS 11ara CJA0KeHUST
C KJIIOUOM, TOJIBKO €C/IM BCe sTueliky payHZoBbIX Kiatoueil paBHbl 000 mmm 111. Takum
006pa3om, BCEero CyIecTByeT 232 1abbIxX KITIOUEei. (S

ViHBapMaHTHOE IMOJITPOCTPAHCTBO B IpMMepe 9.3 He ObIJIO HAMIEHO CUCTEMATH-
YyeCcKuM crioco6om. bosee Toro, maske ecyiv 610 BOSMOKHO TEePeYMCINTD BCe MH-
BapMaHTHbIe MOAIpocTpaHcTBa SubCells, ShiftRows 1 MixColumns, MOTJIM GbI OCTATh-
Cs1 IpyTvie MHBapMaHTHbBIE MOAIIPOCTPAHCTBA, KPOME SBJISIONIMXCS OOIIMMY IJIsT
SubCells, ShiftRows 1 MixColumns.

Ecny vHBapuaHTHOE NOAIIPOCTPAHCTBO SOCTATOYHO BEIMKO U eCIM KOIUYeCTBO
C/1a0BIX KITI0Uelt He CJIMIITKOM MaJjio, TO IPaKTUUYECK) BO3MOXKHO HAMTH €ro, IpumMe-
Hss IIOAXO[, Ha OCHOBe 4epHOro smuka. Ilycrs F : F} — [ — mepecraHoBKa. UTo6b!
HalTV HauMeHblllee MHBAapMaHTHOE TMOAMPOCTPAHCTBO F, KOTOpoe comepkKUT 3Ha-
YeHue X, MOXKHO BOCHOJIb30BaThCs ajiroputmom 9.1. Eciin F umeeT HeTpMBUaIbHOE
MHBapMaHTHOE MOAMPOCTPAHCTBO, TO IOBTOPeHMe afropuTMa 9.1 co ciydaiiHO Bbi-
OpaHHBIMM X PAHO /I TIO3[THO BEPHET 3TO MOAIIPOCTPAHCTBO.
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Anroputm 9.1. HaxoxaeHnMe HaMMeHbLIEro MHBAPMAHTHOrO MOAMNPOCTPAHCTBA nepe-
cTaHoBKM F

Bxon:
I[lepecranoska F: F} — [}
Bekrop x € [F}
BbIxop;: HayMeHbllee MHBApMaHTHOE MOAMPOCTPAaHCTBO F, cogepkailiee x.
© B anroputme U MoskeT 6bITh KOMIIAKTHO ITpeICTaBIeHO CBOUM 6a311COM
U« {0}
repeat
VU
U< Span{x+F(x+2z)|z€ V}
until U=V
return x + U

N 0N U N

Ecu F umeeT nHBapuaHTHOE MOAIIPOCTPAHCTBO a + V pa3MepHOCTH d, TO BeposIT-
HOCTb, UTO C/IyYaiiHO BhIOpAHHOE X OKakeTcs B a + V, paBHa 2%/2". CiemoBaTelbHO,
Ioc/1e IMoBTOpeHus 2" Ypa3 anroputm 9.1 HaiizgeT (B cpeHeM) IOAIIPOCTPAHCTBO a + V.
B anroputme 9.1 noarnpocrpadcTBa Un VMOryT GbITh KOMITAKTHO MTPECTaBIEHbI CBO-
My 6asucamu. ClienoBaTebHO, 00111ast BpeMeHHas CJIOKHOCTh paBHa O(n®2).

9.1.3. HenuHeliHble MHBAPUAHTDI

HenuuerinpiM maBapuanTom ¢ynkuumy F: F? — FIHaspiBaetca QyHkums f: F7 — F,,
TaKasi UToO CYIIeCTByeT KOHCTaHTa b € IF,, Takast uTO 1J1s1 BCeX X € [F)

f(F®)=fx)+Db.

Wuasimu cnoBamu, C(f » F, f) = (-1)°. Eciu F - 6mounbiit mmdp, To b MokeT 3a-
BMCETb OT KJII0ua.

Kaxkmoe MHBapuaHTHOE IMOANPOCTPAHCTBO IMOPOXKIAET HEJMHEeNHbI MHBA-
puaHT ¢ b = 0. IejficTBUTENIBHO, eciu a + V — MHBapMaHTHOE MOAIIPOCTPAHCTBO,
TO TOJIOKUM f (x) = 1, ecniu x € a + V, u f (x) = 0 B mpoTUBHOM ciydae. B obuem
cIyyae MpeACTaBsATh cebe HeIMHENHbII MHBAPMAHT f MOKHO TakkKe KakK MHO-
xecTBo S = {x € F]| f (x) = 1}, Takoe urto 60 F(S) € Su F(F;\ S) € F7\ S, mu6o
F(S) € F7\ Su F(F;\ S) € S. [lepBsIii cyuaii cooTBeTcTBYeT b = 0, BTOpOii — b = 1.

Crnenmyromasi TeopeMa ITOKa3bIBAaeT, UTO [T HEKOTOPBIX JIMHENHBIX (DYHKIINIA,
MpeCTaBJIeHHbIX GJIOUHOI MaTpHULeil ¢ eIMHUUHBIMY O6JI0KaMM, HATH HeIUHeli-
Hble MHBAPUAHTBI JIeTKO. CmeneHsio 6yeBO¥t QYHKIMM Ha3bIBAETCSI CTEIIEHb ee T0-
JMHOMMAJIBHOTO TIPeJCTaBIeHMs], & KBaApaTUUHOI 6yneBoit dyHKIMeln — QyHKIms
cTerieHy 2. ATO OIpefesieHNe MeeT CMbICT, TIOTOMY YTO, Kak Oy[eT IpemioskeHO
moKasarh B ynpakHeHuu 9.1, mobast 6ynesa GyHkuus Ha F) MMeeT eIMHCTBEHHOe
TIO/IMHOMMaJIbHOe TipefcTasienne B F[x , ..., x /(X} =X, ..., X* =X ).

Teopema 9.1. [Ilycme M — mampuya pasmepa bnxbnuad F, maxas, umo M=A @ I, 2de
A — mampuya pasmepa nxnnad F,, a I — edunuunas mampuya pasmepa bxb. Ecau A -
opmozoHanvHas mampuyda, mo f: x || ... || xn = ¥ q(X,) — HenuHeliHbLT UHBAPUAHM X
Mx dna noboti keadpamuuHoti 6yesoli pyHKUUU q.
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Lokaszamenscmeo. Eciv q — KBagpaTuyHas QyHKIMS, TO CYIECTBYIOT KO3ppuumeH-
TBI C;, TAKME UTO q(2) = X, e, € %%, C TOUHOCTDBIO O TIOCTOSIHHOTO 4IeHa, KOTOPbIi
MOXHO CYMTATh PABHBIM HY/II0. 3aMEeTUM, UTO g MOKeT COLepyKaTh IMHeHbIe ujle-

HBI, T. K. Z; = Z. O603HaUMM X, j-i1 6uT X, € F*,. B Touke x =X || ... || X, MMeeM
n X1,k
fx) = Z Cjk in,j Xik = Z cik [x1j o xag]
1 — <
<j<k=b i <j=<k=b Xk
Tenepb, UCIOMB3YS TOT GakT, uTo ATA = I, monyyaem
X1,k
T .
fMx)y=" 3" cixx; - x JATA| 1= f00.
1<j<k<b Xnk

Orcioma cienmyeT, uTo f IBJsIETCS MHBAPMAHTOM OTOOpaskeHMsI X — Mx. O

Teopema 9.1 IpUBOAUT K HEJIMHEMNHOMY MHBapUaHTY AJ151 A€MOHCTPALIMIOHHOTO
mmdpa tuna Rijndael 3 pasmena 3.2.1.

IMpumep 9.4.T1o Teopeme 9.1, mobas kKBagpaTuuHas QyHKUMS Buaa X, || ... || x4 = 34
q(x) aBnsieTcsa nHBapuaHToM Qynkuum MixColumns M mudpa Tuna Rijndael. S-6mok
S obnamaeT TeM CBOVICTBOM, UTO X — u'S(X) KBagpaTuUUHa Ipu JI060M BbIOOpE U.
Kpome Toro, ans u = 111 m060e x € F; ynoB1eTBOpsieT paBeHCTBY

u'S(S(x)) = u'x.
DTy HabMIOIEeHNS TIPUBOSIT ellle K OMHOMY MHBapMaHTYy. A UMEHHO MyCTh f U § —
OyneBbl GyHKIMM Ha 3%, Onpe/ie/ieHHble CIeAy0muM 06pa3oMm:
32 32

Feall- ) =D uTe =" x3i0 +x3i1 + X3,

i=1 i=1
32 32
T
gl lx32) = ZM Six) = Zx3i—2x3i—l + X3i-2X3; + X3i—1X3i.

i=I i=I
PayHnoBast pyHKUMS R yIoB/IeTBOPSIET COOTHOIIEHUIO
f o R=f < MixColumns ° ShiftRows ° SubCells=f o SubCells=g.
AHajiorMvHo Ha R BBITIONHSIETCS TAKOE COOTHOIIEHME:
g ° R=g ° MixColumns ¢ ShiftRows ¢ SubCells=g ¢ SubCells=f.

CrnemoBaTebHO, CYIIECTBYET MHOXKECTBO C1abbIX KIIIOYei, Takoe 4YTO
f(RkM(Rki(X))) = f (x) nns mo6oro x € Fi¢ unn f(Rki+1(Rki(X))) = f(x) + 1 gjst m060ro X.
Ha camom fene 310 cripaBefinBoO At 1060ro Beibopa k. OnHako mobas 3-6u-
TOBas fA4elika k, momkHa 6bITh paBHa 000 mam 111, yTOGB! HeNMHENHbIV MHBA-
pMaHT uMeJ MecTo. Jlajee caeayeT KOPOTKoe ajaredpandeckoe mpeobpasoBaHue
MOJIMHOMMAJIBHOTO MpecTaBieHus g (CM. yripaxkHeHue 9.2). CiieqoBaTenbHO, IS
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252 cmabbIxX KITOUeit f IBsSeTCs] HeJTMHEeTHBIM MHBAPUAHTOM TIPU JIFO60M YeTHOM
ylciae payHI0B. &>

Kak 6b1J10 0OTMeUeHO B IIaBe 2, 60JIbIIIOe UMC/IO JIMHEMHBIX CJIeL0B C MaIbIMU a0-
COJIIOTHBIMU KOPPEISIIUSIMM TeOpeTUIeCcKy MOKeT IIPUBECTH K IMHEHOI alpoK-
CUMaLVM ¢ 6OJIBIIOM aGCOMIOTHON Koppesinyeil. HelyHeitHbIM MHBAPUAaHTOM f 13
npumepa 9.4 hakTUUECKU SIBJSETCS JMHelHast QYyHKUMS X — u'x. B 4acTHOCTH, TOT
daxr, uto b0 f(E,(x)) = f(x) ars Beex x, 6o f(E,(x)) # f(x) a1 Bcex X SKBUBaNEHTEH
TOMY, UTO Ciku =#+] g u=11...1. B ynpaskaenun 3.2 6bUI0 ITOKa3aHO, UTO KOPPEJISI-
LIS YeThIpexXpayHI0BbIX CJIefOB He IpeBbimaeT 276, Tem He meHee (U, U) — TMHEN-
Hasl alIpoKCUMaLMs ¢ Koppensiuyeii 1. TIpaBaa, 9To BepHO JIMIIb JIJIsT HEOOJIbIIO
ooy kitoueit (1/2%%), HO MOXeT CTY>KUTb HEIVIOX0i MIUTIoCTpalyeii orpaHnYeHni
JIMHEeMHBIX CJIeJIOB.

CyllecTBOBaHMe HeTMHEHbIX MHBAPMAHTOB IIPUBOJUT K €CTECTBEHHOMY BOIIPO-
CY: Kak IPOoaHaJIM3MPpOBaTh KOPPEJISIIUIO ITap Oy/eBbIX (GYHKINIA, T. €. HeJIMHEHbII
aQHaJIOT JIMHEMHBbIX anmpokcumannii? B pasmene 9.2.2 06CYKIarOTCS HEKOTOpbIE
TIOAXO/bI K 9TOJ ITpobieMe.

9.2. MPUBAMXEHHBIE CBOMCTBA

HeocTaToOK «TOUHBIX» CBOVICTB, PACCMOTPEHHBIX B paszese 9.1, — To, UTo OHMU 160
yepHble, 1160 Oesbie; CBOMCTBO MO0 MMeeT MeCTO, b0 HeT. 13-3a 3TOro0 114 ar-
MPOKCUMAIIUii He XBaTaeT CBOOOABI MaHEBPa.

B 3TOM pasjesne Mbl 06CYIMM HEKOTOPBIE MOMBITKM 0600IINUTb CBOIICTBA U3 pa3-
nena 9.1, cnenaB ux HeTOUHbIMM. OLHAKO BCE OHY CTAJIKMBAIOTCS CO 3HAUUTE/IbHBI-
MM TPYLHOCTSIMY, KOTOPbIE MBI CMOXeM pacCMOTpPeThb TOJILKO B I1ase 11. ITo sToi
MIpUYMHE B KaXZOM KOHKPETHOM CJTyyae Mbl IPUIePKMBAeMCs ONMCaHMUs BBICOKO-
r'O YPOBHSL.

9.2.1. CraTucTMueckKoe HacblilWeHue

Kak 66110 00BbsICHEHO B paspesie 9.1.1, aTaky ¢ HaChIIIeHVEM OCHOBAaHbI Ha MMU(pPo-
BaHMY MHOKECTB OTKPBITBIX TEKCTOB TAKMM 0OPa30M, UTO YaCTh OTKPBITOTO TEKCTA
MIpUHMMaeT BCe BO3MOXHbIe 3HaUeHMs (3Ta UacTb HA3bIBAETCS «HACBIIIEHHOI»),
TOIJIa KaK OCTABIIASICSI YaCTh SIBJISIETCS IOCTOSTHHOJ. Boo6IIe, MHOKECTBO OTKPBI-
TBIX TEKCTOB SIBJISIETCSI CMEXXHbIM KJIACCOM HEKOTOPOTO BEKTOPHOTO MPOCTPaHCTBA.
B mpocreiiiiem ciyyae 3TO IPUBOIUT K MHOXKECTBY IU(GPTEKCTOB, TAKMX UTO YACTh
BBIXOZIOB 00J1a/TaeT CBOMCTBOM HachlleHys. OmHaKo B pumMepe 9.1 6bI10 ITOKa3aHo,
YTO 3TO TAaKKe MOKET IIPUBECTY K MHOXKECTBY IIM(PPTEKCTOB C IIOCTOSTHHO YacThIO.
B craTucTMUeCKMX aTaKax C HACHIIIEHVEM UCITONb3YeTCs TOT (PakT, UTo mpu mmd-
pOBaHUM CTyYalfHOTO paBHOMEPHO pacrpe/ieieHHOTO OTKPBITOTO TEKCTa M3 CMeXK-
HOTO Kjlacca paclipefeseHye BepOSTHOCTElN 4YacTu IMMGPTEeKCTa HepaBHOMEPHO.
CrereHb HEpaBHOMEPHOCTM OOBIUHO U3MEPSIETCS KBaJAPATUUHBIM €BKJIMIOBBIM
pacxoxkaeHneM, ITOCKOIbKY 9Ta BeIMUMHA ONpenesseT MH(MOPMalOHHYIO CIOXK-
HOCTb. KpaitHuit crydait, COOTBETCTBYIONIMIT HaMOOIbIIEMY KBaIpaTUYHOMY €B-
KJIMIOBY PACXOKIEHNIO, JaeT Hab0p MMU(PPTEKCTOB C IMTOCTOSIHHO YaCThIO.
CornacHo ciencTBuIO 6.6, CBOMCTBA CTATUCTUYECKOTO HACBIILEHMS SKBUBAJIEHT-
Hbl MHOTOMEPHbIM JIMHEHBIM amnIpokcumanusimM. PasHuila 3ak/iouaeTcss B TOM,
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KaK OLI€HMBAETCA KBaAPAaTMUYHOE €BKINI0BO paCXOXXOeHne. Ha IIPpaKTUKe OJisd 9TOM
oean 0OBIYHO IIpoi1e MCII0JIb30BATh JIMHEIHbIN KPpUIITOAHAIN3. O,Z[HaKO B HEKOTO-
PBIX C/Ty4dasaX BO3SMOJKHbBI 6osee IIPOCTBIE PACCY>KOEHMS, OCHOBAHHbBIE HAd 3HAUYEHUAIX.

9.2.2. HenuHeliHble annpoKcMMaLmum

Henunuerinasa annpokcumanus Gyukuumu F : F7 — F7 - sto napa (f, §) pyHkumii f
F!— F,u g : F?— F,. Koppenauus (f, g) onpeenseTcs 1o aHaJIoIruu ¢ Koppesuyeri
JIMHEHO alnpoKCUMaLVIN.

Clg = F,f=2Pr [s(F(x) =f(x)] - 1,

I7ie BEPOSITHOCTh OepeTcs AJIS CIy4aifHO paBHOMEPHO pacIIpeie/IeHHOM BeIuul-
HbI X. Ecnu f = gu RKoppensinys paBHa *1, To f — HeIMHEeHbI MHBapuaHT F.

Vcrionb3oBaHye HeMHEHBIX alllIPOKCMMAalyit 6bUI0 MpeiIoykeHO BCKOpe Tociie
OTKDBITHS TMHENHOTO0 KPUIITOAHANIN3a, HO 3TO He NPUBEJIO K MOSIBIEHUIO 0011ero
crioco6a aHanM3a HeJMHEeNHBIX allllpokcuMaluit. BociencTByuy ObUIO IIPeIoKeHO
MHOTO JpyTMX MOAXOM0B; 3[eCh Mbl YIIOMSIHEM TOJbKO OAMH 13 Hux. Ecmm Fu G -
repecTaHOBKU, TO IMHelHbIe anmpokcumMauu G < F o G! aBasiioTcst HeTMHeHbI-
My annpokcumauusvu F. bonee toro, ecmm F=F » ... o F, o F , To «<HenMHeHbI
cien» AJist F cooTBeTCTBYeT ciefy 1j1st

G:F:G'=(G+F <Gl ..o (G:F,«Gl)+(G:F G

Vi3nuiiiHe TOBOPUTD, UTO 3TO Pa3jioXKeHMe He SIB/ISIeTCS eJMHCTBeHHbIM. OgHUM
U3 TIOAXOMIOB K HEJIMHEITHOMY KPUIITOAHAJIMU3Y SIBJSIETCS] BBITIOHEHME JIMHEHOTO
KPUIITOAHAIM3a JJIs1 TAKOTO aJIbTePHATUBHOTO OTMCcaHus mmdpa.

Bce BbllIEYIIOMSIHYTbIE TIPEIJIOKEHUST CTATKUBAIOTCSI CO 3HAUMUTENbHBIMU TPY/-
HOCTSIMU, UTO JieJIaeT MX HeNPUTOAHBIMU Ha MpakTuke. CTOUT YIIOMSHYTb JIBE T0-
BTOpSIIONIECs Ipoo6iemMbl: (1) 3aBMCMMOCTb KOPPEJISILNIA OT KJTtoua U (2) CYIIecTBY-
€T «CTUIIKOM MHOTO» HeIVMHENHBIX PYHKINI, UTOOBI TTOTYUUTD MTOJIE3HYI0 TEOPUIO
TaKOTI'O K& YPOBHSI, KaK JIMHEIHBI KPUITTOaHaaM3. [Ipeskae ueM Mbl IepeiiieM K 00-
CYXXIEHUIO 3TUX BOIIPOCOB, HAM IPUJIETCSI 3aHOBO BBICTPOUTH TEOPUIO JIMHEIHOTO
KpuUIlTOaHa/M3a B rase 11.

9.2.3. Kapkac npoeunpoBaHus

HenuueltHble amNMpOKCUMAIMM MOXHO OOGOGIIUTL HA IPOM3BOJIbHBIE (GYHKIUU
f: Fl->Xnug:Fl->Y,meXnyY- He6osIbIIe MHOKeCTBa. VIHOrma MX Ha3bIBAIOT
«(YHKIIMSIMMA TTPOEIMPOBAHNSI».

Ob6miast uaest KPUITTOAHAIM3a Ha OCHOBe (DYHKIIVMIA TTPOEIPOBAHUS — COOTHECTHU
g ° Fcf. KoHKpeTHO, B TOCTAaHOBKE C M3BECTHBIM OTKPBITHIM TEKCTOM ITPOV3BOIUTCS
TIOTIBITKA HAiTV cbanaHcupoBaHHble byHKIMM! f 1 g, Takue uTo (f(X), g(F(X))) umeeT
HepaBHOMEPHOe pacrpeieseHye IJis CTydaliHOV paBHOMEPHO pacIipeelIeHHOM Beln-
YMHBI X. ITO MOKHO M3MEPUTBD C TIOMOIITBIO KBaIPATUYHOTO €BKIIMA0BA PACXOSKIEHMS.

AnbTepHaTMBHAS TOUKA 3PEHMS 3aK/TI0UAeTCs B TOM, UTO QyHKIMY f 1 g omIpee-
ns10T pas6uenns Fiu 7. Hanpumep, f pas6usaer [} ciemyrommm 06pasom:

! OyHKIMS HA3bIBAETCS COATAHCMPOBAHHOM, €C/M Y JTF000r0 BHIXOIHOTO 3HAYEHVSI OIHO U
TO XK€ UMCJIO TTPO0OPasoB.
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2= U ),

xeX

rae f(x) - MHOXeCTBO 3HaueHumit y € Fj, Takux 4to f(y) = x. B cryuae kpunmoaranusa
C pasbueHuem U3yJIaeTCs CBSI3b MEXKIY pa30oyueHreM IIPOCTPAHCTBA BXOIOB U pa3ou-
eH}eM IIPOCTPAHCTBA BbIXOLOB. DTO 3KBMBaJIEHTHO KPUIITOAHAIN3Y, OCHOBAaHHOMY
Ha QYHKUMSIX TTPOEIMPOBAHMSL.

Pas6uenne u QyHKIMY MTPOEIMPOBAHMS TIO3BOJISIIOT OIMMCATD IUPOKUIA CITEKTP
cBoiicTB. Hampumep, eci f 1 g — nuHeliHbIe QYHKINM, TO OHY SKBUBaJIEHTHBI MHO-
TOMEPHBIM JIMHEMHBIM anmporcuManusiM. OgHaKO CylIeCTBYIOT TakKKe HEKOTOpbIe
3aMeTHbIe UCKIIUYEeHMS, TaK1e KaK MHOXXeCTBeHHbIe JIMHeliHbIe allpOoKCUMalun
CO MHOXECTBOM MacOK, KOTOpbIe He 06pa3yIoT BEKTOPHOTO MPOCTPAHCTBA.

K coxxanenuio, pasdoyuennue 1 GYHKIUM ITPOEIMPOBaHUS CIIOCOGHBI JIUIIb OTIM-
caTb cBoiicTBa. OHM, HaNlpuMep, HUKAK He TIOMOTAIT aHAIM3UPOBaTh UJIM HAX0-
IUTDb 9T CBOJCTBA.

9.3. CTOPUYECKAS CMPABKA

CBo¥icTBa HACBIIIEHUST ObLIM BBemeHbl KHYICEHOM Kak uyacThb «aTaKu Square».
Ux cBSI3b C MHOTOMEPHBIMU JTMHENHBIMY alTIPOKCUMALMSIMU C HYJIEBOV KOppeJisi-
umeli 3ametuiu bormanos, Jleangep, Hiob6epr u BaHb.

[IpocTeie MpMMepbl MHBAPMAHTHBIX MOAIIPOCTPAHCTB, TaKue Kak Ipumep 9.2,
ObLIM 3aMeUeHbI ellle A0 OTKPBITHUSI MHBAPMAHTHBIX MOAIIPOCTPAHCTB, 3aBUCSIINX
OT JieTasieit ypoBHS S-6GJIOKOB U JIMHEITHOTO YPOBHS, JleaHmepoM, AGebpaxyMoM,
Anb-Xaszumu u 3eHHepoM. Anroputm 9.1 npuHagnexut Jleannepy, MuHo 1 PeHbe-
My. HenmvHeltHbIe MHBapMaHThI U TeopeMa 9.1 BBefeHbI B 06mxof, Tomo, Jleanmepom
u Cacaku. [TIpumep 9.4 ocHoBaH Ha pabote BeiiHa (2018).

BoNbIIMHCTBO NPUOIMKEHHBIX CBOVICTB, PACCMOTPEHHbIX B pasneie 9.2, MosBu-
JIVICh paHbIlle TOUHBIX CBOMCTB U3 pasnena 9.1. CTaTucTudyeckue ataky C HachIlle-
HMEeM BIIepBble ObLIM IIpeIIoKeHbl BomeHs, caM TepMuH BBedeH B pabore Koi-
napga u Crangaepra. Vcronb30BaTh HeAMHEHbIE allIPOKCMMAaLUK TPeIIoKUIN
B 1995 romy Xaprmec, Kpamep n Maccu mop, Ha3BaHMEM «CYMMbI BBOZIa—BbIBOMIAY,
a B 1996 ropy — Kuymcen u Po6mioy. [Togxof, OCHOBaHHBI Ha TPYMEHEHUY JTMHEe -
HOTO KPUIITOAHAIM3a K aJIbTePHaTMBHOMY OIMMCaHuIO mdpa, npenioxkeH beepom,
Kauto u Jleangepom. KpunroaHanus ¢ pas3doueHneM npemioxkmim Xapmec u Mac-
cu, a MoHsATHe GYHKIMIT TpoelpoBanms 13 pasmena 9.2.3 — Bare. ITo mpuanHam,
KOTOpbIE CTAHYT IMOHSATHBI B I71aBe 11, HM OAHO U3 3TUX MPEAJIOKeHUI He TIPUBEIIO
K JKM3HECIIOCOOHBIM 0600IIeHNSIM KPUIITOaHATIM3A.
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9.5. YnPAXHEHMA

YnpaxHenue 9.1
Ienb 3TOrO yrpaskHeHus — II0Ka3aTh, YTo J11060ii Gynkumy f : F)— F, cOOTBETCTBYeT
eVIHCTBEHHBbI/ TOMHOM, TpUHaAIexxammii F[x ,...,x /(X2 - X,,...,X> = x ). DTOT I10-
JINHOM Ha3bIBaeTCs a12e0pauieckoli HopManvHoLl (popmoli f.
1. TloxaxuTe, 4TO 110607 NOMMHOM, IpUHaIexammii F,[x , ..., X |, onpenenser
6y/eBYy (QYHKIIMIO TTyTEM BBIUMCIEHNS.
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2. TlokaxkuTte, 4TO 111 106071 6yneBoit GyHKIUM CYLIECTBYET MHTEPIIOIUPYIO-
i MoMHOM B F,[x , ..., X ].

3. TIpumeHMB paccykmeHue C MOACUeTOM, CIelaiiTe BbIBO/I, UTO «OTOOpaskeHme
BBIUMCIEHNST», KOTOPOE TIePEBOAUT ITOJIMHOM B 6y/IeBY MYHKIINIO, OTIpenessi-
€MYIO BBIUMC/IEHVEM TIOJIMHOMA, SIBJISIETCSI B3aMMHO OTHO3HAUHBIM OTOGpPa-
xenuem mexay Fo[x, ..., x ]/(x2 = x,, ..., X2 = X ) U MHOXE€CTBOM BCeX Oy/1eBbIX
yHKIMIA.

YnpaxxHeHue 9.2

s Kakux KiIloueil HelMHeHbI MHBApMUaHT U3 npuMepa 9.4 MMeeT MeCTO Ipu
IIPOM3BOIBHOM UY€THOM UMciie payHA0B? JJoKaxkuTe.

YnpaxHeHue 9.3

3HaMEeHUTHIN 6eJTbIMIICKIIA KpuItTorpad yacTo mmdpyeT CBOM ITepCOHAIbHbIE JaH-
HbIE€ CBOVIM JIIOOMMBIM GJIOUHBIM IM(GpoM. Y 3TOro 6;104HOro mudpa ectb Tpu Ba-
puanTa c r = 10, r,= 12 u r,= 14 payngamu. K coxxaynieHnio, B JaHHOM CJTy4ae KpuIi-
Torpad He MOMHUT, KAKOV BapMaHT MUCITOIb30BaJL.

Ho, K cuacTbio, Kpunrorpad MOIPOCHI CBOUX CTYIEHTOB 3aMyChIBATh AJISI HETO
yueIo payHaoB. OgHAKO B TBOPYECKOM ITOPBIBE CTYAEHTBhI peurnuii 3ammdpo-
BaTh 3TO UMCJIO NPUAYMaHHbIM MMy mmppom E, ¢ pasmepom 610ka 4 6ura. Kak
MOKa3aHo Ha puc. 9.2, Ha i-M payHAe MUX MOCTPOEHMSI K COCTOSTHUIO MPUOaBIIIeTCs
i-it pparmenT k, xmova k = k ||k, || ... ||k ,,, a 3aTem npumeHnsieTcs QyHKuus S, 3a-
JaHHast Ta6i. 9.1. He cmikom moBepsisi COOCTBEHHBIM CITOCOOHOCTSIM, CTYIEHTbI
peumIu Co31aTh 9K3eMIUISAp cBoero mmdpa E, cr=r xr,xr,+ 1= 1681 payHmom.

ﬁ%@ﬁ ﬁ%@ﬁ

ki ke kr kr+1

Puc. 9.2. CryneHyeckuii MeToA, lUMdpOBaHMUS

Tao6auna 9.1. CnpasoyHas Tabnuua ana GyHKUMKM S

0 1 2 3 4 5 6 7 8 9 a b d d e f
3 e 6 8 0 C b 4 1 d 5 a 7 9 f 2

CryzmeHThbl 3ammcany, 4To pesynbraT mmpposanus r, = 10 pasen E (1,0,1,0) =
(0,1,0,1), 1. e. maru. OHM TaKXkKe MOMHSAT, YTO I, = 12 COOTBETCTBYET WM PTEKCT
E,(1,1,0,0) = (0,0,0,0). PasymeeTcs, CTyAeHTHI 3a0bLIM K/IIOY, HO TIOMHST, 4YTO 3TO
6b11 ASCII-kO[ ITapoabHOI Bpassl, COCTOSINEN TOTBKO M3 CTPOUYHBIX M 3aITIaBHBIX
O6yKB. YCIIBIIIAB 9TO, 3HAMEHUTBIV KPUITTOTpad BOCKIMKHYII, UYTO CTYAEHTBI IOITyC-
TWIM OIMOKY. MoskeTe i Bbl IIOMOYb CTY[IEHTaM BbISICHUTb, B UeM OHM HeIpaBbI?
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B rmaBe 11 Teopus IMHEITHOro KPUIITOAHAIM3a ITIepecMaTpuBaeTcs ¢ 6ojee obIeit
TOUKM 3peHust. 71 9TOr0 HaM MOHAm06STCSI HEKOTOPble 3HAHUST U3 MaTeMaTUKM.
CHayvasta MbI 06CYIVIM JTMHETHYIO ajire6py Hajl [1ojieM KOMITIEKCHBIX UMCel, a 3aTeM
obpaTumcs K aHanu3y @ypbe Ha KOHEUHOIT abesieBoii rpyrre. O6e 3TV TeMbI UTPAIOT
LIeHTpaabHYIO pOJb B T/iaBe 11.

10.1. JInHEAHAS ANTEBPA HAL NONeM C

JIuHeiiHas aare6pa 3aHMMAETCS BEKTOPHBIMM ITPOCTPAHCTBAMM U IMHEHBIMU TIpe-
o06pazoBaHUSIMM MexkIy HUMU. OIMHAKO eC/T BEKTOPHOe ITPOCTPAHCTBO OIIpeiesieHO
HaJ, TI0JIeM BellleCTBEHHbIX MM KOMILIEKCHBIX UMCE, TO MOSIBISIETCS JOMOTHUTENb-
Hasl CTPYKTYpa, CBSI3aHHAs C TeM, UTO B rosie C ornpezneneHa GyHKIMS abCOTIOTHOM
BeJIMUMHBI, UM MOZYJISI, KOTOpasi IpeBpalllaeT ero B MeTpuieckoe IMpoCTPaHCTBO.

B sT01 rM1aBe, Kak 1 B I1aBe 11, BAXKHYIO POJIb UTPAIOT ABa BEKTOPHBIX MPOCTPaH-
ctBa Haf C. OHM UCTIO/b3YIOTCS Aajiee B KaueCTBe CKBO3HOTO NMpuMepa.

Mpumep 10.1. TIycth G — KoHeuHast abesneBa rpyiia. CBo6omHoe C-BEKTOPHOE MPOo-
CTPaHCTBO Ha G COCTOUT M3 MHOYKeCTBa BCeX (OPMaIbHBIX JIMHEMHBIX KOMOVHATINIT
aneMeHTOB G. To ecTb KaxIplii aneMeHT C[G] umeeT Bu[,

Zux dy,

xeG

rJe 3HaYeHUSIMU U, SBJISIFOTCS IIPOU3BO/IbHbIE KOMIUIEKCHbIE Ui, a §, — hopMab-
HbIJi 6a3MCHBI BEKTOD, COOTBETCTBYIOIIMII 3/IeMeHTy Ipymisl X. basuc {6 | x € G}
Has3bIBaeTCs CTaHOapTHBIM 6asucom C[G].

AHAIOTMYHO BEKTOPHOE MPoCcTpaHcTBO C° cocTonT 13 Beex byHkimit G — C. Ecmun

8 0603HauaeT QyHKUMIO, PaBHYIO 1 B TOUKe X 1 0 BO BCeX OCTa/IbHBIX TOUKAX, TO JIK0-
6y10 pyHKIMIO f € C° MOKHO 3aIiCaTh B BUIE

PRI

xeG

B ynpaxxuenunu 10.1 Bam GyzeT mpe/ijiokeHo POBePUTb, UTo {4 | X € G} saBnseTCs
6asucom CC. OH Ha3bIBAETCS CTAaHAAPTHBIM 6a3yucom C¢. O6a BEKTOPHBIX ITPOCTPAH-
ctBa C[G] u C° uzomopdust C. =
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10.1.1. HopmMupoBaHHble BEKTOPHbIE NPOCTPAHCTBA

U ABOMCTBEHHbIE UM

BekTopHOe nmpocTpaHcTBO Hag C MOXKHO CHAOAUTh HOPMOJA, SIBJISIIONIElicsS abcTpak-
yei TTIOHSITUS «JIJIMHBI».

Omnpenenenue 10.1 (HOpMUPOBAHHOE BEKTOPHOE MPOCTPAHCTBO). [TycTh V — Bek-
TOpHOe MpocTpaHcTBo Hag C. Hopmoit Ha V HasbiBaeTcs BelecTBeHHAs QPyHKIINS
[| - ]I: V= Rua VTakas, 4To

(1) mns mo6oro x € V ||x|| > 0, mpuueM paBEeHCTBO MMEET MECTO TOrna
M TOJIBKO TOrAa, Koraa x = 0;

(2) mnst mo6bIX X € VU A€ C ||Ax|| = Al ||x]];

(3) BBITIONMHSIETCST HEPABEHCTBO TPEYTOIbHMKA: IS MI0OBIX X, Y € V||x + y|| <

[Ix11 + {[¥1l-

BeKTOpHOE MMPOCTPAHCTBO C HOPMOJ Ha3bIBAETCSI HOPMMPOBAHHBIM BEKTOPHBIM
MIPOCTPAHCTBOM.

Mpumep 10.2. s mo60ro p € [1,0) BeKTOpHOe MPoCcTpaHcTBO C[G] MOKHO CHAGAUTH
TaK Ha3bIBaeMOJi p-HOPMOIA || - || . p-HOpMa BEKTOPA U C KOOPAMHATAMM U, IS X € G
onpernensiercs popmymnoit

lull, = W(Z |ux|f’)‘l’.

xeG

[Toxoskass HOpMa, KOTOpasi, MTOIycKasi HeKOTOPYI0 BOJBHOCTb HOTAI[MM, TaKKe
ob6o3HavaeTcs || - Il,, orpenensiercst Ha C° popmyroit

1flly = J% (Z If(x)l”)
xeG

IIJist p = 2 3TO XOPOIIO 3HaKOMasI e8kiudosa Hopma. IIpoBepbTe, UTO OHA AEIICTBY-
TEJIbHO SIBJISIETCSI HOPMOA. [IJIST WILTIOCTpALMM HEKOTOPBIX UAEN Iojie3eH 00Iuii
QIydaii, HO B I1aBe 11 MCIonb3yeTcsl TOIbKO eBKIMA0Ba HopMa. [IoaToMy MbI O1yC-
KaeM [10Ka3aTejlbCTBO TOTO, UTO p-HOpMa [eiiCTBUTETbHO YOOBIETBOPSIET CBOJ-
CTBaM, YKa3aHHbIM B onpenenenun 10.1, gias Bcex p > 1. [

1
P

s JI1060r0 BEKTOPHOTI'O IMMPOCTPAaHCTBA MeeTCA IBOMCTBEHHOE €MY BEeKTOpHOe
MMpOCTPaHCTBO. HpI/I 3TOM BEKTOPpHOE€ IIPOCTPAaHCTBO, IBOVICTBEHHOE HOPMMPOBaH-
HOMY, CaMO SBJII€TCA HOPMIMPOBAHHbIM. B clenyrwiieM orpeaejeHnin rnpearosiara-
eTCd, UTO VKOHe‘{HOMepHO, YTOOBI 30€KaTh TOIIOJIOTMYECKMX TOHKOCTE.

Omnpenenenve 10.2 (OBOJICTBEHHOE BEKTOPHOe IpOCTpaHCTBO). Ilycth V -
KOHEUHOMEPHOEe BEeKTOPHOE MPOCTPAHCTBO HaJL C ¢ HOPMOIi || - ||. I BOVCTBEHHBIM
MpocTpaHCTBOM VY mpocTpaHcTBa V Ha3biBaeTcss C-BEKTOPHOE MTPOCTPAHCTBO BCEX
JIMHeHbIX GyHKIM V - C ¢ HOpMOii

Vo
LA = max |f(w)].

lvl=1
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OnemeHTHI VY Ha3bIBAIOTCS TMHEMHBIMM QYHKIIMOHATAMMU.

[TpoBepbTe, YTO ABONMCTBEHHAsI HOpMa U3 ornpenenenys 10.2 geiiCTBUTENbHO SIB-
nissieTcst Hopmoii. Tak Kak dim V u dim VY paBHbI, BeKTOpHbIe ITpocTpaHcTsa Vu VY
130MOpQHBI. [IeiiCTBUTENbHO, 6a31C V MOKHO 0T0OpasuTh B 6a3uc VY. Bbi6op 130-
Mop@du3Ma IIPOU3BOJIEH, IOTOMY UYTO pasHble 6a3MChl OOBIYHO IMPUBOAST K PA3HBIM
usomopdusmam. Kpome Toro, Takue 130Mop(um3Mbl, BOOOIIE TOBOPSI, HE SIBJISTIOTCS
U30METPUSIMU, T. €. He COXPAHSIOT HOpMY. OFHAKO CYIIeCTBYeT «KaHOHUYECKUIT»
M3oMeTpuueckmii usomopbusm mexkay V u VYY) KOTOPBIII MOXKHO OIpenenuTh,
He Mmpuberast K TaKOMY ITpOM3BOJILHOMY BbIOOPY 6a3uca.

Teopema 10.3. [Iycms V — KoHeuHOMepHOe 8eKMOpHOe NpocmpaHcmso Had C

¢ Hopmoli || - ||. Zins no6ozo v € V onpedenum «omobpaxeHue ssiuucieHus» ev,: VV— C
VV

KaK ev (f) f(v). @yukyua V - VYWV > ev, 2619emca usoMop@husmMom 6eKMopHbIX

npocmpaxcme. bonee mozo, oHa sisemcst usomempueii HOpMUpoB8aHHbIX 8EKMOPHDIX

npocmpancms: ||ev ||VV=||v||.

Lokazamenscmeo. HeTpynHO BUeTh, YTO €V, =Aev, uev  =ev +ev .IlosTomyve ev,
SIBJISIETCSI TOMOMOP(}13MOM BEKTOPHBIX IIPOCTPAHCTB. Ero siipo Hy/eBoe, a CpaBHe-
HIe Pa3MepPHOCTe IMOKa3bIBaeT, UTO 3TO JNOKEH ObITh M30MOP(GM3M BEKTOPHBIX
MPOCTPAHCTB. UTOOBI TTOKA3aTh, YTO OH SIBJISIETCS] M30MeTpHUeli, CHauaIa JOKaKeM,
YTO BepXHsIsl TpaHuia ||ev, ||V paBHa:

levo|VY = max |f(v)| < vl
evy
I/1v=<1

I7ie Mbl BOCIIO/Ib30BaIMCh TeM pakTom, uTo [f(v)| < |If]|Y ||v]|. DTo cremyeT u3 onpene-
nenus ||f]|¥. Kpome Toro, 06s13aTesibHO cymiecTByeT yHKIMoHan f ¢ ||f]|V < 1, Takoii
uTo |f(v)| = ||v||. el icTBUTENbHO, TONOKMUM f(av) = a||v|| Ha Span{Vv} ¥ MPOJOIKUM €ro
Ha Bce V. Takoe mpopo/KeHe BCerga BO3MOXKHO, ITIOTOMY YTO V KOHEYHOMEpPHO,
mosTomy V uMmeeT 6asuc, comepsKaminii v. O

lpumep 10.3. BeKTOpHOE MPOCTPAHCTBO, ABOViICTBeHHOE C[G], COCTOUT U3 BCEX -
HeliHbIX QyHKIMit 13 C[G] B C. OmHako nwobast nuHeltHas GyHkuus f: C[G] - C ompe-
JensieTcs CBOMM 06pa3oM Ha 6a3MCHBIX BeKTOpax & , Iae x € G:

f(zux5x> = Zuxf((sx)

xeG xeG

CnemoBaTtenbHO, JuHelHbIe GyHKIMKM HAa C[G] sKBMBaneHTHbI 2nemMeHTam CC.
C TOYHOCTBIO 10 3TOTO KaHOHMYECKOro usomoppusma C, cosnangaer ¢ C[G]". Ecm
C[G] cHabxeHO p-HOPMOJ, TO BOJiCTBeHHasi HOpMa Ha C, siBnsietcs p/(p — 1)-Hop-
Moii. B ympakaenun 10.2 BaM OyzIeT IpeIjIosKeHO ToKa3aTh 3TOT ¢akT. Ciryyaii p = 2
0CO0ObIV: HOpMa, IBOVICTBEHHAS eBKIMA0BOI, caMa SIBJISIETCST €BKIMUI0BOI HOPMOJA.
OTcrofa ciemyeT, YTO OTOOpaskeHe

Fe o LA,

|G xeG
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ABJISIETCA M30MEeTpUYecKum usomoppusmom mexay (CS || - |,) u (C[C], || - |I,)-
Taxk Kak HOpMMUPOBaHHOE BEKTOpHOe mpocTpaHcTBO (C[G], || - ||,) M30MeTpuIecKku
130MOPGHO CBOEMY JBOVICTBEHHOMY, OHO Ha3bIBAaeTCsl CAMOABOICTBEHHBIM. o

10.1.2. MpocTpaHcTBa CO CKANSIPHBIM NPOU3BEAEHUEM

B npumepe 10.3 1mokasaHo, YTO €BKJIMIOBA HOPMaA SBJISIETCS CaMOJBOVCTBEHHO.
OJTO TaKKe c/ieyeT M3 TOTO, UTO OHA MHAYLMPOBaHa CKaJSIPHbIM MPOM3BeeHNEM.

Omnpenenenvie 10.4 (IpOCTPaHCTBO CO CKaSIPHBIM IMpou3BeAeHueM). [Iycts V -

BEKTOpHOe TpOoCTpaHCTBO Haf, C. CKaJsSIpHBIM Mpou3BelieHMeM Ha V Ha3bIBaeTCs

dyukums Vx V- C, o6o3Hauaemas (-,-), Takast 4To:

(1) mst mobbIX X, y, 2 € VU A, € C (x, Ay + uz) = Mx, ) + (X, 2);

(2) OHa AaHTMCYMMeTPUYHA: (X, y) = (Y, X) IJIs TIOOBIX X, Y € V;

(3) s mo6oro x € V (x, x) > 0, mpMueM paBeHCTBO MMEET MECTO TOTHA M TOJbKO
Torga, Korma x = 0.

CJ'IE,[LyIOI.LU/If/I pe3yjibTaT MMOKa3bIBA€T, YTO no6oe IIPOCTPAHCTBO CO CKAJIAPHBIM

IIpon3BeJeHNneM ABJIsSIe€TCSI HOPpMIMPOBAHHBIM.

Teopema 10.5. Eciu V — 8ekmopHoe npocmpaHcimeo o CKAISAPHbIM NPOoU38edeHUeM
(-,), mo x = ||x|| = /{x,x) g6asemcs Hopmoti Ha V.

Boree Toro, Bcsikoe MpOCTPAaHCTBO CO CKAISIPHBIM IIPOM3BeLeHMEeM SIBJISIeTCS Ca-
MOJBOVCTBEHHBIM B cMbIciie mpumMepa 10.3. B ciepymoieii TeopeMe aHTUM30MOD-
(13MOM BEKTOPHBIX IIPOCTPAHCTB HaJl C Ha3bIBaeTCsS 06paTUMoe OTOOpaxkeHNue f,
Takoe uTo f(Ax + uy) = Af(x) + uf(y) aast Bcex X u y u cKajsipoB A u y. Heo6xoammocThb
B aHTMM30OMOp(DU3Max OOBSICHSIETCST TpPeGOBAHUSIMY AHTUCUMMETPUUYHOCTU
Y TTOJIOXKUTEIbHOM OIpefle/IeHHOCTY CKaJISIPHOTO MPOU3BeeHMs.

Teopema 10.6. [Tycms V — KOHEUHOMEPHOE 8EKMOPHOE NPOCMPAHCMBO CO CKANISIPHBIM
npoussedeHuem {-,"). Ina nwobozo x € V onpedenum x* € V¥ kak x*(y) = (x, y) 011 6cex
y € V. OmobGpaceHue x — X* 1611emcsl U30Memputeckum aHmuu3omoppumom.

Lokazamenscmeo. CM. yripaxkaenue 10.4. O

lpumep 10.4. CranmapTHOE CKaJISIpHOE Mpou3BezieHne Ha C , onpesiensercs caenyo-
M 06pa3oM:

1 -
(&) =G > F) g,
xeG

Hns G = ) 9T0 CKaNspHOE TIPOM3BE/IeHN e, KOTOPOE Mbl MCIIO/Ib30Ba/IM B YIIPaXK-
HeHuu 2.1. [Toxoxee ckaisipHOe TIpou3BesieHNe omnpeneneHo Ha C[G]:

(w.v) = |G| Y Ty vy,

xeG

rae u v — BEKTOPbI C KOOpAMHATAMMU U, UV, , X € G, COOTBETCTBEHHO.
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B cuny Teopem 10.3 u 10.6, 3Tu ckassipHble TPOU3BeeHUSI UHIAYIIUPYIOT U30Me-
Tpuueckue aHTUM3oMopbuambl Mexkmy C° u C[G]. CrnemoBaTeNbHO, €C/IM paccMaT-
pUBaTh TOJNIBKO CTPYKTYPY €BKIMIOBOI HOPMBI, TO 3TU MPOCTPAHCTBA BO BCEX OT-
HOILIEHUSIX Hepa3JINuMMBbl. =

[IpocTpaHCTBa CO CKAISIPHBIM MPOM3BeeHNeM JOMYCKAIOT FeOMeTPUIECKYI0 UH-
TepripeTaiio. [OBOPST, UTO IBa BEKTOpPA OPTOTOHA/IbHBI, €C/IV UX CKaJISIpHOE TTPO-
u3BeJleHNne paBHO Hy/t0. To ecTh u L vV TOTAA U TOJBKO TOTAQA, Koraa (u, v) = 0. basuc,
COCTOSIIIMI 13 B3aMMHO OPTOTOHA/IbHBIX BEKTOPOB C eIMHMYHOI HOPMOIi, Ha3bIBa-
eTCsl OPTOHOPMMPOBAHHBIM.

Boob11ie, Mopmesb CKaJsIpHOTO IMPOM3BENEHMSI IBYX HOPMMPOBAHHBIX BEKTOPOB
MOKHO MHTEePIPeTUPOBATh KaK KOCMHYC HaMMEHbIIIeT0 yI/Ia MeXIy HUMM — XOTSI JJIsT
BEKTOPOB, OTIIMYHBIX OT BEIIeCTBEHHBIX, HEKOTOPbIE MPEeATIOUUTAIOT OTTPeAeIsiTh YTOJ
Kak Bell[eCTBEHHYIO YaCTbh CKAJISIPHOTO Npou3BeneHus. B ynpaknennn 10.7 noHsitue
yIJIa MEeXKITY BeKTOpaMy 0000IIaeTcsl Ha YIoJl MeXKIy TBYMSI ITOAIPOCTPAHCTBAMIMA.

Teopema 10.7 (meopema Iugazopa). /lns 11060l napsl 0pmMozoHAIbHbIX 8€KIMOPO8 U
UV 8 npocmpaHcmee co cKaisipHolm npoussederuem ||u + v||?= [|u])?+ ||v||%

Zokazamenbcmao. Pe3ynbTat cjienyeT U3 TOTO, uTo ||[u + V||?={(u+v,u+v)u (u+v,
U+ V)= qu, u) +u, vy + (v, u) + (v, V)= P+ VI, v) + s, v).
Tak Kak u 1 v OpTOTOHaJIBbHBL, (U, V) = 0. O

OpTOTOHAILHBIM [OTIOTHEHMEM TIOAMPOCTPAHCTBA V IIPOCTPAHCTBA CO CKAJISIP-
HbIM TpousBemeHneM U Ha3bIBaeTCs BEKTOPHOE MPOCTPAHCTBO VY, cocTosinee u3
BCEX BEKTOPOB, OPTOrOHAIbHBIX V-

Vi={u e U| (v, u) =0 nnsa nwoboro v € V}.

B ynpaskaennu 10.5 Bam HY>KHO OyIeT 110Ka3aTh, YTO OPTOTOHAIbHbBIE JOTIOTHE-
HUSI SIBJISIIOTCS TaKkKe ayrebpamueckuMy nornoaHeHusmu. To ects U = V @V, rne
@ o603HavaeT BHYTPEHHIOW MPIMYyI0 cymMmMy. Clie1oBaTeIbHO, MOKHO OIpPenenTh
npoexuuio 77,: U— Ve agpom V. [l moboro u € U 7T, (u) Ha3bIBaeTCs 0pN020HAb-
Holl npoexyueti u Ha V.

Cnenymouiuii pe3yibTaT, KOTOPbI MHOTAA Ha3bIBAIOT meopemoti 0 Hauryyuiel an-
npokcumayuu, BaskeH B CBSI3U C TPOCTPAHCTBAMU CO CKaSIPHBIM MPOU3BeleHEM.

Teopema 10.8. ITycms V — noonpocmpaHcimeo KOHEUHOMEPHO020 NPOCMPAHCMed
co ckansipHsim npouseedeHuem U. OpmozoHanvHas npoekyust u € U Ha V sensemcs
mouxkoti, Onuxcatiweti K u:

lu = 71,)]| = min [ju - v]l.

Kpome mozo, ecnu u He opmozoHaneH V, mo

| (T (), u)| (.}

= |7y (u)|| = max
7z )l veV vl

Jokazamenscmso. TlepBoe yTBepXKIeHNEe COCTOUT B TOM, YTO OPTOTOHAIbHASI TPOEK-
IMsI MUHMMU3UPYET HopMmy. 1715 lio6oro v € V u3 TeopeMbl [Tndaropa cienyer, uTo

llu = vIi*= llu = m, ) +v-m,@lP*=ju - m @+ ||v - m,w*
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CnemoBarenbHO, e vV # 71,(u), TO |[u = v|| > |[u — 7 (u)||. Bropas yacTb Teopembl
BBITEKAET M3 TOT'0, UTO JII000i HEHY/IEBOi BEKTOP V € VyIOBJIETBOPSIET HEPABEHCTBY

[(u,v)| Ny (u),v)]
= < llmwy @)l
vl lvll
Ha stom J0Ka3aTeJIbCTBO 3aBepliaeTcsd. (]

10.1.3. CuHrynsipHoe pasnoxeHue

ConpsiyeHHbiM TUHEITHOMY oToOpakeHMio L : U » V MeXny IpoCTpaHCTBAMU CO
CKaJISIpHBIM pou3sBemenyeM Un V HasbIBaeTcs JMHeliHoe oTobpakeHue L : V- U,
OJHO3HAUHO OIlpefiessieMOoe COOTHOIIeHMeM

(LI(v), u) = (v, L(w))

st mo6bIX u € U n v € V. MaTpUUHBIM TpeficTaBieHneM LT OTHOCUTENbHO IBYX
6a31COB OYIEeT COIpPSIKeHHO-TPAHCIIOHMPOBaHHAs MaTpuila L OTHOCUTEIbHO TeX
ke 6a3MCOB. ATO CJIeIyeT U3 aHTUCUMMETPUUHOCTY CKaISIPHOTO ITPOM3BEeIeHMS.

JIuHeitHoe oTobpaskeHue LIL siByisieTcst camoconpsikeHHbIM: (LFL)T= LTL. BaskHblIii
pes3yIbTaT JMHENHOI anre6psl 3aK/II0YAeTCsS B TOM, YTO CAMOCOMPSKEHHbIE OTO-
OpaskeHMsT MMaroHaaM3yeMbl OTHOCUTEIBHO OPTOTOHAIBHOTO 6a3uca (CM. YIIpask-
nenue 10.8). To ecThb cyIecTByeT OpTOHOPMMUPOBAHHbIN 6a3uC U, ..., U, COCTOSAILMIA
13 coO6CTBeHHBIX BeKTOPOB LTL. [TockonbKy (L(u), L(u)) > 0, COOTBETCTBYIOIIVIE COO-
CTBEHHbIE 3HAUEHUS SIBJISIIOTCS HEOTPUIATeNbHBIMMU BellleCTBEHHBIMM UYMCIaMU
ol > ... > o5 [lonoxum v, = L(u,)/o, inst 0,7 O TOMOJHMUM 10 OPTOHOPMMUPOBAHHOIO
6asucav,,...,v,06pasa L. DTo oKa3bIBaeT, uTo J0boe NMHeliHoe oTo6paxkeHue L :
U — Vumeer cuHzy/sipHOE paslonceHue.

Omnpepenenue 10.9 (cunrynsipHoe pasioxenue). [Iycte L : U - V — nuHelHOe
OTOOpaskeHMEe MeXIY MPOCTPAHCTBAMM CO CKaJsIpHbBIM mpousBepeHueM U u V,
W IYCTb 02> ... > 0% — cobCcTBeHHble 3HaueHus1 L'L. CuHTynsapHOe pasioxeHue L
COCTOUT U3 OPTOHOPMUPOBAHHBIX 6a31COB {u,, ..., U} u {v,, ..., v,} mpocrpancts U
1 V COOTBETCTBEHHO TaKMX, YTO

d
L(x)=Y_oi (u;,x)v;

i=1

nasa moboro x € U. Bekrops! u,, ..., U, U V,, ..., U, HA3bIBAIOTCS JIEBHIM ¥ IPaBbIM
CUHTYJISIPHBIMM BEKTOPAMM COOTBETCTBEHHO.

10.1.4. TeH30pHbIe NpOU3BEAEHUSI BEKTOPHbIX MPOCTPAHCTB

TenzopHbIM Tipou3BeneHneM C-BeKTOpHBIX TpocTpaHcTB U u V' Ha3sbiBaeTcs
C-BekTOpHOE MpocTpaHCTBO U ®V B COBOKYITHOCTU C OUIMHENHBIM OTOOpaKeHM-
eM ®: Ux V- UGQ V, 061agaomyuM «yHUBEPCATbHbIM CBOVICTBOM», — OHO e[IMH-
CTBEHHBIM 06pa30M JIMHeapu3yeT MPOU3BOJIbHbIE OMIMHETHbIe 0OTOOpaxkeHMs. Tou-
Hee, 7151 J1I060r0 oToOpaskenust T : U x V — W, TMHeITHOTo 110 KaXKI0 IepeMeHHOi
(6MIMHEITHOTO), CYIIeCTBYeT eqMHCTBEHHOE JiuHeliHoe oToopakenne L : UQ V- W
Takoe, 9to T(u,v) = L({u Q@ v).



138 <« OyHKuMKM Ha abeneBbix rpynnax

ODTO ellle He ONpeLessieT OOHO3HAYHO TEH30PHOEe IPOM3BelleHNe ABYX BeKTOP-
HBIX IIPOCTPAHCTB. OIHAKO €C/I 1Ba BeKTOPHBIX IIpocTpaHcTBa UR), Vi UR,V 06-
JIafAl0T BBILIEYITOMSIHYTbIM YHUBEPCAJIbHBIM CBOVCTBOM, TO CYyILECTBYeT eAVH-
crBeHHblii n3omoppusm 6 : U®, V- U, V, Takoii uto ®,= 0 ° ®,. FimeHHO
MMO3TOMY MbI MOXeM TOBOPUTH O TEH30PHOM IPOM3BeAeHNNM, He OnacasiCh IBY-
CMBICJIEHHOCTH.

9TOo cTaHAapTHOE OTIpeeneHye TEH30PHOTO ITPOM3BeIeH ST, HO OHO ab6CTPaKTHOeE.
B KOHKpEeTHBIX CTyJastX yIOOHO paboTaTh C KOHKPETHBIM ITOCTPOEHEM TEH30PHOTO
npousBeneHys1. CeAyIoLnii IpMUMep UILTIOCTPUPYeT 3Ty MbIC/b Ajist C[G]u CC.

Mpumep 10.5. CBOGOIHOE BEKTOPHOE MMPOCTPAHCTBO C[G*] Ha mapax 3;1eMeHTOB G SIB-
JISIeTCsl TeH30pHBIM TTpou3BeneHneM C[G] c coboit ke, rae oTobpaskeHne @ ompene-
neHo Kak 6, ® 6, =6, . B siBHOM Buze C[G] ® C[G] = C[G?].

)"
AHAaJIOTMYHO BEeKTOPHOE MPOCTPaHCTBO €O (byHKIIMIT ABYX IepeMeHHbIX Ha G SIB-
JIs1eTCA TEH30PDHBIM IIPDOM3BEIeHNEeM CG C CO6OI71, M B 3TOM Cl1y4yae ® oripeneJIeHO KakK

F® &), y) =fx) 8W)-

B pasgene 10.2 u miaBe 11 mmom meH3opHbiM npoussedeHuemM Bcerga 6ymeT MOHMU-
MAaTbCSI OHO U3 3TUX IBYX KOHKPETHBIX ITOCTPOEHMUIA. o>

DfleMeHTbl TeH30PHOTO TPOM3BeNeHMsI NBYX BEKTOPHBIX MPOCTPAHCTB MHOIIA
Ha3bIBAIOT TEH30PaMM, a 3JIeMeHThbI BUAA U Q) V — 3/IeMeHMApHbIMU TEH30paMU, WIN
TeH30paMu Nepeozo paHad.

[TockonbKy MHelHbIe GYHKIMM U3 OJJHOTO BEKTOPHOTO MmpocTpaHcTBa U B Apy-
roe BEKTOPHOE MIPOCTPAHCTBO V caMu 06pa3yioT BEKTOPHOE MPOCTPAHCTBO, TEH30D-
HOE TIPOM3BEIEHNE JTMHEMHBIX 0TOOpaskeHMIi KOPPEKTHO OIpeesieHo. TeH30pHoe
npoussenenne L Q...QL, nmuHelHbIX 0ToOpaxkeHuii L, : V,— U, MOXHO KaHOHWYe-
CKM UIEHTU(GUIVPOBATH C TTIOMOIIbIO JIMHEITHOTO OTO6PaskeHMST

n n
X Vi~ QUi

i=1 i=1

VIR - Qu, > (L1v]) @ ---Q (Lyvp).

Matpuunoe npencrapnenve L, ® ... @ L, oTHocKTenbHO 6asucos Q! Un Q! V,
COCTOSIIIEE M3 TEH30POB IIEPBOTO PAHTa, SBJISIeTCs pousBeneHemM Kponekepa (cm.
[71aBy 2) n MaTpull,.

10.2. AHANM3 DYPBE HA KOHEYHBIX
ABEJIEBbIX IPYMMAX

ATOT paszes MOCBSIIEeH MPOCTPAHCTBY CO CKAISIPHBIM ITpou3BeneHmeM CC QyHKIMI
Ha KOHeuHOI1 abeneBoii rpymme G. Eciu 3amans! dyakums f € C° u KoHcTaHTa t € G,
TO MOYKHO OTIPeIeIUTh HOBYIO QYHKLNIO X — f(X + t) C IOMOIIIbIO caBura. [Io-gpyromy
MOXXHO CKa3aTh, 4yTo Tpynna G neiictByer Ha C°. Kak mokasaHo B 9TOM pasjiesie, 3T0
IeliCTBIME eCTECTBEHHO MPUBOIUT K Mpeobpa3oBaHnio dypbe.
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10.2.1. XapakTepbl rpynnbi

BospeiicTBre nepeHoCoB Ha KOOPAMHATHI GyHKLMIE B CTaHIapTHOM 6asuce C Heyno06-
HO: 6a3VICHbIE BEKTOPBI MEHSIIOTCSI MeCTaMM ITePeCTaHOBKO & — &L, UTO COOTBETCTBY-
eT YMHOKEHMIO Ha MaTPUITy IlepecTaHoBKY. BbuTo 0661 yooOHee, ecyiv 6bI BO3IEICTBIE
CIBUTA CBOAMIOCH K ITPOCTOMY MACIITa6MPOBAHMIO KOOPAVHAT, T. €. YMHOKEHUIO Ha
IMArOHAIbHYI0 MaTPUILY. DTOTO MOKHO JOCTUYb, €C/TV paboTaTh B APYToM basuce.
YT0O6BI AMATOHATM3MPOBATH NEVICTBIME TPYIIITLI, HOBbIE 6a3MCHbIE BEKTOPDI TOJDKHbI
OBITb COOCTBEHHBIMM BEKTOpPaMJM MHOKECTBA OTIEPATOPOB CABUTA. 3apaHee He SICHO,
pas3mesIoT JIM 3TY OIlepaTophl 00LIMIT 6a31C COOCTBEHHBIX BEKTOPOB. OKasbIBaeTCs,
YTO 9TO TaK, TOIBKO ecyv rpynmna G abeneBa. OyHKIMA y : G — CABgeTCs 06umm cob-
CTBEHHBIM BEKTOPOM [IJIST BCEX CABUIOB TOIIA U TOABKO TOIAA, Koraa y(x + t) = x(Hx(x)
LIS TIOOBIX X, t € G. VIHBIMM CJIOBaMU, Y IOJIKHA GBITh TOMOMOP(M3MOM 13 G B MYJTb-
TUIIMKATUBHYIO rpyniry C= C\ {0}. 3To BefeT K wienyoemMy onpeneneHnIo.

Omnpepenenne 10.10 (mBoiictBeHHas rpymma). Ilyctb G — KoHeuHas abGeyeBa
rpymnra. KoMIjiekKCHbIM XapakTepom G HasbiBaeTcs romomopdusm rpymmn G — €.
IIBoiicTBeHHOV B cMmbicie IloHTpsArmHa K rpymnmne G HasbiBaeTcsl rpynmna G Bcex
xapakTepoB G ¢ oniepalyeil IoOTOYeYHOTO TPOU3BeeHNS.

[ToToyeuHbIM MPOM3BEAEHNEM [BYX XapaKTePOB y U 1) Ha3bIBAeTCS XapakKTep X +
X(X)(x). B Kaxxnoi Tpy1re uMeeTcs: TpUBUAIbHBIN XapakTep x — 1, KOTOPbI feii-
CTBYET KaK HETPaIbHbIii 3JIEMEHT ITOTOUEYHOT0 YMHOKeHMsT. O6PaTHBIM K ) SIBJISI-
eTcs Xapakrep X = x(-x) = y(x). [ToaTtomy G feiiCTBUTENIBHO SIBJISIETCS TPYIIION, KaK
u 3asBJieHO B onipenenennu 10.10.

[TpoucxoskmeHMe TEPMUHOIOTUY «IBOVICTBEHHASI IPYTINa» OObSICHSIETCS CJIeyIo-
el TeopemMoii, aHaJIoTMYHO Teopeme 10.3.

Teopema 10.11. IIycms G — KoHeuHas abenesa zpynna. JIns no6ozo x € G onpedenum
«omobpaxcenue vruucaeHus» ev, : G — Cxaxk ev (x) = x(x). llo6oe omobpasxeHue 8suuc-
JieHus ev onpedensiem xapakmep G. Kpome mozo, pyHKYus X = ev_a6151emcs u30Mop-
pusmom zpynn, omobpaxcarowum G 8 epynny, 0goticmeeHHyio dgoticmeerHoii G.

Hokazamenscmeso. CM. yipaxkHeHue 10.9. O

A
OxaspiBaeTcs, YT0 G 1 GU30MOP(QHBI C TOI OTOBOPKOJL, YTO KAHOHNYECKOT'O BbI-
6opa n3omopdusma He cyuiecTByeT. B mpumepe 10.6 BbIUMCISETCS TPYIINA, ABOJ-
CTBEHHas UMKINYECKOIL. YKke 3eCh yCTaHaBIMBAETCSI YaCTHBIN C/Ty4yail pe3ysbTara.

lMpumep 10.6 (rpymma, OBOJCTBeHHAs LMKIMYeCKOi). O603HaUMM Z afJUTHUBHYIO
TPYTITY 1IeJIbIX YKces o MOoAyso n. Tak kak nx = 0 1 mo6oro X € 7, IJisl KaXI0T0

xXapaxkTepa y uMeeT MeCTO paBeHCTBO y(x)"= 1. [ToaTomy Z SIBJISIETCSI TPYIIIION C 3KC-
TIOHEHTOM, He TpeBbIlaoliei n. Kpome toro, y(x) = x(1)* }1}1}1 mob6oro x € Z, . Otciopa
N

C/IeflyeT, 4To Z  — UMK/IMdecKas IpyIna nopsiKka, He PeBbIaloero n.

O603HauuM { TIPUMUTUBHBI KOpeHb Nn-il CTEMeHM U3 eOUHMUIIbI, TaKOoii 4TO

.= e27V=1/n Begras GbyHRUMA y, @ X © {“ ABIAETCS XapaKTepoM Z , IIOTOMY YTO
x,0)=1nu

X, (x +y) =g =gugy=y () x,()-
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A
Bbiie GbUIO TT0KA3aHO, YTO MOPSAOK Z, He MPEBBILIAET N, TIOITOMY (YHKIINM

X+ (“BIAIOTCA eOMHCTBEHHbIMM XapakTepamu Z . Ha camom nene u ~ x, — U30-
MOp(QU3M MeXAY Z ¥ JBOMCTBEHHO eii IPymIoii. 3TOT u30MOP(MU3M 3aBUCUT OT
BbIGOPA (. >

[Tpsamori cymmoit G @ Hrpyni G 1 H Ha3bIBaeTCs TPyIIIia C MHOKeCTBOM 3JIEMeH-
T0B G*Hu onepauwueii (a, b) + (¢, d) = (a + ¢, b + d). Cepyroias reopema oInmcbBaeT
CTpyKTYpYy G @ H.

Teopema 10.12. [Iycmp G u H - koHeuHble abenessl epynnel. Cywecmeayem u3omoppusm
mexdyGP Hu G P H:

X X Xe>
20e y u x,,0003Hauarom ozpanuuenue y Ha G u Ha H coomsemcmeeHHo.

Jokazamenscmeo. O603HauMM f oTOOpaskeHue, onpefeeHHOe B TeopeMe. ITO Aeli-
CTBUTEHHO TOMOMODGM3M, TOTOMY UTO f(x1h) = (1) o> OW),) = b Xighy) = (o X,

(¥ ¥,)- Kpome Toro, aTo 61eK1ms, IOTOMY UTO 06paTHOe 0TOOpakeHMe MeeT BI,
§:061) = (x,Y) = x()P().
HeiicTBUTENbHO, (X, ¥),= XU 80X, ), = . O

OcHOBHas TeopeMa KOHEUHbIX abeieBbIX I'PYIIN YTBEPsKAAeT, UTO JT06ast KOHeU-
Hasl abesieBa rpymna n3oMop@Ha MpsMoii CyMMe IMKINYeCKuX rpyrr. To ecTb

G= @ L.
n
B cuty Teopembr 10.12 u mpumepa 10.6, oTciofa cjienyeT, YTO

=Pz, =Pz =c.
n n

CremoBaTesbHO, BCAKAs KOHeUHast abeyieBa rpyria n3oMopdHa qBOCTBEHHOI
cebe. BaxkHee, BIIpOYeM, TO, YTO MyTeM BbIGOpA CrENMUATLHOTO M30MOpPDU3Ma
U CJIeMTys TI0 TIPMBEIeHHOIA BhIIIIe IIeITOUKe PACcCy>kAeH it B 00paTHOM HAIIPaBIeHUH,
3/IEMEHTHI IBOICTBEHHOI TPYIIITbI MOKHO HaTH SIBHO.

Ipumep 10.7. Tpynna F? usomopdpua F,DF,D .. @F, OnMH U3 BO3MOKHBIX
M30MOPPU3MOB — OTOOpaskeHue X = (X,, X,, ..., X ), [Ae X, — i~ KOOpAMHATA X
B cTaHgapTtHoMm 6asuce. B cuny npumepa 10.6, F, = {y, ¥}, toe 9 (x) = (-1)*~
CnemoBaTebHO, ObpaieHe u3oMmopdusma u3 teopembl 10.12 moKa3bIBaeT, UTO
xapakrepamu [F) SBJISTIOTCSI

n

xu @) = [ v ) = (=)™,

i=1

B 4acTHOCTH, U - y, AB/IAETCA M30MOP(U3MOM MEXKMY IPYIIoii [F) 1 ABOVCTBEH-
HOI1 eJi. >

HamomHMM, 4TO IlepBOHAYaJbHOM IIPUUMHONM [OJjs BBeOEeHMS IBOVICTBEHHON
TPYIIBI O6BUIO TO, YTO XapaKTepbl TPYIIIbI SBISIOTCS COOCTBEHHBIMM BEKTOpPAMU



®,

10.2. Anamm3 @ypbe Ha KOHEUHbIX abeneBbIX Tpymmax < 141

nevicrBusa casura G Ha C,. Yncno xapakrepoB G paBHO |G|. Kpome Toro, u3 cremy-
Iollelt TeopeMbl BbITEKaeT IMHeHasl He3aBUCUMOCTb XapakTepoB. CTano 6bITh, Xa-
pakTepbl 06pasyIOT MOJHbII 6a31C C ,, COCTOALIMIE U3 COOCTBEHHBIX BEKTOPOB.

Teopema 10.13 (OpTOroHAJIBLHOCTb XapaKTePOB). s n00bIX Xapakmepos y u i Ko-
HeuHoll abenesoli 2pynnsl G umeem Mecmo ciedywuiee:

L, ecrm x =1,
(0 B IIPOTMBHOM CiIy4ae.

¥ =

Hnoimu cnosamu, xapakmepst 00pasyiom opnoHopmuposanHtetii 6asuc C.

Lokazamenscmeo. I1o orpesieneHnIo CKaIIPHOTO MpousBenenns Ha C,

Zx( W) =1 Z(Wx)(x)

xeG xeG

I7e BTOpOE PaBeHCTBO CJIeAyeT U3 TOro ¢akTa, uTo y SIBIsIeTCst obpaiieHmeM y. Eciamn
Y = x, To P/x = 1 U ckansipHOe Tipou3BefieHne paBHO 1. Ecnu i # y, TO CylecTByeT
3HaueHue t € G, TaKoe 4TO (w/)()(t) # 1. Orcoma

G EZGW/x)( 0= %(:;(I/f/x)(x +1) = W/ X)) @ Z(l/f/x)( ).
X X 7é1
W3 3TOr0 paBeHCTBa CIeyeT, YTO CKaAIpHOe IIPOU3BeleH)e PaBHO HYIIIO. O

10.2.2. NpeobpazoBaHne Pypbe

ITpeo6pasoBaHe Dypbe — 9TO, TIO CYIIECTBY, IIepexof, OT 6a3yca XapaKTepoB K CTaH-
maptHOMy 6asmcy. OnHaKo 4ToObI M36€KaTh BHIOOPA MPOM3BOIBHOTO M30MOPPU3Ma
mexny G u G, ydiie OnpesiesIMTh ero Kak rpeobpasosanue C° B CC. TIpu Takom orpe-
meneHuy peobpasoBanne Pypbe oTobpakaeT xapakrep y € G ¢ CY HerocpeCTBEHHO
B BEKTOpP CTaHIAPTHOTrOo 6asuca & € CC. [ToCKONbKY XapaKTepbl TPy OPTOTOHATbHbI
(1o Teopeme 10.13), onpenenenme 10.14 maet skemaemoe npeo6pasoBaHie 6asuca.

Onpenenenne 10.14 (npeoGpasosanne ®dypbe). Ilycts f : G - C - HekoTOpas
dyukums. [TpeobpasoBanneM Oypbe fHa3biBaeTcs GyHKIMs f : G — C,onpemeneHHast
CJIeIyIOIIIM 00pa3oMm:

Fo0 = (x, Zx(x)f(x)
|G| xeG

IIpeo6pasosanne dypbe — 310 oTOGpakeHue F : C° - (Cé, oIpeieJIeHHOe KakK
Fh=1.

Kaxk 6p110 cKa3aHo BbllIe, mpeobpasoBanme Oypoe F us onpenenenus 10.14 oro-
OpaskaeT KaKIblii XapaKTep y B COOTBETCTBYIOIIYIO (QYHKIMIO CTAaHIapPTHOTO Oa3ui-
ca &. Hanomuum (cm. mpumep 10.3), uto C¢ nBoiictBeHHo C[G]. B wacTHOCTHM, OJ1s1
6a3uca XapaKkTepoB CYIIEeCTBYeT 080LicimeeHH blil 6a3uUc, COCTOSIIMI 13 BEKTOPOB x*,
ompenesIleHHbIX KaK
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=G Zx(x)s

xeG

3aMeTUM, UTO y* — pe3y/bTaT IPUMEHEHNS] aHTUM30MOopQu3Ma 13 Teopembl 10.6
K x. [To Teopeme 10.13, ¥(x*) = {x, Y) = 1, ecnmu y = , ¥ HYJIIO B IPOTUBHOM CJIy4yae.
OTO CBONMCTBO, K KOTOPOMY are/uiMpyeT TePMUH «IBOVICTBEHHBIN 0a3uc».
COOTBETCTBEHHO, CYIIECTBYET [BOJCTBEHHAasl Bepcus IipeobpasoBaHuss Dypbe,
ompeeeHHAas ITyTeM 0TOOpaskeHMS KaKIOT0 BEKTOPA y* B COOTBETCTBYIONIMI BEKTOD
CTaHIapTHOro 6asuca &. B cuimy opToroHasbHOCTM XapakTepoB (Teopema 10.13),
cylenyrolee orpefesieHye peayn3yeT 3TO Ipeobpa3oBaHue.

Omnpepenenne 10.15 (mpeobpaszoBanne Oypbe, IBOICTBEHHOE). [TyCTb U — BEKTOP,
npuHaznsexammii C[G]. [Ipeo6pasosanmem dypbe u HasbiBaeTcsa BekTop i € C[G],
oIIpele/IeHHbII KaK

iy =) x(x)us

xeG

[TpeobpasoBanyem Pypbe HasbiBaeTcs oToOpaskeHue F: C[G] —» (C[é], ornpeneyeH-
Hoe Kak F(u) = ii.

«JIBoitcTBeHHOE» TIpeobpasoBanue dypore F u3 ompemenenust 10.15 cBsg3aHO
c nmpeobpasoBannem Pypbe F u3 onpenenenns 10.14 cootnomenuem F = F. 3nech
FV: C[G] - C[G] — pe3ynbTaT TpaHCIIOHUPOBaHUS F, OTIpe[leIeHHOTO COOTHOILIIEHMEM

fiF' (W) = F(H(u)
IUTST JTIOOBIX U € (C[é] u f € CC. Eciu mONoXKUTh B 3TOM paBeHCTBe U = FV(y)u f =y
paBHoOJi Xapakrepy G, TO IOTYyYUM § W) =Y00). Orcromau=uF=F".

Mpumep 10.8.TIpeobpasoBanne Oypbe U3 onpeneeHys 5.2 SIBIsIeTcs Mpeodpa3oBaHM-
em ®ypoe Ha C[[F}]. leiictBuTenbHO, B cuty npumepa 10.7, xapakrepamu [F) SBISIOTCSI

x,(x) = (1)
[TogcTaHOBKA 9TOrO paBeHCTBA B orpenenenye 10.15 qaeT onpenenenue 5.2. o

BekTopHoe mpocTpaHcTBO CC SIBJISETCS MPOCTPAHCTBOM CO CKa/ISIPHBIM IIPOM3-
BeJeHVeM

g =Y f00gx)

xeG

1151 MI00BIX f, g € CC. ITIpy TakoM BbIGOPE CKAISIPHOTO MTPOV3BeieHNs Tpeo6pa3oBaHye
Dypbe YHUTAPHO. AHAJIOTUYHbII Pe3y/IbTaT MMeeT MeCTO Jijist TpeobpaszoBaHus F.

Teopema 10.16. [Ipeobpa3zosarue Pypwe F : C°— co YHUmMapHo. 3mo o3Hauaem, 4mo
F1=Ft 20e F' — npeobpazosatue, conpsixerHHoe F. B senom eude ecnu f = F(f), mo

f@=2, X F 0.

XGG
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Lokazamenscmeso. 1o onpeneneHuto, mpeo6pa3oBaHme, CONMpPssKeHHOe F, IOBIeTBO-
psieT paBeHCTBY (F1(g), f) = (g, F(f)) mnis mobbix g € C° u f € CC. CnemoBaTenbHO, 11
JIIOOBIX Y U 1

(F'F)600) = [FO0.F ) = (57.6%) = 8% )
Otcrona cinenyer, yTo F ' = Ff. UTO 10 KOHKPETHOI (hOPMYJIbI, 3aMETUM, UTO

fo) = (F )60 = F(Fs) =Y x(x) Flx.

xeG

BTopoe paBeHcTBO cienyet u3 onpeaenenus 10.15. O

10.2.3. [iBoricTBeHHOCTb [OHTpArMHa

A A
Ceasb Mmexxny G u G mim Mmexny C°u C° HasbiBaeTcs dgolicmeeHHocmbio I[lonmpszuna.
OJTa IBOVICTBEHHOCTb IEPEHOCUTCS Ha oarpymnmnsl G u G.

Omnpepenenne 10.17 (aunynsTop). Iyctb G — KoHeuHas abeneBa TpyIIIa.
AHHYIATOPOM MOAMHOXecTBa H € G Ha3bIBaeTCs MOATPYIINa

H={xeG|vxeH:x(x)=1}.
AHaOrM4YHO AJ1s1 oArpyIibsl H & G QHHYASITOPOM H Ha3bpIBaeTCs rpyIna
H'={xeG|Vy€eH:xx =1}

OTu ompeneneHNs] 3KBUBAJEHTHbBI KaHOHMYECKOMY M30MOpdU3MYy U3 Teope-
mbl 10.11.

U3 onpepenenns 10.17 ciepyert, urto H'' = H.

Ecm {0} € HE K< G, 10 {1} € K' € H'C G. Haye TOBODS, «B3SITHE AaHHYIISATOPA»
oToOpaskaeT moArpyIbl G B MOATPYNITbl G M HA060POT, HO M3MEHSIeT HallpaBJieHye
BKJTFOUEHMSI Ha MMPOTUBOITONIOKHOE. CIIeyIonnii pe3ynbTaT JaeT 6ojee IeTaTbHYIO
xapakTepucTuky rpynm H' u K.

Teopema 10.18. ITycmws H — nodepynna G. Cywecmeayem uzomoppusm mexcdy G/Hu A L
onpedensemoiii nepedaueti x + Homob6paxcenuto spruucnenus ev, : H' — C. Kpome mozo,
2mMom u3omop@u3m npusooum K cedyoujemy pageHcmsy noonpocmpaHcma:

Span{y | x € H'}=Span{f - m,|f€ C},
20e 11,: G — G/H - omobpaxceHue npoeyuposaHus i, (x) = x + H.

Jokaszamenscmeo. 3aMeTuM, UTO oToGpaxkeHue 6 : G — 1{\11, orpefieieHHOe Kak
0(x) = ev, sBnsgeTcss romomoppusmom rpyni. Ilo teopeme 10.11, ev, - xapak-
Tep H', onpe/ieleHHbIN Kak x = x(x). CliemoBaTe/bHO, ev, = 1 Toraa i TOJIbKO TOrAa,
KoT/ia x siByisieTcst anemeHToM H. OTcioza ciefyer, 4To siapo 6 coBnagaet ¢ H. Torma
nepBas Teopema 06 M30MOpdu3Me IPYII OKa3bIBaeT, uTo X + H — ev, aBjsercs
usomopdusmom G/H u H'.

PaBeHCTBO IMOAIIPOCTPAHCTB MOKHO ITPOJIEMOHCTPUPOBATD CJIEIYIOIIMM 00pa3oM.
JIro6ast GyHKLVSI, TpUHAAJIesKaIas 060ouke H', MocTosTHHA Ha CMEXKHBIX Kitaccax H,
MOTOMY 4TO ¥(X) = x(y) TOTZa 1 TOJIBKO TOra, Koraa x/y € H'. CiieloBaTe/bHO:
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Span{y | x € H'} < Span{f - m,|f€ C}.

OnHaxo, B cuity nzomopdusma, pa3MepHOCTM COBHANAIOT, M, 3HAUUT, 3TO BKIIIO-
YyeHMe SIB/ISIeTCS] paBEHCTBOM. m|

Teopema 10.18 ympomiaeT BeiunciieHue npeobpasoBanusi ®ypbe GYHKIMIA, T10-
CTOSTHHBIX Ha CMEXHbIX Kaaccax noarpynmnsel H € G, T. €. uMeomux Bup, f ° 1, rae
f € C9H, B ananuse dypbe Takue QYHKLUMM HA3bIBAIOTCSI hepuoduueckumu. ITo Teo-
peme 10.18, f 71, aBIseTCS MMHEIHON KOMOMHALME XapaKTepoB, IPUHa/IeKa-
mux H'. CiemoBaTelIbHO,

— FxGm), ecm x € H'
Forn(o = [ :
0 B IIPOTMBHOM CJIyyae.

B mepBom cityuae x,, IBIISIETCS XapaKTepoM G/H, nony4eHHBbIM U3 Y TOCPEeICTBOM
oTobpaxkenust x + H — x(x). OH ompeneneH KOPPEKTHO, IOTOMY 4TO y € H'.
HeiicTBUTENBHO, 10 Oomnpenenenyo 10.14,

— 1 -
Fomu(0 =& DX f(rm(x)

|G
xeG

1 -
- X+ H)f(x + H)
Eeo

= J?(XG/H)-

PaBeHCTBO nognmpocTpaHcTB B TeopeMe 10.18 MOXHO Ayain3mMpoBaTh, TPpUMEHUB
aHTUKU30MOPGU3M X - X* U3 TeopeMbl 10.6 K 06erM 4acTsIM:

Span{x* | x € Hl} = Span{zg€X+H8g |x+HeG/H}

CyiectByeT BapuaHT TeopeMbl 10.18 g mogrpymi CAv‘; cMm. yripaxkaenue 10.10.

10.3. UCTOPUYECKAS CMPABKA

IomomHuTeNbHbIE CBeIeHNST O JIMHeHOoN anre6pe, o6CcykmaeMoil B 9TON IyiaBe,
MOSKHO HaliTV B OOJIBIIMHCTBE YUeOHMKOB I10 JIMHETHOI anre6pe, HalpuMep B KHU-
re Xanmoria (1958). Teopust aHansa @ypbe Ha KOHEUHBIX abeIeBbIX IPyIINaxX pas-
pabaTbiBaeTCs B HECKOJIbKUX KHUTaX, B uacTHocTH Teppaca (1999).

CBemeHMs O TMHETHO anrebpe M3 3TOJ IaBbl MOHAMOOSTCS B 1aBe 11. CTumy-
JIOM 111 M3y4eHusI mpeobpasoBaHust Oypbe Ha MPOM3BOIbHBIX abeieBbIX IPYIIax,
a He TOJIbKO Ha IF), CIyKUT TOT (aKT, 4TO B I7aBe 11 3aHOBO BBICTPAMBAETCS TEOPUS
JINHETHOTO KPUIITOAHa/M3a B 3TOW MOCTAHOBKE — XOTS 3TO HM B KOeM CjIydyae
He SIBJISIETCS OCHOBHOM ILI€JbI0 IIaBbl. VICTOpPMUYECKM JIMHENHBI KPUIITOAHAIN3
BIIepBbIe ObUT 000OIIEH HA APyTie KOHEUHbIe abejieBbl TPYIIBI B paboTe BeHbepa,
CrepHa u Bogens. bonee nonHyio TpakToOBKY fan beiin (2021).
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10.5. YnrPAXHEHMS

YnpaxxHenue 10.1
Joxaxute, 4yTo QyHKUMM S, re x € G, 06pasyior 6asuc C:
1) nokaskure, 4to Span{s | x € G} = C;
2) oKaxkute, 4To GYHKIMUA &, The X € G, TMHETHO He3aBUCYMBI.

YnpaxHeHue 10.2

ITycTb p U q — BellleCTBEHHbIE UKC/a, 6onbinne 1, Takue uto 1/p + 1/g = 1.
[TokaskuTe, UTO Xy < X?/p + y4/q 0j1s1 TIOOBIX HEOTPULIATENBHBIX X, y € R.
BeiBenure orciona, uto If(g)l < |If 1|, llgll, aust nmo6bIx f € €% g € C[G].
Toxaxure, 9to [|f I < [If |l -

Hst mro6oit f € C° moctpoitre g Takyio, uto Ifig)l = [Ifll, IIg]l,- Orciona cenaiire
BbIBOZ, 4TO |If ||} = |Ifll,-

e =

YnpaxHeHue 10.3

Hokasxkure, uto {f, 8) = (f,g) = ﬁ Y e f(x) g(x) onpenenseT cKaJaspHOe IPOU3-

BenmeHue Ha CC.

YnpaxHeHue 10.4

Llenp aTOrO ynpaskHeHus1 — fokasath Teopemy 10.6. [TycTb 6 : x = x".
1. Jokaxwure, dyto O(x +y) = 6(x) + 6(y).
2. Jokaxkurte, 9yTO O(AX) = A0(x).
3. Ilokaxkure, uTo 6§ 06paTumo. Uto Takoe 67'?

YnpaxHeHue 10.5

[TycTh V — moANpOCTpaHCTBO KOHEYHOMEPHOTO MPOCTPAHCTBA CO CKAISIPHBIM MTPO-
n3BenenueM U. JIOKaxXuTe, 4TO:

1) V* gBnsieTcs MPOCTPAHCTBOM CO CKaJISIPHBIM IIPOM3BEIeHNEM
2) OpTOTrOHaJIbHOE JOoIoAHeHue V* coBriagaet ¢ camuMm V: Vii=V;
3) U=V VA

[Tocnepumit pe3yqabTaT MMoKa3bIBaeT, YTO OPTOrOHAJIbHOE OOIIOJTHEHME SBJISAETCSA
a.TII‘e6p8.I/I‘{eCKI/IM JOITOJTHEHMEM.
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YnpaxHeHue 10.6

ITycTp V — moampocTpaHCTBO KOHEUHOMEPHOTO TTPOCTPAHCTBA CO CKAISIPHBIM TTPO-
usBegennem U. AHHynsiTopoM V HasbiBaeTcs nogrpocTpaHctso VP © UY, omnpene-
JIeHHOEe KaK

VW={ueU|vve V:u®)=0}

IIBOVICTBEHHO, aHHY/ISITOPOM ITOATIpOCTpaHcTBA W € UY Ha3bIBaeTCs Ciedyloliee
TTOATIPOCTPAHCTBO U:

We={ueU|vwe W:w()=0}
HokaxkuTe, 4TO

1) dim V+dim V°=dim U= dim U = dim W + dim W?;
2) ecmu U — poCcTpaHCTBO CO CKAISIPHBIM ITpou3BeneHmeM, To (V)= Viu (WP) = W-.

Bo BTOpOM BoIIpoce X = X* IBJISIETCS aHTUM30MOPGU3MOM, B 1Ty TeopemMbl 10.6.

YnpaxHeHue 10.7

IMoHsTHE yITIa MEKAY BeKTOpaMy 060061aeTcsT Ha TOAIIPOCTPAHCTBA KOHEUYHOMED-
HOTO IIPOCTPAHCTBA C BHYTPEeHHUM ImpousBeneHuem W. [Insa moprpocTpadcTs U,
V € W onpenenum nuneiinoe orobpaxkenue (V, U) : U~ V kak (V, U) = 1, t1e (,:
U - W~ orobpaxeHue BKIOUeHus, a 71,: W — V — opToronanpHasi mpoexuus Ha V.
1. Tloxkaxwute, yto ecin Uu V — ogHOMepHbBIe MOAITPOCTPAHCTBA, HATSIHYThIE Ha
BEKTOPBbI U U V €IMHUYHOM HOPMBI COOTBETCTBEHHO, TO (V, U) : Au = (V,u)Av.
2. TlokaxkuTe, 4TO AJ151 JTIFOO6OTO BeKTOpa U € U HUMKAKOIi Apyroii BekTop V Takoii
5Ke IJTMHBI He 06pasyeT ¢ u yroy MeHbinuii, uem (V, U)(u).
3. Ilyctb oy, ..., 0,— CUHIY/IsIpHBIE 3HAUYeHUs (V, U), COOTBETCTBYIOIIME TIPABBIM
Y JIEBBIM CUHTY/IIPHBIM BEKTOPAM U, ..., U, UV, ..., V, COOTBETCTBEHHO. [To/10-
xum U=UnN Span{u,,...,u,_ }* V.= VnSpan{v,,...,v_ }*. [lokaxxure, 4To 151
moboroi € {l,...,d}

(Mi,U[) |<M,U>|

o = = X —.
luill flvill wet\O} (lull vl
veV;\{0}
Vet 0 < 6, < ... € 6, < 71/2, TakMeE UYTO COS 6, = 0, HA3bIBAIOTCS 21ABHBIMU Y2/1AMU
mexny moprnpoctpaHctBamu U u V. CUHTY/ISIpHBIE BEKTOPBI — 3TO HampaBieHUs,
BJI0JIb KOTOPBIX U3MEPSIOTCS IJIaBHbIE YTJIbI.

* YnpaxkHeHue 10.8

Ilycts L : V - V — nuHeliHOe 0TOOpaskeHMe Ha KOHEUHOMEPHOM ITPOCTPAHCTBE CO
CKanspHbIM npoussenenuem V. IlognpocTpancTBo U € V Ha3blBaeTCsl MHBApUAHT-
HBIM IOAIIpoCcTpaHcTBoM L, ecniu L(U) € U.

1. [Hoxaxkute,uTo eciu U — MHBapuMaHTHOE MOAMPOCTPAHCTBO L, To U* — MHBapu-
aHTHOeE MO POCTPAHCTBO L 1, Ha060pPOT.

2. Bocmonb30BaBIINCh MPEIBIIYIIIM PE3YIbTaTOM, JOKasKUTE, UTO eC/Ii 0TOOpa-
skeHye L caMOoCOTpsKeHHOE, TO CYIeCTBYET OPTOHOPMMPOBaHHbIN 6asuc V, Ta-
KOJ1 UTO MpepcTaBjeHye L B 9TOM Oasyce SIBJSIeTCS AYMarOHaTbHOM MaTPUIIEii.
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YnpaxHeHue 10.9

A

A
Joxaxure, yTo Mexkay G 1 G CylecTByeT KaHOHUYECKIIi M30MOPPU3M X = ev , rae
ev : x » x(g) — orobpaxxeHue BBIYMCIIEHNS (cm. Teopemy 10.11).

1. TlokaxuTe, uTo ev, — xapakTep G A/ 106oro x € G.
2. JIoKaxuTe, 4TO X = €V _— M30MOP(MU3M IDYIIIL.

YnpaxHeHue 10.10

Lesb 9TOrO yIripaxkHeHUs — A0KasaTh aHajaor Teopembl 10.18 miisg mogrpymmsl H € (A}
IIJ1s1 KaskIoTo BOTIPOCa UCIIOb3YyIiTe ABa pa3HbIX PacCyKIOeHMsI: OIHO, aHAJIOTUYHOe
JIloKa3aTenbCTBY TeopeMbl 10.18, u JIpYroe, OCHOBaHHOE Ha IBOVICTBEHHOCTH.
1. Vxaskure uzomopdusm é/H B H.
2. TlokaxuTe, YTO 3TOT M30MOP(DI3M ITPOIOIKAETCS 10 CJIEIYIOIIEro paBeHCTBa
MO POCTPAHCTB:

Span{sy | x € H]} = Span{ZwEXH v* | xH € 6/H}.



naea 11

[eoMeTpHueckui noaxopn,

B aTOJ r)maBe Mbl 3aHOBO — B MOCIEAHMI pa3 — IIOCTPOUM TEOPUIO IMHEIHOTO KPUII-
ToaHanusa. OgHa 13 NPUYMH, 3a4eM 3TO HYKHO, yKe YyIIOMMHaJIach B IiiaBe 9: cy-
IeCTBYIOT Pa3jiMuHble KOMOVHATOPHBIE CBOVICTBA, KOTOPbIE TIOTEHI[MATIbHO MOTYT
OBITh TOJIE3HbI, HO JJIT KOTOPBIX OTCYTCTBYIOT aHAJIUTHMUYECKMe MeTonbl. OmHAKO
MpeXxae 4yem MPUCTYIaTh K 3TOMY BOIPOCY, MbI TO/DKHBI OTCTYIIUTh HA3aMd, U IMO-
MBITAThCS YAYULIATH Hallle TOHUMMaHMe JTMHeTHOTo KPUIIToaHa 13a.

11.1. T'EOMETPUYECKUI B3rNan,

ITyctb F : G » H- kpuntorpadnyueckuit MpUMUTUB, HaTIpyMep 610UHbIi mmdp. OT-
MPaBHOV TOYKOI reoMeTpuUeckoro Mmoaxona CaykuT hbopMyIMpoBKa KpUIITOAHA-
JIUTUYECKUX CBOMCTB F, TakMX Kak JiMHelHbIe anmpoKcuMaly, B TepMUHAX Mapbl
BEKTOPHBIX MpocTpaHcTB C[G]u C. TOT B3IIsLH BecbMa OOIIUI U C HEKOTOPBHIMU
MOIMGUKALMSIMM IPUMEHNM TaKKe K APYTMM BaKHbIM MeTOAaM, B T. 4. K nudde-
pPeHIMATbHOMY U MHTErpaJibHOMY KPUIITOAHAIM3aM.

11.1.1. KpuntoaHanutuueckme CBOMCTBA

B mipocreiiiiemM ciydyae BeKTOPHbBIE IPOCTPAHCTBA OLHOMEPHbBIE, TaK UTO KPUIITO-
aHaJIMTUUeCKOoe CBOICTBO OlpeensieTcs mapoi (u, v), roe u € C[G], av € CH. Ha un-
TYUTUBHOM YPOBHE CMBICI U U V CJTeYIOLIAIA:

O BeKkTOp u MpeAcTaB/seT HasHaueHUs BecoB (KOMIIIEKCHBIX UMCeJ) 3Jie-
MeHTaM G. DTO CImocob OTCIEXKMBAThH COCTOSIHME Habopa BXOMOB MJIM BbI-
XO[0B;

O dyHkums v orobpaxaet snmeMeHTbl G U — myTeM TipomosskeHust — C[G] B C.
OHa 1pefcTaBIsgeT M3MepeHne i Hab/IofeHe COCTOSIHNS Habopa BXOI0B
1160 BBIXOIOB.

ITpumenenne ¢pyHkuuu F : G - HK COCTOSIHUIO TIpeobpa3yeT Ha3HaueHe BeCOB
Ha G B COOTBETCTBYIOIIlee HasHaueHue Ha H. B mpocreiiiieM ciyvae, Korma F — mepe-
CTaHOBKA, 9TO MPUBOAUT K MEPEYITOPSIAOUEHNIO BECOB, KOTOPbIe ObIM HAa3HAUEHbI
anemenTam X. B pazmerne 11.1.2 onucano geictBue dyakuuit F oburero Buma. [Toka
YTO OCTATOYHO OYIEeT CKa3aTh, YTO Pe3yIbTaT XapaKTepU3yeTcs JMHeNHOM DyHK-
uueit T" : C[G] - C[H], koTopast oTOGpaskaer 6, B & .

B kpurroaHaause peako ObIBA€T BO3MOXXHO BBIUMCIUTH TOYHOE COCTOSIHME
Tru. OgHaKO AOCTATOYHO BbIYMCAUTb V(TTu). Ciemyiolee ornpepesieHue o606ImaeT
CKa3aHHOe BBbIIIIe.
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Omnpepenenue 11.1 (kpuntToaHaJIUTUYECKOE CBOICTBO). KpUnToaHAMUTUUYECKUM
cBoyictBoM QyHKIMM F : G —» H HaseiBaercst napa (U, V), tme U — mopmpocT-
panctBo C[G], a V - mopmnpocTpadHcTBo CH. Pe3ynbTaT BbIUMCIEHMSI CBOICTBA
Bu € Unv e VpaseH v(Tu).

ITeib METOMIOB, C KOTOPBIMM MbI TO3SHAKOMMUMCS B 9TOJ1 IJ1aBe, — OlleHUTh V(T u).
Crenymomuiuii mpumMep KPUITOAHATUTUIECKOTO CBOCTBA MTOJIE3HO MMETh B BULY.

Mpumep 11.1.TIyctb F : G - H- dyurus, a X u Y — mommHoskectBa G 1 H cooTBeT-
CTBEHHO. B 3TOM nipuMepe omnpenenseTcs KpUMTOAHAIUTUIECKOe CBOICTBO, paBHOE
YMCITY 97IEMEHTOB X € X, Takux 4uTo F(x) € Y. [TycTb §, — BEKTOD, OIIPe/IeIeHHBIN KakK

8x =) b

xeX

KonkpeTHblit mpumep ajis G = F2 mokasas Ha puc. 11.1. Onpenenm 67 : H —» Ckak

Y:Zsy.

yeY

To ectb 6¥(y) = 1, ecmuy € Y, u 6¥(y) = 0 B mpoTBHOM Ciyvae. JIuHeliHOe mpo-
nookeHue 8Y Ha H maeT MMHeHbI QYHKIMOHA, KOTOPbIt CYMMMPYeT CBOM BXOIbI
o X. CyiemoBaTesIbHO, pe3yabTaToM BbrumcaeHus csoricrsa (U, V), roe U = Span{6, }
u V= Span{é'}, aBnsiercs

Y(TF8y)
TF5X X

X
TF
X
00 01 10 11 00 01 10 11

Puc. 11.1. Cgoiictso F: IF2 - IF3 u3 npumepa 11.1, rae F(x) = x + 11 X={00,10}n Y={10,11}.
Pe3yanaT BblYMCNEHUS 6V(TF<S )=

sY(1F8x) = Z(SY(SF(X)) =|{x € X | F(x) e Y}I.

xeX

B riepBoM paBeHCTBe UCIOb3yeTcs TOT GakT, uTo 1T oTobpaskaeT § B 6. . =
X F(x)

11.1.2. PacnpocTpaHeHue

IOna dyakuuu F : G - H obuiero Bua JTnHeitHoe oTobpaxkeHmue TF ompemensieTcs
CJIeyIomyM 06pa3om.

Onpenenenue 11.2 (mpsmoii o6pas). ITycts F : G » H — dyHKIMg. OniepaTopom
npsimoro obpasa (pushforward) F HaszpiBaeTcs imHeiiHoe oTo6pakenne T : C[G] -
C[H], onpeneneHHOe KaK

ISt JTI060r0 X € G.
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U3 onpenenenns 11.2 cinenyer, uto st Bekropa u € C[G] ¢ KoopAMHaTaMu U,

T u = Z dy Z Uy,

yeH xeG
Flx)=y

Martpuunoe npezcraBienye TF OTHOCUTETBHO CTAaHLAPTHBIX 6a31coB C[G] u C[H]
HasbIBaeTCs mampuuyeii nepexodos F. Jlormyckasi HEKOTOPYIO BOJTBHOCTb, OHA TOXE
ob6o3HavaeTrcs TT. Dj1eMeHTbI MaTPUIIbI IIEPEXOIOB PABHbI

TF 1, eomm y=F(x),
7 0 B IIPOTMBHOM CJIy4yae.

CyliecTByeT IBOVCTBEHHAs Bepcusl onpeneneHus 11.2, COOTBETCTBYIOIAS MaT-
pulie, TIosTyyarlneiicst TpaHcrioHupoBanemM TF. OHO omMChIBaeT 06paTHOE pacipo-
crpaHeHue pyHkuum v € C? yepes F.

Omnpepenenne 11.3 (o6patHblit 06pas). [Tyctsb F : G » H - dyHKkumsa. Onepatropom
o6paTHOro 06pasa (pushback) F HasbiBaeTcst muHeitHOe oToGpaxkeHrue TF : CH - CC,
OTIpeeIeHHOe KaK

TF 8" =8 oF
111 i06oro y € H.
OrepaTop 06paTHOro 06pasa AeiiCTBUTENbHO SIBISIETCS Pe3yabTaTOM TPaHCIIO-
HMPOBaHMSI OrepaTopa IIpsIMoro o6pasa:
(TF8%)(8:) = (87 0 F)(x) = 8" (8k()) = 8*(TT62).

2
OTO TakKe O3HAYAET, YTO MATPUUHOE TpencTaBieHe T OTHOCUTEIbHO CTaH-
IapTHbIX 6as3ucoB C" u C¢ ommchIBaeTCS MaTpPUIIEH, SIBJISIONIENCS Pe3yabTaToOM
TpaHCIIOHUpPOBaHUs F.

Mpumep 11.2. MaTpulla mepexomoB S-6j0Ka IJIsT TeMOHCTPaIMOHHOTO miudpa 13
r71aBbl 1 paBHA Caeayoleil MaTpuile repecTaHOBKNA:

0

S OO~ O O OO
SO = O O O OO
SO = O O O O OO

SO OO O = OO
SO OO OO~ O
el eolBolol el
ol oBoBoNolele S

—_ 0 O O O O O

MaTpuuHbIM IIpecTaBeHneM omepaTopa 06paTHOro o6pasa SIBJSIeTCS Pe3y/ib-
TaT TPaHCHOHUPOBaHMS T°. >

B wrenyroneii Teopeme OpPMYIMPYIOTCS IBa BasKHBIX CBOJICTBA OIIEPATOPOB ITPSIMO-
ro obpasa. Bce oHM MMEIOT MEeCTO TakoKe JIJIs OIIepaTopoB 06paTHOTo 06pasa, HO B CBO¥-
CTBe (2) MOpSIAOK omnepalyii yMHOKEHUS CJIeyeT MUSMEHUTb Ha IMPOTUBOIIOTIO0KHBbIIA.
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Teopema 11.4. [Tycmo F : G - H - ¢yukyus. Onepamop npsamozo obpasza TF ¢yHK-
yuu F o6nadaem cnedyroujumu cgoticmeamui:

(1) Ecau F((x,, ..., x)) = (F,(x), ..., F (x)), 20eF,: G,» H. maxas, umo G = @ G, u
H=®! H, moTF T ® TF2®...®TF .
(2) Ecnu F Fr o F,e FomoT=THQ ...Q T QT"1.
Lokazamenscmeo. JOCTaTOYHO A0OKA3aTh pe3yabTatT Ojisi n = 2u r = 2. VI3 onpenene-
Hust 11.2 v ompefieieHMsI TEH30PHBIX ITpou3BeneHuit B mpumMmepe 10.5 ciemgyer, uto

F
T" 8(x1,x) = 8(F1 (1), Fa(xa)).
~——— —

8x ® 8, 5F e ® SRy ()

OTcroza 7151 mo0bIX X € G, ux, € G, umeem

TF 8y ® 8yy) = TH16,, @ TT26,,,.

BTopoe cBOVICTBO TakoKe SIBJISIETCSI TIPSIMBIM C(JIEACTBMEM oTipenieeHnst 11.2:

TRF18, = 86,k i) = T0F, ) = TRTS,,

" 3TO CIIpaBeaJIMBO OJId mo6oro x € G. (]

11.1.3.TeomeTpus

B maBe 10 BekTopHbIe mpocTpaHcTBA C[G] M1 C° 6bUTM CHAGXKEHBI pP-HOPMOIA.
Kak 6bLJ10 OTMEUEHO, B YaCTHOM C/Iy4ae p = 2 Mbl MPUXOOUM K IPOCTPAHCTBY CO
CKaJISIPHBIM TIpou3BeaeHneM. OKa3bIBaeTCsl, YTO €BKIMI0BA HOpMa UTPaeT BasKHYIO
pOJIb B KPUIITOAHA/IN3E.
Ecmt (x;, y)), ..., (X, ¥,) — BbIGOpKA q ap (OTKPBITBIiA TEKCT, MIN(PTEKCT), TO He-
CMellleHHas OLleHKa v(Tgu) uMeeT BU,
q
|G|
= — U(yi) Mxl--
E—

[Tpenmmonoskmm, YTO CIydaiiHble BXOAbI BBIOMPAIOTCST HE3aBMUCUMO ¥ PABHOMEPHO.
BapuaHT poCTOil MOAENN MOCTYAUPYET, UTO [ HeMIPaBUJIbHBIX KJIHOU€el BbIXOJbI
Vy5 -+ ¥V, SIBIISTIOTCSI HE3ABUCYMBIMMU 1 paBHomepHo pacripenesieHHbIMY CJTy4aiiHbIMU
BenuumHamu Ha H. Eciin, Kpome TOrO, Y, =0u ), . v(y) =0, o nucnepcus' t os
HeIpaBWIbHBIX K/II0Ueil paBHa

G & 1
— > Eluy, > (yd)* = (1G] Y lusl? me(y)F = Jlul3 10113,
q xeG yeH

X€EG x yeH

i=1

Ile HOPMBI OIpeieNieHbl, Kak B r1ase 10.

CiioBecHO 3TO O3HA4YaeT, UTO Nnpoumu3BegeHme OJIMH U U V ABJISIeTCS CTaHOAPTHBIM
OTK/JIOHEeHMEeM CTaTUCTUKNU KPpUTepus. HpI/I JOOITIOTHUTE/TIbHBIX IIPEeOIIOIOKeHMIX,
KOTOpbIE 3aOeCh HOﬂpO6HO He 06CY)K,H8}OTC$[, MOJXKHO I10Ka3aTb, UTO CTaHOApPTHOEe
OTK/JIOHEeHIe HpI/I6J'H/ISI/ITe.TIbHO OOVMHAKOBO OJISI IIPaBMJIBHOTO KJ/IIO4a. daKkTUYeCKU

! Tucnepcusi KOMIUIEKCHOM CJTy4yaifHO BennumHbl Z paBHa E|z — Ez[%.
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eCJin MbI JOITYCTUM, UTO CTAaTUCTUKA KPUTEPUA pacClipeiej;ieHa HOpMaJIbHO, TO 13
pe3yjIbTaTOB, IIPMBEAEHHBIX B IVIaBaX 4T, cienyer, 4To I/IHCbOpMaLU/IOHHaH CJIOXK-
HOCTb O6paTHO IIPOIIOPLIMOHAIbHA

lu(TFu)|
llull2 [lv]l2

OmHako K 3TOMY CJIeyeT OTHECTUCh C JOJeli CKeNTUIIM3MA. YIIOMSHYThIE BbIIe
TIpe/IIToIOKeHNSI He BCEera CIipaBe/IMBbI, TI0O9TOMY 2-HOpPMa He BCerya sBJIsIeTcs Ipa-
BUJIbHOI Mepoii IyinHbI. [py60 roBOPSI, XOTS 2-HOPMa B HEKOTOPBIX CIyUasiX MPaBUIIb-
HO Y/IaBJIMBAET JIOKATbHYIO TeOMETPUIO, NIO6ATHHYIO TEOMETPUIO OHA He OMpeessierT.

ITo 6osbIlIeit YacTy reOMEeTPUUECKIMIi TIOIXO, SIBISIeTCSI KOMOWHATOPHOI Teopu-
eif 1 He TbITAeTCS pellaTh CTaTUCTUUECKMe 3a[aul, Takue KaK ompemeeHne WH-
(hopMalOHHO CIOKHOCTM JAaHHOTO CBOCTBa. OOHAKO B HEKOTOPBIX CTyUasiX BbI-
60p KOHKPETHOI HOPMbI aBTOMATUYECKY TIPUBOIUT K TOJI€3HBIM CTATUCTUUECKUM
pesynbraTaM. M3yueHne OObSICHSIOMIUX 3TO MPUYMH 3aBeJIo ObI HAC 32 PaMKU CO-
BPEMEHHOT'O COCTOSTHUST MICCIeTOBAHMIA.

3ameqaHue 11.5. Kaxk ob6cy>kmanoch B raBe 10, 2-HOpMa MHAYIMPOBAaHA CKAISIPHBIM
Npou3sBefieHreM. DTO CKaJsIpHOe MPOou3BeJeHNe BeleT K M30MeTpuueckoMy 130-
Mopbusmy mexxmy C[G] u CC. B 6osbliieit 4acTy HaCTOSIIIE TJIaBbl 3TOT M30MOPHU3M
He MCIToIb3yeTcs. Ho rmpu paboTe ¢ 2-HOPMOiT MbICJIEHHOE ITpeiCTaBIeHe KPUIITO-
aHAIUTUUECKMX CBOVCTB Kak Mapbl nofanpoctpadcTs C[G]u C[H] (nnn C° u CF) uHor-
Ila TIOMOTaeT BbIPabaThIBATh TEOMETPUYECKYIO MHTYUIUIO.

11.2. JINHEAHbIA KPUNTOAHANU3

OmnepaTopbl TIPSIMOTO ¥ 06PATHOTO 06Pa30B TEOPETUUECKY ITO3BOJISIIOT BBIUMCISITD
KpUIITOAHAJIUTUUYECKMEe CBOICTBA (B cMbIcie onpeneneHus 11.1). OmHako B CTaH-
JapTHOM 6asyce 5TO HeMPaKTUMUYHO. BOJbIIMHCTBO GJI0UYHBIX HIM(POB BKIIOUYAIOT
CJIOKEHME C PayHIOBBIMY KTIOUaMu K, 711 KOTOPOTO OITepaTop MpsIMOTo 0bpasa mo
cornamieHnio obosnavaetcst TX. B umease CBOJCTBA, UCIIONIb3yeMble TPV aHAIN3E,
IOJIKHBI MMHMMAaJbHO 3aBUCETD OT K/0Ya.

Ins f € C° pynxkuma TX'f onpepmensercs Kak x = f(x + k). OTcroza, Kak 06cyxkza-
Jioch B miaBe 10, ciemyeT, uTo mpeobpasoBanue Oypbe qMaroHaIM3UpPyeT BCe MaT-
punsl T, [IBojicTBeHHO F amaronanusupyet matpuisl T*. ClefoBaTenbHO, MMeeT
CMbICT 6paTh Mpeobpa3oBaHme Oypbe BCeX KPUITOAHATUTUIECKUX CBOVICTB.

11.2.1. KoppensiumoHHbie MaTpuLbl

PaccmoTpuM OfHOMEpHOe KpUIITOAHAIUTUUYECKOe CBOJICTBO, OIpenessieMOe BeK-
Topamu u € C[G] uv € C". TIpeo6pasoBanus Pypbe U U V paBHBI 0= F (u)n V= F, )
COOTBETCTBEHHO. BrIuncieHe CBOICTBA MPOMU3BOAUTCS IO hopmyIie

o(1%u) = (F ' 9) (17 55" @) = 9(Tu 775" 7).
BTropoe paBeHCTBO ciieyet u3 Toro, uro F, = F .V (cm. cTp. 142 B pasgene 10.2.2).

Oto6paxenne F, TFF. " asnsercs npeobpasoBanuem ®Dypbe omeparopa MpsMOro
obpasza TF.
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Onpenenenne 11.6 (koppensumoHHas matpuua). Ilycts F @ G —» H - dyHKums
MeXIy KoMMyTaTuBHbIMM rpynnamu G m H. Ompenenum CF: C[G] — C[H] kak
npeo6pasoBaHue Oypbe onepatopa npsimoro obpasa byHkuyu F:

cF =gy 1P 3.

Koppensunonnas matpuiia F sBisieTcss MaTpu4HbIM mpefcraBienem CF oTHO-
CUTENIbHO CTaHAAapPTHbIX 6a3ucoB C[G] u C[H].
DneMeHTbI KOPPeISLUMOHHOM MaTpuLibl F paBHbBI

1 _
Cru =84(C8y) = x(T70") = 1 Yo X F) V).
xeG

ODTU 37IeMEeHTbI SIBJISIIOTCS Pe3y/ibTaTaMU BbIUMCIEHMSI OMHOMEPHbIX KPUITTOAHA-
o s A A
JIMTUYECKUX CBOWCTB (U, V), THe U = Y™ U V = y. DKBUBAJIEHTHO U = § SV = o

Ipumep 11.3. B nuHETHOM KPUIITOAHAIN3€ UCIIOAb3YIOTCS KPUTITOAHATUTUYECKIE
CBOJICTBA Buaa

(U, V) = (Span{y}, Span{y}).

BerumciieHue 3TOro CBOMCTBA [J151 BEKTOPOB C €0MHUYHOV HOPMOJL laeT C; e
Ecimm G = F} u H = [F}, TO XapaKTepbl IPYIIIIbI 1 ¥ y PABHbI

1 Toa,T
C;)w — 2_n Z(_l)u xX+v F(x)

n
xel;

A A
C TOYHOCTBIO 10 M30MOpduU3Ma U — (—1)* Mexxmy ! u Fiu F7 u F7snementsl C*
MOXXHO MHIEKCUPOBAaTh OYKBaMM U M V BMECTO y M 1. DTO BO3BpalllaeT Hac
K onpezneneHunio 2.3. [

CBoiicTBa KOppeISIMOHHBIX MaTPHIl, KOTOpblie MbI IOKa3bIBaJIM B IJIaBe 2 C I10-
MOII[bI0 MYTOPHBIX BBIUMCIEHMI, Tellepb OKa3bIBAIOTCS MPSIMbIMU CIeICTBUSIMU
TeopeMbl 11.4. OGBSICHSIETCS 3TO TEM, UTO OIIepPaTOp MPSIMOro o6pas3a He 3aBUCUT OT
BbIOOpa 6asica. B yacTHOCTH, MMeeT MeCTO CJIeAYIOMINit pe3y/IbTarT.

Teopema 11.7. ITycmo F : G » H - nekomopas ¢yHkyus. Omobpaxenue C_obnadaem
cnedyruumu ceoticmeamul:

(1) Ecu F((x, ..., x)) = (F (x)), ..., F (x ), tmeF,: G.— H. maxas, umo G= @, G uH=
nH,moCF=Ch®C?Q® .. RC™.

(2)EcuF=F ..o F, - F,moC=C"® .. ® C2QCFL.

Zlokazamenscmso. Kaxk u B cirydae Teopemsl 11.4, TOCTaTOYHO I0Ka3aTh Pe3y/bTaT

ons n=2wur=2.IlepBoe CBOVCTBO OomMMpaeTcsi Ha TOT GaKT, UTO Fcleecz = FGl ® FGz'
910 cnenctue u3 TeopeMsbl 10.12. A uMeHHO

cF = (.erl ®3’~H2)(TF1®TF2)(9’~G1®§GZ)_1 =Ty, Th St(;: ® T m, Th2 .rfa; .

chi ch
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BTopoe CBOMCTBO SIBHO BbITEKAET U3 TeopeMblI 11.4 (2) ciemyoomym o6pa3om:
chch = (Fu R g ) (T TR 95" = gy TR 55" = CF,
rae F, — npeo6pasoBanne ®ypbe /151 IPOMEKYTOUYHOJ rpyrisl K. O

Teopema 2.6 0600611a€TCST CIEAYIOMM 06Pa3soM.

Teopema 11.8. ITycms F : G —» Honpedenena kax F(x) = L(x) +t,2de L:G— H-zomo-
Mopusm epynn, a t € H. KoppensyuonHas mampuya F ydoenemeopsiem paseHcmay

CY oy = x®) 8% ).

Llokazamenscmso. Matpuuia C' nuaroHajabHasl, HA ee OUArOHaIM HAXOIMTCSI c06-
CTBeHHbIe 3HaueHus x(t). Ilo onpenenenuio Ct, uMmeeT MeCTO paBEHCTBO

Ct,=(xol)" =¥ xol) =6 ).

[TocieqHee paBeHCTBO CIIpaBe/IMBO B CUJTY OPTOTOHAIbHOCTY XapaKTepoB (Teo-
pema 10.13). OKOHUATENbHBIN pe3yabTaT caeayeT 13 Toro, uto CF= C‘Ch. O

11.2.2. MHOXXeCTBEHHbII IMHEMHbIN KpUNTOAHANMU3

MHOXeCTBEeHHbI JIMHEHbI KPUTITOAHA/IN3 ONMPAEeTCsl Ha KpUIITOAHATUTHUUeCKIe
cBorictia (U, V), roe

U= Span{l/)’{, l/);) cey 1/);},
V=Span{y,, X, .- X, }

B rnaBe 6 6b1710 TTOKA3aHO, UTO MHOTOMEpPHbIE JIMHeltHbIe alnipoKCUMaluy cIie-
LMaIbHBI, IOTOMY UTO MX KOPpEeISLMM XapaKTepU3YIOT paclipefesieHye BeposiT-
HOCTeJ TMHEeHO MpoeKIuu map (OTKPBIThIN TEKCT, MNMPTEKCT) IJIsT CIydaitHbIX
pPaBHOMEDPHO pacIpeie/IeHHbIX BXOLOB.

MHOTrOMepHbIi JIMHEeTHbIN KPUIITOaHaIM3 0600I1IaeTCss Ha MPOU3BOJIbHbBIE KO-
HeUHbIe abeJieBbI TPYIITbI KaK YaCTHbIN CJTyYail MHOXKeCTBEHHOTO JIMHEITHOTO KPUII-
ToaHammsa, rae X = {y,,...,p }n Y, ={x,..., x,} — moarpymmsi G H COOTBETCTBEHHO.

O6o3Haunm 71, : H — H/Y mpoekuuio, onpefeneHHyo Kak 77,(h) = h + Y. Tlo Teope-
Mme 10.18, mogmpocTpanctBo V= Span {x | y € Y'} o6namaet cieqyommumM CBOCTBOM

V=Span{fony|feCH"} =Span{s"" |n+Y e H/Y]

roe 6" = Yeny & Kak B IIpumMepe 11.1. Kak 61710 cKa3aHo B KoHIle pasnena 10.2.3,
aHaJIOTMYHOE PaBeHCTBO MMeeT MeCTO Ais noampoctpancTsa U= Span {y*| ¢ € X'}
OHo nonyyaeTcs pUMeHeHreM aHTun3omopdusma x - x* u3 reopemsl 10.6:

U= Span {618+ X€ G/X}.
Pesynbratom Beruncienus (U, V) gis SW/IXI € Uu 6™Y € VaBnsiercs

1

— Z 8" (F(x) +Y) = Pr[F(x) = h mod Y],

X

1X]
xeg+X
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e X — CJly4daliHasi paBHOMEPHO paclipefie/IeHHas Be/IMUMHA Ha CMEXHOM Kj1acce g+ X.
OTO Ta Xe caMasi BepOSITHOCTD, UTO B CIeACTBUM 6.6. VI3 paBeHCTB yKa3aHHbBIX BBIILIE
MIOAIIPOCTPAHCTB CJIeAyeT, YTO 3Ty BEPOSTHOCTb MOXKHO BbIPasuUTb B TePMMHAX
KOppeJsiLMii IMHEeHbIX alMpoOKCMMAlUii ¢ XapakTepamu, mpuHajjexkamumm X!
u Y'. B ynpasknenun 11.4 Bam 6yzeT NpeiyioXkeHO CIIeIaTh 3TO SIBHO.

11.3. ToYyHOE PACIPOCTPAHEHUE

B nepBoit yacTu raBbl 9 06CYKIAMNUCh «TOUHbIE» 0006IIEeHMS TMHEITHOTO KPUIITO-
aHanu3a. [Ipymepsl BKIKOYAOT CBOMCTBA HACBIIEHMS, TMHEHbIEe allIPOKCUMaL U
C HYJIEBOJ KOppeJisiLyeii U MHBapUaHThI.

11.3.1. NMpsamoe pacnpocTpaHeHue

IMog, pacmpocTpanenneM nopmpoctpancTsa U © C[G] mocpeactBom GyHKIMMU F :
G —» HriogpasymeBaeTcsl, UTO HY>KHO oIpenennTsb o6pas TFU. B obiiem cryyae sTo
MPaKTUUYEeCKU HeOCYIeCTBUMO, TOTOMY-TO BMECTO 3TOTO U MCHOJIb3YIOTCSI KPUIITO-
aHAIUTHUUECKIEe CBOICTBA, HO B HEKOTOPBIX CJTyUasix MOXKHO MTOKa3aTb, yTo TFU S W,
rae W — nopmnipoctpaHcTtso C[H].

lMpumep 11.4.Ecm F(X) € Y, rme XS Gu 'Y< H, 0

TFSpan {6 |x € X} < Span {6 |y € Y}.

V3 3TOrO BK/IIOUEHMSI CJIEAYET, UYTO pe3y/lIbTaTOM BbIUMCIEHNS] KPUTITOAHAUTINYe-
ckoro cBovictsa (U, V), rme U = Span{s,} n V= Span{6"}, aBnsercsa 6"(T6,) = |X]. [

He KaskmomMy TOYHOMY PacIIpOCTPAHEHUIO COOTBETCTBYET BKIIOUEHe MHOKECTB.

lpumep 11.5. OnimcanHbIi B pasgene 9.1.1 MmeTon HaXOKIeHMsI CBOVICTB HACBIIEHMSI
OCHOBAaH Ha OMMCAHMUM COCTOSIHMSI KaK OJHOTO M3 HEeCKOJbKMX BO3MOXKHBIX MHO-
SKecTB 6e3 yKa3aHMsI Ha TO, YTO IIPOMUCXOIUT C OTHEIbHBIMU 3JIeMEeHTaMM STUX MHO-
xectB. To ecTsb [y ceMeicTB MHOXKeCTB S ,...,S T, ..., T ,tnem > n

T*Span {6, ..., 6, } € Span {6, , ..., 6, }.
Hamnpumep, miist «byHKIMM mpoeliupoBanusi» P : H— Y (cm. pazgen 9.2.3) MHOXe-
crBa T, ..., T MOKHO OXapaKkTepusoBaThb cBoiicTBoM 176, € Span{é,}. ITycts (U,V) -

CBOJCTBO, 1715t KoToporo U = Span{d, }I/I V=Span{® - P | y € Y}. B cuy BRIIOUeHMS
BbIIIle, BhIuMcaeHMe cBoiicTBa (U, V),HaET

TF Span{s, | x € X} < Span{s, | y e Y}.

To ectb P - F HachlIeHO HAa BXOMHOM MHOXECTBE S. >

11.3.2. O6paTtHOe pacnpocTpaHeHue

B nomnonHeHMe K pacrnpocTpaHeHUIo mognpocrpancTsa C[G] «Brepen», Kak OM1McaHo
B pasgene 11.3.1, MOXXHO pacIpoCTpaHUThb MoAmnpocTpaHcTBo V < CH Haszap
rocpeacTBoM GyHKIMK F : G — H. JI7s1 9TOro HY>KHO ITOKa3aThb, 4TO TF'Vc W, roe
W - nmoampocTtpaHcTBo CC.
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Mpumep 11.6.1lyctb f: G—» Xug: H—- Y — QyHKUMU. DTOT pe3yabTaT SIBISIETCSI 0006~
LIeHMeM MMOHSITHS HeJIMHEHONM anIpoKkcumaim u3 pasaena 9.2.2. Eciaun

TF'Span {& - g|y€ Y} C Span {6* - f|x € X},

TO cyuiecTByeT GyHkiuusa h : X - Y, takasutoh - f=g - F. o

11.3.3. HyneBas koppensums

Croiictso (U, V), BerumcieHe KOTOPOro faeT Hymnb 151 BceX U € Un v € V, Ha3bIBaeT-
Cs1 CBOVICTBOM C HYJIeBOi Koppensuueiit. [lyctb F=F, « F ,tneF :G->HuF,: H-> K.
AnHyngTOp TIoATipocTpaHcTBa W € CH onpenensieTcst Kak (cM. yripaskHeHue 10.6)

Wo={x e C[H] | vw € W : w(x) = 0}.

3%
EcomTF iU € WPu TF2V € W nnsa HekoToporo noaripoctpaHcTsa W, to (U, V) siBiis-
€TCS CBOVICTBOM C HYJIEBOI KOppesiiuei:

v(TFu) = (TF’ZU> (TFlu) =0

IJ1s1 TI0O6bIX U € U n v € V. OTOT 0600611aeT IPUHIIXIT IOTEPU MoCepenyHe U3 pas-
Jena 8.2, KOTOPBIV MCIONb30BAJICS IJIS1 HAXOXKOEHUS JIMHEMHBIX alllpoOKCUMaLUii
C HYJIEBOJI KOppeJsLyen.

pumep 11.7.1lyctb S, ..., S u T, ..., T, — IBa ceMeiiCTBa MHOXKECTB, KaK B IIpUMe-
pe 11.5, Tak uto TP5T,- € Span{é,} oy pynkuym P : H — Y. Kak 1 paHblie, IpeArno-
JIoXkum, uto TF Span{&sl, ey 6511} c Span{5T1, ey 5Tm}. ITyctp U = Span{&si} U JIJISI HeKO-
TOPOJ MPOM3BOJIbHOI KOHCTAHTBI Z € Y

V=Span{® - P-6°- P|lye Y}

Tak kak V2 Span{éTl, e 6Tm}, cBoricTBO (U,V) ABJisieTCS CBOVICTBOM C HYJIEBOM
KOppessyen. [
11.3.4. UuBapuaHTbI

WuBapuantom dbyukuuu F : G—G HasbiBaeTcs nogmpoctpanctso U € C[G], Takoe
yto TFU ¢ U.

Mpumep 11.8. HaioMHUM (CM. I71aBy 9), YTO HeMHETHBIM MHBApUAaHTOM GYHKIMK F :
F? — IF? HaspiBaeTcs GyHKUuA f : F? — F, Takasi, 4TO CyLIeCTBYeT IIOCTOSTHHAS ¢, TaKasi
uro f(F(x)) = f(x) + cans mo6oro x € [F). OxBuBaneHTHO, ecnn S = {x € F} | f(x) = 1}, T0
mmb6o F(S) € SuF(FI\ S) € F7\ S, 6o F(S) € F2\ Su F(F;\ S) € S. OToMy MHBapu-
aHTY COOTBETCTBYET CJIe[lyIolllee BeKTOPHOE IIPOCTPaHCTBO U:

U= Span{35, (SIF;\S}-

\éﬂbTepHaTl/IBHO cepyrolee ToanpoctpancTBo V & C, o61asaeT CBOWCTBOM
TFvVcV:

V=Span{&°® - f, &' - f}.
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[IpocTpaHCTBO V COCTOMUT U3 BCEX KOMIUIEKCHBIX QYHKUMIA Ha F,, 11 KOTOPBIX
obpaTHbIi 06pa3 nocpeacTBoM f coBnagaet ¢ 2. UTo6bl MPOBEPUTH BHITOTHEHME
MHBApUAHTa, MOXKHO BBIYUCIUTD CBOICTBO (U, V). [

Yro6bl pasanunuTh mpocrparHcTBa U n V B mpumepe 11.8, U MOKHO Ha3BaTh MpPSI-
MbIM MHBapMaHTOM, a V — 06paTHbIM MHBapuaHToOM. [IpoBepbTe, uTo eciiu U — mpsi-
MOJ1 MHBapuaHT, TO U° — 00paTHBIN MHBApUAHT ¥ Hao60poT. Kpome ToOTO, C ITOMO-
B0 AHTUM30MOpPM3Ma X — x* U3 TeopeMbl 10.6 MOKHO TTOKa3aTh, uTo U sIB/IsIeTCS
MIPSIMBIM MHBAPMAHTOM TOTZA U TOJBKO TOTAA, Korga U — o6paTHBI MHBAPUAHT.

ViHBapMaHThI CBSI3aHBI C COOCTBEHHBIMY BeKTOpamm TF.

Teopema 11.9. Jlio6oti unseapuarnm U nepecmanosku F : G — G umeem 06asuc,
cocmosuiuti u3 cobcmseHHblx sekmopos Tt.

Jokazamenscmeo. OniepaTop mpsiMoro o6pasa TF moryckaeT auaroHaau3anuio. JIeii-
CTBUTEbHO, ITOCKOJIbKY F" SIBJISIETCST TOKAECTBEHHOV (DyHKIVE! AJisT HEKOTOPOTo
n > 1, MMHUMAaJIbHbII T MHOTOWIeH T meauT X" — 1. TOT MHOTOUJIEH MMeeT pasand-
Hble KOpHM B 11071e C.

Ewm U siBnsieTcs MHBapuaHTOM, a F — mepecranoBkoii, To TFU = U. OTcioga ciemy-
€T, YTO MYUHMMAaJIbHbI/I MHOTOUJIEH OTpaHndyeHust TF| v U - Upgenut MUMHUMAaJIbHbIN
MHorouied TF. CiemoBaTenbHO, TF|U,£[OHyCKaET OyaroHaJaM3aluio. O

U3 teopemsl 11.9 crenyet, uto npeobpasoBaHue Oypbe MHBapUaHTa UMeeT 6a-
31C, COCTOSIIIMIT U3 COOCTBEHHBIX BEKTOPOB CF.

Mpumep 11.9. luBapuadT Uns ripymMepa 11.8 HaTIHYT Ha 1Ba COOGCTBEHHBIX BekTopa T+ :
U = Span{ss + Spn\s, 8s — SFg\s}.

IlepBblit BEKTODP paBeH 8+ 6y o= 6. PAKTUUECKM ITO cobcTBeHHbI BekTOp T
2 2

IS JII000Ji TepectaHoBKM F. AHamornuHo V — 060j104YKa, HATSHyTast Ha OgBa CO6-
\
CTBeHHBIX BeKkTOpa TF :

V=Span{x - 1,x > (-1)®}.

3\
B uactHOCTH, TIpeobpasoBaHme Oypbe (—1) aBaseTcss CoOOCTBEHHBIM BeKTOpoM CF . =

11.4. NMPUBNAMXEHHOE PACMPOCTPAHEHME

Boruncienue 060ro KPUIITOAHAIUTUYECKOI'O CBOJiCTBa oripenensaeT HI/IHEﬁHYIO
(bYHKLU/IIO, Ha3bIBA€MYIO0 €ro OTO6pa)KEHI/IeM AllIIPpOKCMal . 9TO0 0T06pa)l(€HI/Ie
VCIIO/Ib3YyeTCHd, YTOOBI CKJIEUTD I10C/IeJ0BaTe/JIbHOCTDb CBOJICTB dJYHK]_U/Iﬁ B CBOIICTBO
X KOMITO3MIIUN.

11.4.1. OTo6pakeHns annpoKcuMauum

IanHble Bcex BbrunciaeHuit v(T u) kpunroaHanuTuaeckoro csoiictsa (U, V) sxkBuBa-
JIEHTHBI IMHetHOMY oTo6paskeHuto U — C[H]/V°, onipefeleHHOMY Kak

uw- Tru+ .
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3pech V0 — aHHY/ISITOp TToATipocTpaHcTBa V. To eCcTh COCTOSIHYME M3BECTHO TOTHKO
C TOYHOCTBIO [0 CJIOKEHMSI C BEKTOPOM, KOTOPbIi He MOKET ObITh «M3MepeH» C I0-
MOIIbI0 QYHKLNIA, TpUHAaAIekanmx V.

OmnucaHHOe BbIIe OTOOPaskeHe MOXKHO ObIJI0 ObI TAKsKe Ha3BaTh OTOOPaskeHUEM
armpokcumanuy (U, V), Ho mipo6iemMa B TOM, UTO JIJIST TOTO UYTOOBI MMETh BO3MOXK-
HOCTb ITOCTPOUTH KOMITO3UIINIO oTo6paxkeHus U — C[H]/V° ¢ oTo6paxkeHreM I pyTro-
TO CBOIiCTBa, HeoOoxoauMmo BiokeHue C[H]/V° B C[H]. K cuacTbio, BEIOOD ayrebpanye-
CKOTO JTOTONIHeHMsT V peliaeT 3Ty mpo6iemy. [lajsiee B JaHHO I71aBe UCIOTb3YIOTCS
opToroHasbHbIe gononHenus:! C7= V @ V-. B cuny ynpaskHeHus 10.6 u 0603HauMB
X » x* auTumsomopdusm u3 reopemsl 10.6, umeem (V+)°= V*. OTciona, MOCKOIbKY
Von (VH)o= (V@ V4H)°= {0}, umeem

C[H] =V V.

CmbICn BCero 3Toro B TOM, uTo C[H]/V® MOXHO UAEHTUPULIMUPOBATH C TTOMO-
mbio V*, uT06BI MOMYyunTh oTO6pakeHue U — V*. BaskHo, UTO V* SIB/ISIETCS TIOAITIPO-
crpaHcTBoM C[H]. VimeiiTe B BUAY, UTO B C/IeAYIOIIEM Jlajee onpeaeneHnn U 00CyK-
nIeHuu cBoiicTBoM sBisietcst (U, V*), a He (U, V), UTOOBI YIIPOCTUTH 0603HaAUEHMSI. DTO
pPa3yMHO, T. K. C Jito6071 TOuku 3peHust V"= V.

Onpenenenne 11.10. OTobpaskeHMEeM aIMIPOKCHMMAIUM KPUIITOAHAIUTUYECKOTO
cpovictBa (U, V*) pynkuym F: G — HHasbiBaeTcs JuHeliHoe otobpaxenne (V, U), :
U — V, onipegeneHHoOe Kak

= F
V,U)e=m, T,
e t,: U— C[G] - Britouenne, a 71,,: C[H] —» V — OpTOroHasbHast MPOEKIMSI.
Wness orobpakeHMs almmpoOKCUMMAaLMUM COCTOUT B TOM, YTO OHO IpeobpasyeT

u € U B BeKTOp, IpMHaAjiexkaluii V, KoTopslit anmpokcumupyeT TFu B ciaepyroiiem
cmbicie. [Ias mobbix u € Unv e V¢

WV, U)o u =v(m, TR, u) = v(TFu).

[locienHee paBeHCTBO CIeMyeT U3 TOTO, UTO t,u = uu Tu = m,Tfu + m . TFu,
B coueTaHuy c TeM (akToMm, uTo V* saBiseTcs aHHynIsITOpoM V*. VHaue roBops,
3aMeHa TF ero oTob6paskeHMeM aImpoKCHUMAIlMI He BJVSIeT Ha BbIUMCIeHVe CBOJICTBA.

11.4.2.TeomeTpus

[To Teopeme o Hamyuniel annpokcuMauum (Teopema 10.8), annmpoxkcumanuu, no-
nyyeHHble ipuMeHeHeM (V, U)., IBJISI0TCS TeOMETPUIECKM HaTydIIMu U3 BO3-
MO>XHBIX. KauecTBO KpUIITOAHAIUTUYECKOTO CBOVICTBA U3MEPSIETCS €ro 2/1a8HbIMU
Koppensayusmu.

Omnpepnenenne 11.11 (rnaBHblie Koppensunn). [Tycts (U, V*) - KpuniToaHAIUTUYECKOE
cBoicTBO yHkuum F: G —» H. IMonmokum d = min{dim U, dim V}. I'maBHBIMU
Koppenauusmu  cBoiictBa (U, V*) HaspiBaloTCsT d HAMOONBIIUX CUHTYISIPHBIX
3HaueHuii ero oro6paxenus annpokcumanyu (V, U),.

! Droro «TIPOM3BOJIBHOTO» BLIGOpa MOXXHO I/[36E)K¢':1Tb, BOCITOJIb30BaBIINCh HEOOIbIINM

o6o6mennemM onpenenenns 11.1.
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Ecnu F uabekTMBHA, TO MaBHble Koppensiun (U, V*) paBHbI KocuHycam d Hau-
MEHbBIINX IVIABHBIX YIVIOB MEXIY IMOAIpocTpaHcTBamMu TTU u V (cM. yrpaskHe-
Hue 10.7). [maBHas Koppensuusi nuHeNHON annpokeuMauuu (Span{y*}, Span{x})
paBHa abCOTIOTHO BeJIMUMHE €e KOPPEeJISIN.

VYV IJaBHBIX KODpeNIUMil MMeeTCs Takoke CTaTUCTMYecKash MHTepIpeTanus.
He Brasasich B meTam, CKaXkeM, UTO €CJIU 0 , ..., 0, — IIePBbI€ I [JIABHBIX KOPPEJIALMiA
HEKOTOPOTO CBOJCTBA, TO (B MPELOI0KEHUSIX, KOTOPbIe MbI 3/1€Ch OITyCKaeM) MU-
HUMaJbHasI MHGOOPMAaLMOHHAS CJIOXKHOCTD ITPOBEPKYM IMITOTE3bl HA OCHOBE OILIeHOK
C M3BECTHBIM OTKPBITBHIM TEKCTOM He 6oJiee r pe3yIbTaTOB BbIYMCIEHMS 3TOTO CBOI-
CTBA 06PATHO MPOIOPIIMOHATbHA

,
2
>

i=1

CyMmMa KBafpaTOB BCEX ITIAaBHBIX KOPPEJSLViIiI MHOXECTBEHHOJ JIMHEITHON arl-
MPOKCUMAIMM PaBHA €e eMKOCTHU.

11.4.3. NpyHUMN AOMUHUPYIOLLMUX CNEe[OoB

[penmonoxum, uto F=F - ... - F tne F.: G,— G, ,. L7151 TMHEHOTO KPUIITOAHAIN -
3@ CBOJMCTBO YMHOKEHMS KOPPESIIVMOHHBIX MaTPUL], IPUBOIUT K MOHSITUIO JTUHETi-
HBIX CT€ZIOB (X, -, X, ;)"

Xt+l X1 Z 1_[ Xl+l Xi'

o Xri=1

B aroii hopmyne Koppessim CXF , SIBIISIIOTCSI pe3yIbTaTaMy BhIYMCIIEHNST KPUIT-
el

TOAHAIUTUYECKUX CBOCTB QyHKUMiA F , ..., F .

Cnepnymouiuii pe3yabTaT OKa3blBaeT, UTO aHAJOTMUYHOE BbIpaskeHMe CyLeCTBYeT
IJIS1 OTOOpaskeHMST alITPOKCYMAIIVY IIPOM3BOIbHBIX CBOMCTB F.[lociieqoBaTenbHOCTD
BeKTOpHBIX mpoctpancts (U, U, ..., U, ), win, 3KBUBAJIEHTHO, COBMECTMMBIX

KpunToaHanutuyeckux csovicrs (U, Us), (U,, U;), ..., (U, U?, ), Ha3bIBA€TCS CIEIOM.

Teopema 11.12. /lna 1 < i < 1 + 1 00603Hauum €, MHOX€CMBO 0PMO2OHANbHBIX
nodnpocmparncme C[G,], makoe umo C[G,] = @ ,_,iU. [lna nobozo ceoticmsa (U,, U’,))
pynkyuu F,rne U e QuU, €Q ,
(Urs1, Ur)g = Z (Ur1,Ur)E, - - (U3, Uz)py (U, Ur)Ey,
Us,...,U,

20e cymmuposarue npoussooumcs no ecem (U,, ..., U) €[], Q

Lokazamenscmeo. Ilo onpenenenuto, (U
ornpeneneHuno Q

o U)F —7'rur+1T'Er “Fiy,.. Kpome TOTO, 110
oToOpaxkeHme Y, 0., TO)KILeCTBEHHO OTcmna

i+1?
(Uri1.UFroncr; = 9 AUri1.Uig1)Fyomofoyy (Ui 1. Ui
Uit1€8i41

PesynbTaT MmosyuaeTcsi MOBTOPHBIM TIPUMMEHEHMEM STOTO0 pPaBEHCTBA [IJis
i=1,..,r-1. O
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[TockobKY 3HAHME OTOOpasKeHMsT aIIPOKCHMMAaLIY HEKOTOPOTO CBOVICTBA IKBU-
BaJIEHTHO 3HAHMIO BCEX PE3Y/IbTaTOB €ro BbIUMCIeHMs, TeopeMa 11.12 maeT criocob
CKIeuThb cBojicTBa F , ..., F . Ha mpakTuKe CcyMMMpoBaHue 110 BCeM ClieJaM amlpok-
CUMMPYETCSI CYMMMPOBaHMEM 110 HeGOTbIIOMY MHOKECTBY JOMUHUPYIOIIVIX C/IEIOB.

11.5. UCTOPUYECKAS CMPABKA

OTnpaBHOI TOUKOM TeOMEeTPMUUECKOTO MOAX0Aa CTaaa Uaesk 0 TOM, UTO KOpPeIsiiu-
OHHbIE MaTPUIIBI IPEICTABJISIIOT JTMHEIHbIe 0TOOpakeHMs. EC/iM OTHECTHCH K 3TOi
TOYKEe 3peHMs BCepbes3, TO BaXKHO MOHMMAaTh, HA KAKMX BEKTOPHBIX MTPOCTPAHCTBAaX
9TU OTOOpaskeHMs AeliCTBYIOT. [IepBbIM NMpUMEHeHMEeM 3TOTO IMOAXO0a CTaI aHAIN3
MHBapuaHTOB B paboTe BeiiHa (2018). JIMHEIHbI KPUIITOAHAINUS U €r0 06001IeHMS
obcyskmanuch B pabore beitna (2021).

Cityyait IMHEHOTO KPUIITOAHA/IM3a CITY>KUT BBeleHMEM B reOMeTpUIeCKNUI IO -
xop, Boo61me. OH BayKeH [IJIsl IOHUMMAaHUST IPYTUX KPUIITOAHATUTUIECKUX METOMOB,
TakMx Kak nubdepeHIMATbHbIN Y MHTErPATbHbBIN KPUIITOAHAIN3bI, U CBSI3€i MeX-
oy Humu (betin, 2023).
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11.7. YnNPAXHEHUS

YnpaxHenue 11.1

ITyctb G — KoHeuHast abeseBa rpyrma. HermoaBkHO Toukoii pyHkuum F : G —» GHa-
3bIBaeTCs 37eMeHT x € G, Takoii uto F(x) = x. HanmomHum, uto ciegom Tr A maTpu-
Lbl A Ha3bIBaeTCs CyMMa 3JIEMEHTOB Ha ee I[JIaBHOJ JuaroHaan. [lokaxure, 4YTO
Tr CF paBeH KOMMYECTBY HEITOIBIKHBIX TOUEK F.

YnpaxHeHnue 11.2

Ilycts F : G » H — HekoTopas pyHkuus. [Tapa BXomoB (X, ) Ha3bIBaeTCS KOJIIM3MeE
st F, ecu F(x) = F(y). okaxkuTe ciaemyonyo GopMyy st BEPOSITHOCTY TOTO, UTO
cJlydaliHasi paBHOMEPHO paclipefiesieHHas mapa BXOA0B SIBJISIETCSI KOJUIU3Meit:

|H| Pr[F(x) = Fw] = > Ikl
xeH
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B dbopmyiie Bbillle X 1 Y — cy4aiiHble paBHOMEPHO paclipeiesieHHbIe BeIUYMHbI
Ha G, a CF — xoppessiinoHHas marpuiia F.

YnpaxxHeHue 11.3

Ilycts F, - KOHe4HOe Morie MopsiaKa g, a f — moamHoM Hap F, crenenn d > 2, B3a¥IMHO
npocToit ¢ q. OmHUM U3 CJIeICTBUI TUTIOTe3bl PuMaHa [IJ1 KpMUBBIX HAJ, KOHEUHBIMU
TIOJISIMM SIBJISIETCSI CIeyIoIIasi OlleHKa SKCIIOHEeHIMalbHO CyMMBI:

2mi Tr f(x))
5 (E210

xelfy

<d-1q.

ODTOT pe3y/ibTaT Ha3bIBaeTCs TpaHuLieli Beiins.
1. Hyers F:F = F - Kybuyeckast QyHKIMs, onpenesieHHast Kak F(x) = x%. Ilo-
Ka)XUTe, UTO
F
‘Cx-,w‘ <2/Vq

IS TIOOOTO HeTPMBUMATBHOTO XapaKTepa y B IIPeAIIONOKeHUM, UTO q He SIB-
JISIeTCSI CTEIIeHbIO TPOMKIA.

2. Tlpepmonoxum, 4to q = 2 (mod 3). Ilycrs G : F_ - F_ — QyHKIysL, OnpeneneH-
Has Kak G(x) = (x>+ k)'/3. [Jokaxkute, uTo ecsivt k # 0 M ¢ HEUETHO, TO

G
|Cx,1//| <2/ \/E
IJ1s1 TI0OOTO HeTPUBMATLHOIO XapaKTepa .

3. Tlouemy BO BTOPOM BOITPOCE BO3HMKAET ITPO6IeMa, eCiu q YeTHO?

YnpaxxHenue 11.4

ITyctb G 1 H — KOHeuHbIe abesieBbl IPYIHIbI ¢ moAarpymmnamu X U Y COOTBETCTBEH-
HO, Kak B pasmesne 11.2.2. ITyctb F : G » H — HeKoTopas GyHKLMS, ¥ paCCMOTPUM
BEpPOSITHOCTU

I;r [F(x) = h mod Y]’

rge X — CciayyaiiHas DaBHOMEpDHO paclpefereHHass BeluMuMHa Ha CMEXKHOM
kinacce g + X. Ilo teopeme 10.18, 3T BepOSITHOCTM MOXXHO BBIPA3UTh B BULE
JIMHENHBIX KOMOVHALIVI KOPPesnii C; pIACYPE XL, xe Y.
1. JoxaxxuTe ciepymollee HEPABEHCTBO JJIS CAy4aiiHOM BeIMUYMHBI X, PaBHO-
MEepHO pacrpeleneHHOi Ha g + X:

Y N
Pr[F(x) =hmod Y] = ] x(m)yy(g)Ch .

yex!
)(EY1

K36eraiTe rpOMO3AKMX BBIYMCIEHMI TUIIA TEX, YTO BCTPETUIUCH B JOKA-
3aTeIbCTBE TEOPEMBI 6.3.
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2. [okaskuTe o6paTHOE COOTHOIIeHMe: 3aMUIINUTe C; ,(Tmeye X', x€ Y") B BUzE
JMHETHOY KOMOMHAIMY BePOSTHOCTEN IJI BCeX CMEeXKHbIX KIaccoB g + Xu
h+Y.

YnpaxxHeHune 11.5
[MpuBenute mpumep dyHkimu F : G — G, Takoii uto T He TOIycKaeT AyMaroHaJIM3aLymn.

*YnpaxHeHune 11.6

ITyctb G — KOHeuHast abesieBa TpyIa, a F : G » G — mepecTaHoBKa. [IpeaIionoxmnm,

uro F umeeT { HemepeceKawIVXCs UMKIOB AMuH [, ..., [, Tae i-ii UMK COmepsKuT

BHAYUEHUS (X, |, X, ,, +oey X, )

1. Yemy paBHBI COGCTBEHHBIEe 3HAUEeHMsT T7?

2. BaImummTe COOTBETCTBYIONINE COGCTBEHHBIE BeKTOpbI TT 1 CF.

3. OnuummmMre mepectaHoBky F : F* — [, He MMeIOUIYI0 HETPUBUAIBHBIX
MHBapUAHTHBIX TTOATIPOCTPAHCTB.

YnpaxxHenue 11.7

Iycte P,: G—» XuP,: H-Y - cbanancupoBaHHble «IIpoeKuun», a F : G —» H - He-
KoTOpas (GpyHKUus. 3aMeTuMm, uTo P, uHAynMpyeT crenyomee pasbuenue G:

G=|JP'm.

xeX

Hanee Mbl moylaraem u = 6,1, uv=0Y - P,imaxe XuyeY.

Pl
1. OoxaskuTe cjemyioliee paBeHCTBO:
v(TFu)=1{z € G| P (z) =x AP,(F(2)) =y}l
ISt 06X X E X, y € Y.

2. BwiBemuTe oOTCIOAA, UYTO KOOPAMHATHI OTOOpPasKEHMS aIPOKCUMAIIUN
(Span{u}, Span{v}) B HOpMMPOBAHHBIX 6a3MCcax UMeEIOT BU

P;r[Pz(F(z)) =y |Pi(z) =x],

IJle BePOSITHOCTb BBIUMCISIETCS [IJIs CJIydaiiHOV paBHOMEPHO paclipefe-
JIeHHOJ BeJIMUMHBI Z.

3. Tlpegnonoxum,uro G =Fj, X =Y=TF, P (x) = u'xu P,(x) = v'x. [Iokaxxure, 4T0
ectn F sBsieTcs mepecTaHOBKOM, TO CYIECTBYIOT Takue 6a3uchbl, YTO MaT-
puuHoe npexcrasienne (V, U). umeer BuUL,

b ]

IJie ¢ — KOppensius TMHEeTHOV annpoKcuManuuu (u, v). YemMy paBHbI IVIaB-
Hble Koppensuuu (U, V)?
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YnpaxxHeHue 11.8

ITycts (U, V) — MHOKeCTBEHHOE JIMHEeTHOe cBO¥CcTBO dyHkuuu F : G — G, comep-
sKalee TPUBUAIbHYIO TMHEIHYIO anpokcumManuio. KsagpaTt Hopmbl dpobeHnyca
Il - ||I>, MaTpu1ibl paBeH CyMMe KBaipaTOB €€ CUHIY/ISAPHbIX 3HaYeHUA.
1. Hoxkaxkwure, uto BeimunHa ||(V, U)||% — 1 paBHa eMKOCTM MHOXeCTBEHHOIA JIn-
HeJHOIi annpoKCUMaIN.
2. Bocmonb3oBaBick TeM (pakrom, yTo HopMa OpobeHnyca He U3MEHSIeTCS
IIpY YHUTApPHOM ITpeobpasoBanumu 6asuca, mokaxure, uto [|(V, U)||% - 1 pas-
Ha KBaJIpaTUUYHOMY €BKINIOBY PaCXOXIEHUIO.

YnpaxxHeHune 11.9

Koanzebpoti Han C Ha3bIBae€TCS BEKTOPHOE IIPOCTPAHCTBO V ¢ omepauueii Konpous-
gederus A: V- V ®V, KoTopas yooBJIeTBOpsIeT HeCKOJIbKMM akcuomam. Hampumep,
C[G] ssBnsieTcst Koanre6poii ¢ KOMPOU3BeIeHNEM

A(S) =6,

x,x)°

(11.1)
Crnemytormine ajgee BOIIPOCHI OTHOCSITCS K oTo6paskeHmto A: C[G] - C[G?*], opene-
neHHomy Gopmyroii (11.1). O603HaumM id ToskIecTBeHHYI0 GyHKIMIO Ha C[G].
1. Jokaxwure, uTo A koaccoyuamugHo: (id @ A) - A= (A @ id) - A.
2. Tlokaxkute, 4TO CyLIECTBYeET KoeduHuya € : C[G] - C, mnst kotopoii (id ® €) -
A=idu(e®id) - A=id.
3. Mopdusmom Koaare6p HasbIBaeTCs iMHeliHOe oTobpaskenue T : C[G] - C[H],
yaoBieTBopsioniee yotoBuio A, o T=(T ®XRT) - A, the A, — KoTipou3BezieHue
Ha C[G], a A, - xonpoussenenue Ha C[H]. [lokaxxute, 4TO Jis1 1I060r0 MOp-
dusma koanrebp T : C[G] —» C[H] cymectByeT dbyukuus F: G —» HTakasi, 4TO
T=Tr.

CrpykTrypa Koanre6psl Ha C[G] UrpaeT BasKHYIO POJIb B TeOMETPUIECKOM ITOAX0e
K KPUIITOAHAIMU3Y BOOOIIIE.



MpunoxeHue A.
HopmanbHOe pacnpeneneHue

B aTOM mpuioskeHu cCo6paHbl HEKOTOPhIE BaskHbIe (DaKThl, KACAIOLIMeCsT HOpMaJlb-
HOTO pacripeneeHusl. ITU pe3yabTaThl UCIIOIb3YIOTCS B KHUTe, 0OCOGEHHO B Ija-
Bax4,6u 7.

A.1. OnHOMEPHOE HOPMAJIbHOE PACMNPEZEJ/IEHUE

HopwmasibHbie pacripefeneHust — 3TO CeMeliCTBO HelIPePbhIBHBIX paclpeneieHuil Be-
posiTHOCTEN. CmaHdapmHoe HoOpMaibHoe pachpedesieHue umeeT GYHKIMIO ITIOTHOCTYU

p(x) =

| -
N

I'paduk aToit byHKIMM TTOKA3aH Ha puc. A.1.
DyHKUMS pacnpesieseHNs CTaHIAPTHOTO HOPMalIbHOTO pacipeieneHus: 0603Ha-
yaeTcs 6ykBoit . [To onpenenennio, oHa UMeeT BUL,

Q(x) = /X p(z)dz.

X -1 0 1

Puc. A.1. chHKLI,VIﬂ NJOTHOCTU BEPOATHOCTU CTAHAAPTHOIO HOPMasbHOIo pacnpenenexHna

V3 cuMmMeTpun ¢ cienyer, YTO CpefHee CTaHIAPTHOrO HOPMaJIbHOTO paclipenie-
JieHUs1 paBHO Hy/10. C TOMOIIIbI0 MHTEIPUPOBAHMS 10 YACTSIM MOXKHO IMOKa3aTh, UTO
Iucriepcus paBHa 1.

Ipyrue HopMaJibHbIe pacipeneaeHus MoJydaloTCs U3 CTAaHAAPTHOTO MyTeM Mac-
mrabupoBaHus U caBura. Eciu x — olyvyaifHas BeIMYMHA CO CTaHAAPTHBIM HOP-
MaJIbHBIM pacripeaeneHneM, To GYHKILMS paciipee/ieHus oX + UTIePeBOAUT X B
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‘e
q>( H )
o
DKBUBAJIEHTHO MOYXHO CKa3aTb, UTO (byHKLU/Iﬂ IIJIOTHOCTU oX + UTIEPpEBOAUT X B

()

CpenHee u gucriepcusi OMHO3HAUYHO OMpPenesioT KaXKIblli YieH ceMeliCcTBa HOp-
MaJIbHBIX pacIipemenenuii. [IosToMy pasyMHO 0603HaUMTb HOPMaJIbHOE pacIipese-
JIeHMe CO CpeIHUM UM auciiepcuein o> N'(u, a2).

Ocobast BasKHOCTb HOPMAaJIbHOIO pacipefeeHusl CBsI3aHa €O CAeAyIolleil mpe-
IleJIbHO TeOpeMOIA.

Teopema A.1 (ueHTpanbHasi pefeibHas Teopema). ITycme X, X,, ... — nocnedosa-
MelbHOCMb He3a8UCUMBIX CIlydaliHblx eenuyuH Ha R co cpedHum p u ducnepcueli o>
B npedene npu n — « pacnpedejieHue Z',LlX,»/\[n cxodumcs k N'(u, o).

OmHO U3 C/IenCTBUII TeopeMbl A.1 — HOpMaJibHasl alIIPOKCUMALVsI OMHOMMUATIb-
HOIO pacripemenenus. TouHee, GMHOMMAIbHOE paclipeesieHe ¢ N UCIIbITaHUSIMU
¥ BEPOSITHOCTBIO yCIlexa p Ipy GOIBIINX 11 XOPOIIO alllPOKCUMMPYETCST pacipene-
nenuem N (np, np(1 - p)).

A.2. MHOrOMEPHOE HOPMAJIbHOE PACMPELENEHWE

CTaH,Z[apTHbIM MHOTOMEPHbBIM HOpPMaJIbHbIM pacIlipenejieHreM Ha3bIBaeTCd pac-
npenejieHne BepOHTHOCTEVI BEKTOpa, COCTOAIILEero n3 d He3aBUCUMBIX CTaHOAPTHBIX
HOPMaJIbHbIX pacnpe,ueneHMﬁ. CrieqoBaTenbHO, €ro IVIOTHOCTD paBHa

d
1 1.2 1 1y,2
(p(x) = I N R— effllxllz,
i=l_[1 V2 V@m)d

rae (X, ..., X,) — 7IeMeHTbI BeKTopa x € R,

Ilpyriie MHOTOMEpHbIE HOpMaJIbHbIE pacIipeneeHus oJyJYarTCsl U3 CTaHaapT-
HOT'O C TOMOIIbI0 ahPMHHBIX ITPeoObpPa30BaHMIii. A MUMEHHO eCIi X — CTyJyaifHast Be-
JIMYMHA CO CTAHIaPTHBIM MHOTOMEPHBIM HOPMaJIbHBIM pacrpeze/ieHeM, TO PyHK-
1Ml TUIOTHOCTY BEPOSITHOCTM AX + UTIEPEBOIUT X B

1 1
[det Al \/(27)d

rme u— BekTop B RY a A — obpatumas Mmatpuiia pasmepa dxd. MHOkuTesb |det Al —
9TO SIKOOMaH MpeobpasoBaHus X — Ax + |1 BeKTop usBIsSeTcs cpeIHUM paciipeie-
neHust AX + u. KopapuanyoHnHast MaTpuiia AX + ypaBHa

T =EAx)Ax)" = A (Ex"x)AT = AAT.
X X

1 —1 2
LA~ =)
e 2” 123 ”2’

CpenHee u ¥ KOBapualMOHHAsi MaTpulia ¥ OJHO3HAYHO OIMPENesioT KaxKabli
YJIeH ceMeliCcTBa MHOTOMEPHBIX HOPMaJIbHBIX pacnpenenernii. MHOroMmepHoOe HOp-
MaJIbHOE pacIpeeneHne co CpeJHUM UV KOBapUaIMOHHOM MaTpulieit £ o603Hava-
etcst V'(u, X). Ero pyHKIIMS IIIOTHOCTH pacipenesieHys IepeBOIUT X € RY B



166 <+ TlpunoxeHue A. HopmanbHoe pacnpegneneHue

1 1

JldetX| \/(2m)d

Ecimu X — cryvaiiHas BeTMuMHa ¢ pacrapenenennem N (i, X), TO AJis T060T0 BeK-
Topa v € RY pactipeienieHne V'X SIBJISIETCSI OAHOMEPHBIM HOPMAaJIbHBIM pacIipejiene-
HUeM N (V' y, v'Zv). CpemHee MomydaeTcs U3 IMHEITHOCTY MaTeMaTUeCKOTO OXKMU/Ia-
HUSL, 8 IUCIIEPCUS BBIYMCIISIETCS TI0 popMyIie

vaX =IE(1)T(X — ;L))2 = vT(Ig,(X— W (x — M)T>v =Ty

3O TE T ).

CyliecTByeT BapMaHT LIEHTPAJIbHOI Tpene/ibHOM TeopeMbl i MHOTOMEPHBIX
pacripefeneHn.

Teopema A.2 (ueHTpa/nbHas pefebHas Teopema). ITycme X, X,, ... — nocnedosa-
MenbHOCMb He3A8UCUMBIX CIyUatiHblX 8euduH Ha RY co cpedHUM U U K08apuayuoHHoL
Mampuyeii X. B npedene npu n — % pacnpedeneHue Z';:lxi/\fn cxooumes K N'(u, ).



MpunoxeHue B.
KpaTkuit cnpaBoYHUK NO CTaTUCTUKE

@opmysbl B Tabs1. B.1 onmuparTcs Ha HECKOIBKO aIlpOKCHMMAIlii, KOTOpbIe mepe-
yycyIeHsl B Ta6s1. B.2. IIpuBemeHHbIe HIKe 3aMeUaHst OTHOCSTCS K Ta6i. B. 1.

OpuHOUYHbIe anIpoKkcuManuu. [ BbI6opKu 6e3 Bo3BpalleHMs MTOAeNUTb apry-
meHT @ Ha /1 — ¢/2" (cM. paspen 4.3, cTp. 66).

MHokecTBEeHHbIe anmnpokcuManuu. Eci Koppensiiuy U3BeCTHbI C TOYHOCTHIO
IO 3HaKa, To 3aMeHUTb Cap(A) Ha (cM. paszen 6.1.2, cTp. 83)

MHoromepHblie annporcumanym. Ecmm koppensuuy HeusBeCTHI A=A, D A,
TO 3aMeHMUTh |A|Ha |A_ |, eC/TU JOCTYITHBI BbIOpaHHbIE OTKPBIThIE TEKCTHI (CM. pas-
men 6.2.3, ctp. 88). [Ijii MHOTOMEPHBIX JIMHEMHBIX allPOKCUMAaLNUIA C HYJlI€BOM
Koppensuuei sameantsb |Al Ha |A, |*|A_ | (cv. paspen 8.4, cTp. 117).

out

ECJ‘II/I KOppeJ'IHLU/II/I MJI €MKOCTb 3aBUCAT OT K/IK04Ua, TO MCIIO/Ib30BATH CHE,I[YIOH.[YIO
bopmyy:

Z S Ps(k),
kelkC

rie f, — 4acToTra k-ro Kjacca Koueit. DT1 4aCTOTbI BBIBOIATCS M3 allpMOPHOTrO pac-
npeneeHns: Kiaoua. MoskeT moTpe6oBaThCs TOIMOIHUTENbHbIN aHa/lIN3 PasBepTKU
Kiaoua. [IpMBegeHHyI0 Bbilie GOPMYITy MOKHO MOAUOMUIMPOBATh, TAK YTO6BI OHA
YUMTBIBAJIA OIIMOKY Mogenu (CM. o6CyKaeHue B pasgese 7.3.2 Ha cTp. 104).
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Ta6amua B.1. OcHoBHbIe CTaTUCTMYECKME GOPMYNbl AN BEPOATHOCTM ycnexa Py

Koppensumuu

V3BeCTHDI HemnssecTHbI
OnyHOYHas o (jelva + o~ (Pp) (lelvg + &~ (Pe/2))
anInpoKcUumanus
MHO)XXecTBeHHasI <1>< /Cap(A) g + &~ (pF)) of E2PW) g+ (Pp)
anIpoxcumans V2IA]
MHOKECTBEHHAS] q)<~/ AL ¢_1(PF)> y
C HYJIEBOV KOppeJisiiyen oty

Ta6auna B.2. Annpokcumaumu, ucnonb3yemole ans popmyn us Tabn. B.1

Koppensiumu
3BecTHBI Heun3sBecTHBI
OpuHouHas HyJIeBasi KOppesiuus 1151 HelIPpaBUIbHBIX KITIOUeil
annpoKCcUuManus q BeMKO (HOpMaJsbHasl allllpOKCUMMaLVs)

¢? « 1 (TIOCTOSTHHASI OUCTIePCHST)

c? pUKCHPOBAHO

¢ urcupoBaHo
¢ P P_ mano

BCe KOPPEJISINY PaBHbI HYJTIO [IJIS1 HEBEPHBIX KITI0Uei
q/+/TA| BEIMKO (HOpMaJIbHASI allIIPOKCUMAIIVST)

ch < 1A
MHOXeCTBeHHasI | ”’*”J’”’*”J|

anIpoKCUMAaIs Korza (U, + u, v, +v) & A
€6 < 1 (koBapmaIMu MpeHe6PesKUMO MaJIbl)

Cap(A) ukrcupoBana

¢ qc Mano

€, --- PUKCUPOBAHBI




Mpunoxxenue C.
Cnuncok 6/104HbIX WKndpos

Ta6auna C.1. Cnmucok 6104HbIX WUPPOB, YNTOMUHAEMbIX B 3TOM KHUIE

BnouHbIin wudp

Mhaea

Ccbinka

3-Way

Simon

Rijndael

Speck
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Kpuntorpadus HAXOAUT MHOXECTBO NPUMEHEHUU B NOBCEAHEBHOM
>XXMU3HU. DTO PYKOBOACTBO NOCBALLEHO AHOAU3Y 6€30MACHOCTHU (KPUNTO-
aHAaAu3y) PYHAOGMEHTAAbHbIX BGAOKOB, HO KOTOPbIX OCHOBGOHbI KPUNTO-
rpacmyeckme NpPUAOXKEHUA. AMHEUHbIM KPUMNTOAHAAM3 pACCMATPUBA-
eTCsl C MAaTEMATUHECKOU TOYKU 3PEHMA U COMPOBOXAAETCS 0630poMm
HanboAee BAUATEAbHbIX NyB6ANMKAUUNU. TAQBbI AONOAHEHbI GOABLLUMM KOAU-
YeCTBOM NPUMEPOB U YNPAXHEHUHA, ONUPAIOLLLUXCA HAO TEOPMUIO U NPAK-
THUKY.

KHUra oxBaTbIBAET CAEAYIOLLLME TEMbI:

* AUHEWHble NPUBAUXKEHUSA U CAEAbI;

*  KOPPEASLUOHHbIE MATPULLbI;

* ABTOMATMYECKMUM NOUCK;

* MEeTOAbl BOCCTOHOBAEHMUSA KAIOHEH;

*  MHOroMepHbIM AMHEUHbIN KPUNTOAHAAUS;

*  NPUBANXKEHUA HYAEBOU KOPPEASALLMU U TEOMETPUHECKHUUA MOAXOA.

MpeABapuUTeAbHbIE 3HOHUSA TEOPUU KpunTorpadcbumn He TpebyloTca. U3aa-
HUe BGYAET NOAE€3HO KAK HaOYUHAIOLLLUM YUTATEASM, U3YHAIOLLLUMM KPUNTO-
rpadomio, TaK U ONbITHbIM 3KCNEPTAM, MPUMEHSIOLLLUM €€ HA NPAKTUKE.

TumM BeiH — Hay4HbIN COTPYAHUK B AEBEHCKOM yHUBepcuTeTe, beAabrus.
Ero nccaeAoBaHns 6bIAM OTMEYEHbI HArPAAAGMM HA PA3AUYHbIX
KOHhbepeHUMIX NO KpMNTorpachmm, a TaK>Ke Hay4HOM npemmen

Nokia Bell 2024 r.

BuHCeHT ParimeH — npogpeccop NAEBEHCKOro yHUBepcUuTeTa
U AABIOHKT-Npocheccop YHuBepcuteta bepreHa, Hopserus.
OH Tak>XXe SIBASeTCS COABTOPOM PACLUUPEHHOro CTAHAAPTA
wucpposaHus (AES). MMOAyYMA AOKTOPCKYIO CTENeHb 3a pa3paboTky
U KPUNTOAHAAN3 GAOYHbIX LLUMCPPOB.
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